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Abstract

Observer-Patch Holography models an observer as a finite self-reading patch with local state,
boundary ports, readback records, and repair moves. This paper gives two gauge-reconstruction
routes. The categorical route reconstructs a compact group from overlap transport on a de-
clared bosonic sector category. The finite route starts with twelve ports and their icosahedral
incidence. Complete reversible port response and endogenous observer transport force the com-
pact Lie-algebra type su(3) @ su(2) @ u(1). Exact finite calculations derive the carrier module
and inverse-port response. Compact classification and the fixed-space argument exclude the
remaining compact alternative. A conditional matrix realization supplies the familiar current
blocks. An exterior-algebra witness contains one fifteen-state generation with exact Standard
Model charges and anomaly cancellation. Its common central kernel is Zg. Among single
complete faithful bands in the conditional window 3 < N, < 5, the exact Laplacian costs
5 —1+/5 < 6 < 5+ +/5 select the rank-three band. The physical matrix current, matter action,
and global quotient require same-source response, character-completeness, and loop-to-kernel
receipts. The compact locus of the equivariant Jacobi variety is classified into three certified
bracket families with exact carrier-integrating admissible global forms. A declared equal-weight
oriented-face bracket is exactly 60R;3, has 240 nonzero Jacobi coordinates, and has family G
uniquely nearest among the classified compact locus under each of three added coordinate repair
norms /1, {5, {~ and, in the quadratic case, under every invariant carrier metric that is balanced
in the two mirror three-dimensional sectors or whose 3 scale stays within the exact chirality
box 3/6 € [1/50,6]; P is excluded for the complete invariant cone. The rule, the nearest-point
law, and the carrier-induced metric class are not source-derived. Over each supplied bracket,
ad-invariance leaves one coefficient per simple factor. In particular, the F'//G carrier-form spaces
drop exactly from dimension three to two, while the P control remains two-dimensional. Con-
structed two-factor Gibbs kernels bind the complete P family to one color-bearing F' family and
make the relative coefficient identifiable modulo common scaling. Fixing that coefficient, and
attaching the construction to laboratory currents, requires further physical input.

Two reconstruction routes

The first route is structural:

overlap gluing and transport receipts = rigid symmetric sector category
— Aut® (.F)



It reconstructs a compact group on the declared bosonic branch. It does not select the Standard
Model without a realized sector witness.
The second route is finite and carrier-specific:

twelve-port incidence and complete reversible response
— internal proper-carrier holonomy

= su(3) ®su(2) du(l)

— conditional Standard Model matter image.

This arrow combines three restrictions. Incidence supplies the twelve-dimensional As-module and
its single fixed line. Axiom 1 supplies the faithful compact commutator-closed response on that
module. Axiom 2 makes the proper carrier action inner on the same response. Incidence without
the response clauses leaves many equivariant laws, while response without endogenous transport
leaves the centreless compact branch available. Their intersection removes that branch.

The finite argument constructs its compact current inside the Axiom 1 unitary response space;
an ambient continuous gauge group is absent from its premises. Write g = D(R'2) C u(H).
Faithfulness gives dim g = 12, and commutator closure makes g compact reductive. The transitive
action of the alternating group on five letters, As, gives dim g4 = 1. Axiom 2 implements that
action internally on the same response, so it fixes the centre pointwise and dim Z(g) < 1. A
centreless compact algebra of dimension twelve would be su(2)*. Its factorwise inner A5 action
has fixed dimension zero or three on each factor and cannot have a one-dimensional fixed space.
The centre therefore has dimension one, while the semisimple part has dimension eleven. Compact-
simple classification gives the unique split 11 = 3 + 8, which proves

g =u(l) @ su(2) @ su(3).

The carrier identity 10J = A3 —4A? —5A+ 101 and target-blind readback derive R = —J. They do
not construct the current derivative. The Lie-type theorem uses the complete-response clauses of Al
and the endogenous-transport clauses of A2. A descent repair law enters only when a branch asks for
settled public records. It is not an undeclared premise of the Lie-type theorem. The finite dimension
arithmetic and fixed-space exclusion used by the Lie-type classification are machine checked under
explicit compact-Lie and classification adapters in the accompanying Lean development [25]; no
source current or full Lie-algebra isomorphism is constructed there. The registered recurrence
generates the exact commutative algebra span{I, A, A%, A%}. It contains neither twelve independent
current generators nor a nonzero bracket, and its only proper recharting is the identity. This result
is bounded to the registered single-recurrence packet. The declared matrix current is an exact
conditional witness. The target-free diagonal phase lift has twelve independent first derivatives
and an abelian bracket. Adding the registered connected adjacency tangent generates u(12), with
derived rank 143. This exact control rejects that direct lift and leaves non-diagonal source responses
in play. The canonical scalar seam equalizers do not fill that gap. On the eleven-dimensional zero-
sum port space, exact closure gives

rank([Ge, Gf]) =49,  Lie([Ge,Gy]) = s0(11),  Alg(G,) = End(R™),

of dimensions (49), (55), and (121), respectively. Thus the scalar strict-descent repair maps cannot
be relabelled as the desired twelve-dimensional compact reversible current. This exact negative
control leaves a separately derived reversible response in play and prevents the repair law from
acquiring gauge content by definition.



Conditional on the canonical oriented carrier, the complete target-free space Hom 4 (A2Q'2,Q'2)
has dimension fourteen and an exact rational Reynolds basis. It is a search space only; no bracket
is selected. Substitution of the general bracket into Jacobi gives 2,640 coordinate equations in 44
target orbits and an exact coefficient-row rank of 38. A channel change over Q(v/5) splits that
rowspace into eleven fixed-line derivation-weight products and a rank-27 residual system. The
residual equations apply on every weight flat. A three-parameter derivation-only Jacobi family is
exact and supplies no compactness or source selection. The compact real locus of that fourteen-
parameter equivariant variety is classified, conditional on three named textbook lemmas and exactly
over Q(v/5), into three certified bracket families, and for each family the coroot lattices, integral
carrier weights, and carrier-admitted mathematical global form are computed exactly; the selected
forms are adjoint with zero abelian charge lattice, so the abelian sector is undetermined at carrier
level and stands exposed rather than repaired.

The source incidence admits a particularly sharp finite discriminator. Applying the declared
equal-weight cyclic rule to its twenty oriented faces gives

Bface = 60R;3.

This bracket is As-equivariant but fails Jacobi in exactly 240 of the 2640 independent coordinates,
split 120 at +1 and 120 at —1. Under the explicitly added Euclidean metric on upper-triangular
structure constants, orthogonal projection onto the complete compact locus has the unique nearest
family G:

615 —123V56 , 61541235 2 — a5

B 22 ’ r 22 ’ P

Both F'/G projections lie in their certified open compact strata. The same conclusion is exact for
two endpoint edit norms on the identical 792-coordinate convention. Exact primal-dual certificates
give

dg;

d1(G) = 30(v/5 — 1) < inf dy (F) = d1(P) = 60,

1o)== ) = L (P - 1

The G optimizers lie in its open compact stratum. The displayed ¢ value for F' is an infimum,
not an attained minimum: the zero point minimizes the ambient linear family and compact F
points approach it under scaling. The exact Python replay proves the 792-coordinate primal-dual
optimization; the Lean theorem checks the serialized radical values and their strict order. Thus the
family verdict is robust across total, quadratic, and worst-coordinate edit scores, but only on the
classified compact locus and only after the coordinate norm is supplied. The equal-weight rule and
the coordinate norms are declared inputs rather than consequences of the axioms, so the verdict is
a conditional discriminator obtained without reference to the measured value.

The quadratic verdict is additionally metric-robust over the complete invariant class. The
carrier splits multiplicity-free as 1 + 3 + 3’ + 5, and the commutant of the port action is exactly
four-dimensional, spanned by the four symmetric spectral projectors; hence every invariant carrier
inner product is a positive sector-scale metric aP; + B8P3 + vPs 4+ d P5, and every induced Hilbert—
Schmidt metric on structure constants is diagonal across the fourteen equivariant channels. The
squared distances from By, to the classified compact families are the exact closed forms
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with a absent. Both gaps d%g — d2G and d% — d% are coefficient-positive Laurent polynomials,
so P is strictly excluded for every invariant carrier metric. At v = [ the gap is d% — dé =
3v5 3/5% + (90v/5/11)/B > 0, so every sector-balanced metric selects G; and for every metric
with 8/§ € [1/50,6] the family G stays uniquely nearest for all 4 and §. The mirror family
F genuinely takes over on the d% < d2G side of the exact three-scale tie surface, with witness
(B8,7,6) = (8,1,1). Conjugating /5 and swapping 3 <+ v maps dg to dr exactly: the F//G asym-
metry is the Galois image of the sector swap. Reversing every face orientation negates Bg,ce but
leaves these distances unchanged, because the compared compact families are centrally symmetric;
orientation therefore does not select the branch. A channel-diagonal invariant metric on the bracket
space that is not carrier-induced reverses the balanced-point selection, so the carrier-induced re-
striction is load-bearing. The exact replay derives the closed forms from the pinned tensors and
replays six sample metrics through raw normal equations; the Lean companion proves the exclu-
sion, balanced, box, and witness statements as quantified real theorems over the closed forms. The
nearest-point law and the carrier-induced class are declared discriminator choices. The committed
dual-measure layer adds a measure-conditional point: on the pinned incidence table, equal normal-
ized face weights and the declared barycentric one-third share give port-dual weight exactly 1/12 at
every port, and under the declared diagonal measure-to-metric rule that uniform measure induces
the scalar carrier inner product at the balanced cone point (1/12,1/12,1/12,1/12), where G is
uniquely nearest with d%, = (3690 — 738v/5)/11, d% = (3690 + 7381/5)/11, and d% = 540, twelve
times the reference distances by the exact scaling identity cd?(c,c,c) = d?(1,1,1). The weighting
rules and the measure-to-metric identification are declared, so this upgrades the metric-conditional
selection to a measure-conditional selection whose measure is pinned by a committed theorem;
it is not source selection of the bracket or a physical gauge structure. One composed machine-
checked surface (Lean/Screen/SMStructureAdequacySurface.lean) bundles the declared weight-
ing, metric, classification-input, and exterior-selection premises and re-exports the forced Lie type,
the balanced-point selection, the one-generation exterior selection with anomaly cancellation, and
the conditional global-form menu as one package, with the same-source loop-to-kernel identity
named as the leading undischarged clause of the physical quotient. A companion composition
(Lean/Screen/SMStructureComposition.lean) closes the side-by-side gap in that package: one
theorem on the one premise bundle proves that the forced type admits a unique type-matched
nearest family at the bundle’s balanced point and that the fifteen-state count, the anomaly forms,
and the Zg stabilizer are carried by the bundled selection mask itself. Its capstone is a coarse
two-mask statement: among the three classified family labels and the declared 2'° exterior table,
the admissible pairs are the G label with either of two conjugate masks. Conjugation is proved
on the masks only. This does not count points in the continuous G-bracket family and does not
classify complete physical Standard Model structures.

The descent bookkeeping itself is exact. On the finite weight lattice of hypercharge, triality,
and duality labels in the ¢ = 6Y normalization, a label is fixed by every element of the diagonal
Zg kernel exactly when 2t + 3d + ¢ = 0 (mod 6); the kernel acts on any label by multiples of this
center character. Every row of the matter table satisfies the congruence, including both carrier
blocks and the scalar, a fractionally charged singlet is blocked by the generator, and exactly one
sixth of the thirty-six lattice labels descend, with every character value carried by exactly six labels.
The machine-checked receipt composes onto the selected matter mask: every selected component
descends through the full kernel (Lean/Screen/GlobalFormCharacterDescent.lean). This is the
character-lattice half of the global-form question only. The complete character category, the in-
stanton normalization, the laboratory flux attachment, and the selection of one physical quotient
among the four admissible ones are additional assumptions, and no physical global form is derived
from the congruence.



A three-family bundle types the band-selection rules of the family row as antecedent fields whose
triplication arithmetic threads the same selection mask, the chirality row carries one threaded
grading-plus-obstruction theorem, and a kernel-checked dictionary identifies the dimension-six
baryon census table with the selected generation column by column. The construction supplies no
physical-family or Spin/chirality attachment and no source action.

Over the supplied certified brackets, ad-invariance fixes the kinetic shape block-diagonally with
exactly zero cross terms. On carrier-projector forms the restriction is stronger and exact: families
F and G reduce the three-dimensional carrier-invariant space to two dimensions,

F: w3+:\/5w5, G: ws_ =\V5ws,

with ws_ free for F' and wsy free for G; family P is the exact two-to-two control. Requiring
one form to be invariant for both F' and G leaves the ray (wsy,ws_,ws) = t(v/5,v/5,1), but
simultaneous mirror invariance is an extra premise, not source selection. The stored minus-one-
quarter Killing matrices are exact representatives, not selected couplings. The two-factor history
theorem constructs a Gibbs kernel from aq; + bga, proves exact normalizer and kernel factorization,
and recovers the additive factor action. If both costs vary, equality of two constructed kernels
identifies Aa and Ab; with nonzero multipliers only common scaling survives, so a/b is not multiplier
gauge. Exact instances cover both P factors on 3% steps and the full color-bearing F' family on
31 steps. These are symbolic finite theorems, not large enumerations. They neither identify an
independent source kernel nor select a, b, or their ratio. No theorem supplies an enumeration of
noncompact components, a source repair/selection law, action selection, same-current holonomy,
relative factor coefficients, or coupling scales [24, 25]. Generation, scalar, global-form, and extra-
sector statements carry their own premises.

An assembled structural action

The three committed sector functionals sum as one real function of one field tuple on one typed
premise bundle (Lean/Screen/AssembledActionComposition.lean). The bundle extends the
electroweak-breaking premise data by two declared positive gauge weight parameters in the com-
mitted two-parameter G-invariant normal form, and the assembled action is the explicit sum of a
gauge kinetic term (one declared magnitude per invariant carrier sector, squared against its weight
under a declared diagonal pairing on the committed weight space), the committed quartic potential
A(|h|? —v2)2, the committed gauge mass form at the chosen minimum, and the realified committed
Yukawa line with coefficient y. Three exact restriction theorems recover each committed sector
functional on its field slice over the common base tuple. The assembled gauge coefficients satisfy
the committed G ad-invariance constraint row and collapse to the committed one-ray mirror form
under the extra declared F' row. The whole sum is exactly invariant under the global abelian phase
action at unit scalars with product one, in particular at the committed integer charge balance of
the bundled selection mask, with the scalar slot at plus or minus the committed scalar row charge.
The imaginary part of the committed complex Yukawa line is recovered as an assembled evalua-
tion, the base tuple evaluates to zero, and the bundle is inhabited with every declared parameter
equal to one. This is a finite structural action on the committed coarse grammar: every coeflicient
is a declared bundle parameter, the covariant kinetic content enters only through the committed
constant-direction coefficient at the minimum, and the construction supplies no source-produced
spacetime action, measured coefficients, three-physical-family attachment, global-form selection,
physical-chirality attachment, or Spin attachment.



The gauge sector at the committed invariant-form level

The gauge kinetic sector of the assembled action extends from the declared diagonal pairing to
the committed invariant-form level (Lean/Screen/GaugeSectorBracketCompletion.lean). The
typed gauge-field slot carries one real coordinate vector per weighted invariant carrier sector of
the committed multiplicity-free split 3" + 3~ + 5, and the kinetic functional is the committed
weight vector against the sector coordinate squared norms. The declared diagonal pairing is exactly
the axis restriction of this functional under the committed basis, the functional factors exactly
through the committed pairing at the sector magnitudes, and agreement on the axis slice pins
the weights, so the assembled action embeds exactly in the completed one and the completed
action factors exactly through it. The invariance is carried at the exact infinitesimal grade: every
sector-internal skew-adjoint generator leaves every weight vector invariant, the committed G and
F' ad-invariance constraint rows are the infinitesimal-invariance rows of two exhibited cross-sector
generators at declared coefficient ratio (1,—+/5), and simultaneous invariance under both leaves
exactly the committed one-ray mirror family. The restriction, abelian-invariance, committed-charge,
and base receipts persist, the parameter census is unchanged at exactly the two declared normal-
form parameters, one exhibited off-axis carrier point evaluates outside the axis slice, and the control
weight vector (1,1,1) breaks the invariance at an exhibited carrier pair with exact value 1 — /5.
No gauge group action on the carrier is committed or claimed; the generator ratio realizes the
committed constraint rows, its derivation from the pinned bracket tensors is certificate content,
and no source-produced spacetime action is supplied.

A fermion sector on the assembled action

The assembled action carries one typed fermion sector as a fourth summand, with the committed
sum unchanged (Lean/Screen/FermionSectorAssembly.lean). The fermion carrier is one com-
plex amplitude per row of the committed ten-component table, and the bilinear row-pair form %@Z’j
transforms under the abelian phase action through the committed integer charge column g = 6Y.
On the rows of the bundled selection mask the form is invariant at every unit phase exactly when
the committed row charges balance, and the committed charge column separates those rows, so the
invariant pairs are exactly the diagonal ones: the charge column forces the kinetic-shaped pairing
to be diagonal. The extended action is the committed assembled sum plus the masked diagonal
fermion sector with one declared coefficient per row. It restricts exactly to the committed assembled
action on the zero fermion slot and at zero fermion coefficients, exactly to the fermion sector on the
fermion slice, and the three committed sector restrictions persist. A typed embedding of the fermion
amplitudes at the shared doublet and singlet rows into the committed matter slots evaluates the
extended action to the committed mass bilinear with coefficient y v, and the embedding intertwines
the fermion phase action with the committed matter-slot phase action at the committed row charges.
The extended sum is exactly invariant under the committed-charge abelian action extended by the
fermion charge phase, the parameter census is the committed list plus the fermion coefficients, the
bundle is inhabited over the committed inhabitant, and an exhibited charge-imbalanced pair of
mask rows breaks the invariance receipt at an exhibited unit phase. The fermion coeflicients are de-
clared stand-in weights: the covariant kinetic term, the source-produced spacetime action, and the
Spin and physical-chirality attachments are not supplied, and no measured coupling, three-family
structure, or Yukawa matrix appears.
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1 Recovered Core: Foundations and Structural Branches

Observer-Patch Holography is a reconstruction program for fundamental physics. On the declared
screen-first global-support branch, physical data are charted by a horizon screen S?, and the effective
world is encoded by the mutual consistency of overlapping patch descriptions. This support screen
is distinct from a local carrier boundary and a federation overlap nerve. On the producer branch,
S? enters only after the carrier-to-support map satisfies the spherical incidence, mesh, cross-ratio,
normalization, and refinement receipts. The legacy finite reference fixture does not supply that
map because it has no composable seam triangle and its higher-overlap condition is vacuous. The
source-derived producer instead supplies a twelve-chart, thirty-seam, twenty-face incidence nerve,
nonvacuous seam-triangle cocycles, confluent phase repair, and a controlled oriented-S? support
limit on one declared tower. Event, modular, scale, and laboratory attachments require separate
premises. This recovered-core section develops fixed-cutoff overlap repair, transportable sector
reconstruction, the axiom-forced local Standard Model gauge Lie algebra, and the conditional
Standard Model matter image.

1.1 Overview

Overlap consistency first turns local patch states into a constrained gluing problem. The fixed-cutoff
branch gives collar decompositions, edge centers, and finite repair dynamics on the declared physical
quotient. The transportable edge-sector branch classifies fixed-stage zero-obstruction sectors and,
on a cofinal tail carrying the compact-gauge refinement receipt, reconstructs a compact internal
gauge group in the bosonic branch.

The finite-current route is separate. Complete reversible port response in Axiom 1 and endoge-
nous overlap transport in Axiom 2 force the compact Lie type u(1) & su(2) & su(3). Icosahedral
incidence and inverse-port pairing determine J, with 10J = A3 — 442 — 5A + 10I. A target-blind
impulse/readback protocol produces R = —J and fixes the relative band signs up to common re-
versal. It does not reconstruct the current derivative. The charged-double-triplet matrices are an
exact conditional realization. Given the declared fermionic Spin category, the matter certificate
derives Poven — Pyac and Poqq — Piop as the unique charge-conjugate pair of rank-15 chiral projectors.
Anomaly balance and tensor descent give exact hypercharge, N. = 3, the common Zg kernel, and
the maximal faithful matter image from the declared current and matter premises. The physical
current realization, matter action, and global quotient require same-source response, character-
completeness, and loop-to-kernel receipts. Under separate complete-band and cost-order premises,
an exact theorem selects the rank-three screen response. Its tensor product with the declared fifteen-
state table is a conditional rank-45 candidate; chirality and the diagonal Zg action are properties
of that table. A separate finite local-domain receipt checks the declared operator D, ® I45 and
conditional gap inheritance. The source does not select this matter action, and no certified bridge
carries the twelve-port Spin packet to the 8,662-node operator domain. Laboratory identification of
the current and flux sectors, equality of the two reconstruction routes, four-dimensional instanton
normalization and theta periodicity, monopole dynamics, scalar attachment and multiplicity, quan-
tum field realization, and physical matter-pole and continuum identification of the finite family
carrier are not supplied.



1.2 Model and Axioms
1.2.1 Observers and access model

The support-local algebra-state-record reduct of an observer patch is Oyeq = (Po,A(Po), po, Ro),
where:

« Pp C S? is a connected screen patch (the observer's access region).

o A(Pp) is the von Neumann algebra associated to Pp.

o po is the local state, obtained by restricting the global state to A(Pp).

e Rp is a finite record algebra generated by stable internal record projectors within Pp.

An operational observer additionally carries overlap interface algebras and restriction maps,
allowed update and repair instruments, and checkpoint data used for continuation. Observers are
internal self-reading patterns in the global state. A patch and its compatible marginal supply a
geometric or algebra-state chart. An operational observer requires the interface, record, repair, and
checkpoint conditions.

1.2.2 Screen, patches, and algebra net

We work in a single static patch with a horizon screen S2. Each connected subregion P C S? is
assigned a von Neumann algebra A(P). The net satisfies isotony:

Pc@ = A(P) C AQ).

A global state w is a positive linear functional on the inductive-limit algebra. Overlap consis-
tency is imposed algebraically: for overlaps Py N Py, w restricted to A(P; N P,) is the same from
either side.

1.2.3 The three OPH axioms

This paper states the three OPH axioms because both specialist derivations share their observer-
overlap foundation. Branch-local hypotheses are written at the theorem that consumes them. Trans-
portability and the fixed-cutoff bosonic sector category are theorem-level results. Refinement /fiber
descent and the cofinal compact-gauge witness require the explicit compact-gauge refinement re-
ceipt. The finite local Standard Model gauge Lie-algebra implication uses the complete-response
and endogenous-transport clauses with compact classification. Its matrix current and matter action
are conditional realizations. The Zg kernel is exact on the declared matter table, while the physical
global quotient requires a source-derived complete character category and loop-to-kernel identity.
Laboratory identification of the current and flux sectors, four-dimensional instanton normalization
and theta periodicity, monopole dynamics, and scalar multiplicity require separate premises.

The screen axiom below defines the screen-first support branch. The producer branch reaches
the same axiom only after its carrier-to-support receipts establish the global support screen.

Axiom 1 (oriented observer-patch federation and spherical support). There exists an
observer patch net on an oriented spherical screen: at every finite resolution each local carrier
has twelve primitive boundary ports forming the vertices of an oriented triangular boundary with
30 edges and 20 faces, combinatorially the boundary of an icosahedron, and carriers join through
typed seams and coherent triple overlaps, refine to an oriented spherical support, and expose local
state, readback, records, repair moves, and checkpoints. Their complete infinitesimal port response



is represented faithfully on a finite-dimensional unitary response space and is closed under the
commutators generated by ordered response composition. Formally, for every regulator r in a di-
rected system there is a typed object N, = (P, Ay, Ry, L, Uy, Cry Ny, Sy, by): & finite patch/overlap
category with an isotone local algebra net and central record algebras; a federation of finite carri-
ers, each with twelve primitive pairwise-orthogonal central port projections summing to one and a
boundary packet K = (P, E, F,0) with |P| = 12, |E| = 30, |F| = 20, degree-five ports, five-cycle
links, and coherently oriented two-face edges, isomorphic to the icosahedral boundary complex with
no preferred labels; seam algebras with unital restrictions and coherent triple-overlap cocycles form-
ing the nerve N,; a finite edge-midpoint refinement support .S, realized orientation-preservingly in
S? with mesh tending to zero; and a source-bound degree-one bridge b, : N, — S, all commuting
with refinement. Each carrier also has V,.; = R[P,;], a finite-dimensional complex Hilbert space
H,;, and an injective real-linear map

Dy Vii — u(H, ;).

The image g,; = D,;(V;;) is closed under commutators and complete for the declared quotient-
visible infinitesimal port response. The primitive port probes span V; ;, no additional public re-
sponse direction is omitted, and — Tr(D, ;(v) D, ;(w)) is positive definite. The response construction
is natural under admissible presentation equivalence and refinement. The axiom does not select a
particular response table, inverse-port law, Lie type, global group, particle interpretation, or metric
content.

Axiom 2 (observer agreement). Observers operating on the screen agree on the meaning of
the data they jointly interpret. Formally, the interpretation map J, : Data, — Meaning, from
observer-accessible data to operational meanings is natural with respect to every visible overlap
restriction, recharting, seam translation, higher-overlap map, federation map, and refinement map:
every declared data-access diagram for accepted public data commutes after interpretation, and
Ty 0 cs—ypr = Csy 0 Js across resolutions. The axiom constrains accepted shared data only, and the
domain it quantifies over is supplied by the Axiom 1 interfaces rather than by the axiom itself.

Accepted reversible overlap transports form a groupoid O,. For a complete carrier chart o,
its closed paths Hol,(0) map onto the orientation-preserving incidence automorphisms Aut™* (K, ;).
For every proper carrier automorphism a, Axiom 2 supplies a closed path 7, and one projective
implementer [U,] € PU(H,.;) satisfying

Ady,) Dri(v) = Dyi(a - v).
Writing
Gh i = (exp(tDri(v) st €R, v € Vpy)°,

the implementer is endogenous:

[Ua] = [gaca]7 Ja € GODJ;ZW Cq € CU(HM-)(QT,Z‘)-

Closed paths compose projectively and the construction commutes with refinement. A unitary lift
need not be unique. Scalar phases and centralizer actions are permitted because they act trivially
on the response algebra. An independent spectator carrying a matching projective action cannot
replace the response-generated factor or contribute a public response direction. The closed path,
port action, and implementer must arise from the same accepted source history in an executable
realization.
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The two response clauses support an abstract target-free compact Lie-type theorem. They
do not certify that an executable producer emitted a particular current fixture. Such a certifica-
tion must reconstruct the port generators, commutator, and projective implementers from ordered
source histories without a named current model upstream. Axiom 2 does not imply global state
extension, repair termination, confluence, unique normal forms, record durability, Byzantine safety,
dissemination, or commutation of state optimization with refinement; raw mismatch and repair
precede acceptance.

Axiom 3 (conditional maximum randomness). Everything that observer agreement leaves
unconstrained is maximally random. Formally, at finite regulator r a state is a compatible family
of local normalized states on the accessible algebra net; I, is the nonempty convex set of such
families satisfying the finite observer-visible constraints supplied by Axioms 1 and 2 through an
Al-generated constraint grammar with a factorization theorem; and, relative to an exact reference
family 7,, an Al-generated observer cover G,, and strictly positive exact weights w, p constructed
from quotient-visible Al data by a rule natural under admissible presentation equivalence, the real-
ized state is the information projection. The cover restriction map is injective on IC,; equivalently,
at smooth points no nonzero feasible tangent is invisible to the whole cover. The realized state is

pr = arg min Z wy,p D(pr,p||7r,p)-
Pekr peg,

The same projection rule applies separately to each declared optimizer object type (ontic state,
inference state, or transition distribution), and statements about one type do not transfer to an-
other. This is equivalent to weighted local entropy maximization when every local reference density
is identity-proportional in its declared trace. "Random' means least informative relative to the
declared reference and the complete agreement constraint set. The axiom selects one state inside
one fixed feasible space. It does not compare unrelated state spaces or field contents, does not imply
optimizer compatibility across refinement, and does not imply recovery, alignment, or mixing; each
such statement carries its own theorem, interface, or countermodel.

The complete formal basis, including its constraint map and non-implications, is given in the
canonical three-axiom reference.

The closure principle. The axioms describe the observer screen. The global closure principle
states that the simulating and the simulated description are one system. Every quantity that has
both a construction-side reading and a readback-side reading must take the same value once a typed
bridge proves that the two readings denote one invariant. The equality is forced by self-identity.
Constructing that bridge and the return map is part of the physics. Existence, uniqueness, and
stability are separate determinacy tests on the resulting equation. The name given to such an
equation carries no mathematical weight: after the typed identification, unequal readings would
describe two systems rather than the single self-referential universe.
The local screen-grain proposal

P = ¢+ /n/Ar(P),

with A7 (P) the inverse coupling returned by the declared source map, has one interval-certified
fixed point on its declared analytic domain. Interpreting that root as the laboratory coupling
additionally requires a target-independent choice of the physical map, a typed bridge identifying
the two sides as readings of one quantity, and same-scheme hadronic spectral transport to the
Thomson endpoint. The displayed map’s certified fixed point sits at P = 1.6309720959 and returns
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Ar = 136.9948352; the certified gauge-width variant’s fixed point sits at P = 1.6309682414 and
returns 137.0356601. Through the same outer equation the measured 2022 CODATA coupling
a~! = 137.035999177(21) reads back the grain value P = 1.6309682094. The comparisons stand
at 3.0 x 10™% relative for the displayed map and at 2.5 x 1076 for the gauge-width variant, as
diagnostics of the declared source maps. The latter absolute residual is 3.3904 x 10~4, compared
with experimental standard uncertainty 2.1 x 10~8; this is not agreement at measured precision.
The direct global proposal is
N =log Mo ().

The bounded completion class defined by base agreement, positivity, and the carrier bound does not
select a unique cosmic value. Universal all-rung membership in a complete A1-A3 capacity-source
contract and the corresponding executable-to-Lean bridge are absent. The incomplete antecedent
determines no direct N, and no theorem extends the bounded-class conclusion to the complete
source class. A positive result must complete the source antecedent and prove one physical zero,
either within the three-axiom source contract or through a separately named stronger source law.
A separate common-load branch starts from

6
NO = TreXp(POéU(P)) .

On the finite collar branch, the declared total reserve expectation P/4 and six-class equidistribution
give presence probability P/24 for each declared class. If one class is physically selected as the
blocked event, its scalar-weighted presence receipt is discharged, and that normalized collar-survival
factor is proved to act on the global capacity, the corresponding candidate is

P N, o P
Nojes = Nog (1 — — In —B — 1 (1-).
pres 0( 24) T T Page) 24

The exponential alternative Npyis = Noe ! /24 requires a separate mean-count or continuum carrier.

Exact neutral, one-class, and six-class-total actions share the declared local datum, obey positive
composition and finite cut-count regrouping, and disagree globally. The finite source therefore
selects no action or blocked-event semantics. The source class determines no named-law value,
and its horizon branch has no capacity object. A stronger source-derived action would require the
screen/electroweak bridge, physical common-load bridge, physical Zg seam action, scalar-weighted
receipt, and horizon-record identification. On the source-forward numerical branch,

Ny = 3.5321 x 10122,

0122 0122

so the finite-presence candidate is 3.2921 x 1 and the exponential candidate is 3.3001 x 1
The full weighted Planck base-ACDM chain gives the comparison coordinate 3.3129 x 1022, The
respective residuals are —0.63 percent and —0.39 percent. Both comparisons were exposed before
the branch choice and carry no predictive weight.

Collar recoverability, generalized-entropy structure, and quantum focusing are not axioms: they
are classified gravity interfaces with their own theorems, countermodels, and required inputs, con-
sumed field by field where the Einstein composition needs them. Sector content is not selected
by any axiom: the conditional rank-45 tensor candidate does not establish physical families or a
local Spin carrier, while scalar multiplicity and extra-sector completeness lack physical attachments.
Each theorem below lists the declared completions it consumes.
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1.2.4 Closure values and theorem-local technical data

Transportability, the fixed-cutoff bosonic category, regulator bookkeeping, quasi-local propagation,
endpoint-Lipschitz control, and collar decomposition are cited from their preceding theorems. Re-
finement /fiber descent and the cofinal compact-gauge witness additionally require the compact-
gauge refinement receipt.

Local information projection at the regulator scale. At the regulator scale £y, consider
the Axiom-3 subbranch carrying a global-extension interface and identity-proportional local refer-
ences for which the state-determining weighted local objective is represented by one finite density
matrix w. The selected state maximizes the corresponding weighted local entropy subject to:

1. A finite set {O,} of gauge-invariant local operator densities, each supported on a ball of radius
<rg= O(er)

2. Constraint equations (3", O4(z)) = C,, one homogeneous global sum per density label a,
where x runs over the cells of the UV lattice. The constraints are the N, global sums, not
one independent constraint per cell, so the number of independent constraints and of Lagrange
multipliers is Neon (plus the optional global constraints below) on every lattice, independent
of the cell count.

3. Optionally, a finite number of global constraints (total energy, charge).

This is the finite-matrix subbranch needed to derive the local Gibbs form of Lemma 2.6 from
Axiom 3 with a cutoff-independent multiplier count. The global extension and the objective repre-
sentation are explicit branch premises.

Clarification (conditional maximum randomness and thermal equilibrium). Axiom
3 is local state selection relative to an exact reference and a complete visible constraint set. It
does not state that the universe is in thermal equilibrium. Non-equilibrium physics is modeled
in the enlarged local-multiplier family obtained by replacing the homogeneous multipliers A\, with
slowly varying fields A\,(x), equivalently by imposing per-cell constraints (O,(x)) = cq(z). That
enlarged family has dimension proportional to the number of UV cells, so it is a function-space
approximation regime with gradient error terms. The refinement-stable branch and the induced
maps Ry_,; below concern the homogeneous N.q,-parameter branch under the separate optimizer-
pushforward interface. Controlled violations of exact Markov additivity appear under the explicit
mixing hypotheses stated later in Section 2.3. Equilibrium is an approximation regime with explicit
error terms.

Rotationally invariant constraint branch. Constraint sets are SO(3)-invariant on S2.

Gauge as overlap redundancy at fixed cutoff. Overlap identifications are not unique; the
freedom that leaves overlap observables invariant forms a local groupoid.

Central-defect subbranch. Assume the overlap centers are identified with one fixed abelian
unitary coefficient group Zs; on which overlap transport acts trivially. Choose unitary overlap
implementers with Uj; = Uigl. On triple overlaps, when the failure of strict coherence is central,
define

Qijk = UyUsUp; = ziju, Zijk € Iy,

equivalently U;;Uji, = 2ij,Us. The defect is data of the implementer lift; writing only Ad(z;jx)
would erase it because conjugation by a central element is the identity.

Collar double-scaling hypothesis. There is one refinement family with § — 0, fyy — 0,
and uniform finite-range and strong conditional Gibbs mixing constants such that
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I(As : Ds | Bs)w < ¢|0C|uye /%, 2 —log |0C|yy — +oc.

The second condition controls the complete boundary-prefactored envelope. The weaker ratio
d/luyy — oo does not imply it. Section 2.3 gives the finite-range theorem, explicit constants, a
sufficient logarithmic schedule, and the finite-receipt fields. On the exact central-interface branch
the CMI is zero without this mixing premise.

Derived quasi-local propagation and modular-locality control. At scale fyy, the au-
tomorphism group generated by the MaxEnt generator of Lemma 2.6, or more generally by any
branch generator lying in the same bounded-support algebraic closure, has a finite Lieb—Robinson
velocity vpr: for local operators A, B supported on regions separated by distance d,

I[A(t), BII| < ¢|| All| B min(|Ral, | Rp|)e~ @ rnlD/e

for d > vpRr|t|, where £ = O(fyvy).

This is the branch-internal control statement that turns the quasi-local structure of the local-
Gibbs branch into explicit support control for time-evolved operators. It is part of the third-axiom
branch stated at regulator scale.

Approximate modular covariance on the fixed-cutoff realized branch. Under
the fixed-cutoff realized presentation, Lemma 2.6 (local Gibbs), the derived quasi-local
propagation bound above, and the collar double-scaling plus mixing hypotheses of Sec-
tion 2.3, the modular flow o}’ Y maps A(R) into a slightly thickened region algebra:

Jf’C(A(R)) C A(R+Um°d|t|) up to error 7(d — vmodlt]),

where RT® denotes the s-neighborhood thickening, vy0q4 is a "modular propagation
velocity" controlled by vrr and local norm bounds, and d is the distance from R to 0C.

Heuristic motivation. On the reduced-modular-locality branch of Lemma 4.1a-b,
modular additivity localizes the nonadditive defect of Ko = —logpc to the collar.
The associated propagation receipt then bounds support spreading under e*¢*. In the
rate-controlled collar limit of Section 2.3, the thickening vanishes in macroscopic units.
This remains heuristic support for the tangent-limit package; a Lieb—Robinson bound
for the global Gibbs generator alone does not prove locality of the reduced modular
Hamiltonian.

Continuum-limit heuristic. Define the induced region flow

fE(R) :== lim Rtvmoalt],

gUVA)O

Then 0" (A(R)) = A(fC(R)) becomes exact in the continuum limit, with error con-
trolled by

n(8) S 2/cloCuy e/

when CMI is measured in nats, with the full rate condition imposed on the prefactor.
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The discussion above is heuristic support for the tangent-limit package used in Theorem 4.2.

Refinement-stable information-projection branch. Choose a family of coarse-graining
channels ®,_,; between UV scale ¢ and IR scale L satisfying the separately declared optimizer-
pushforward and refinement-tail interface. Then on the realized branch one may write

Py (we(N) = wi(Resn(N),

for an induced map Ry_.7, on the common finite-dimensional homogeneous multiplier family. The
existence of Ry_,; as a self-map of that same family is the load-bearing cross-scale premise. Reusing
the density labels a does not establish it. Coarse-graining a finite-range Gibbs family generically
generates interactions outside the retained density list. The closure defect, the moment-matching
I-projection realizing Ry, and its trace-norm residual bound are constructed in Definition 2.6a
and Lemma 2.6b. Exact vanishing of the defect along the realized branch remains part of the
declared optimizer-pushforward interface. Under that interface, the regulator states lie in a shared
multiplier family, and the realized branch is a persistent trajectory or invariant subset under the
induced refinement maps. This state-side persistence statement does not upgrade fixed-cutoff edge
labels to a transportable refinement-persistent sector colimit.

Fixed-cutoff realized presentation. At a UV scale fyy, local patch algebras are type-I with
finite-dimensional Hilbert spaces, and gauge-as-gluing is realized as a boundary action on a lifted
finite-dimensional presentation. Section 2.3 proves the resulting fixed-cutoff collar package directly
from overlap consistency on this realized presentation, while distinguishing the lifted fixed-point
algebra from the sector-preserving collar algebra used in the edge-center (EC) theorem.

External mathematical inputs include SSA and recovery theorems (Petz 1986, 1988; Fawzi
and Renner 2015). The categorical gauge route also uses Doplicher-Roberts reconstruction once
localized zero-obstruction sectors are assembled in the small-region limit. Full citations appear in
the References.

1.2.5 Notation

e pc: reduced state on cap C.

o K¢ := —log p¢: modular Hamiltonian of the reference state.

e Be: geometric generator of the cap-preserving conformal dilation.
o Sgen(C): generalized entropy on a cap.

e fuyy: UV length scale of the refined screen net.

e 0: collar width around a cap boundary.

1.3 Information-Theoretic Tools
1.3.1 Strong subadditivity and Markov states

For any tripartite state papc,

I(A:C | B):= S(AB) + S(BC) — S(B) — S(ABC) > 0.

Exact Markov states satisfy I(A: C'| B) = 0 and admit a recovery map:

papc = (ida ® Rp—pc)(paB)-
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1.3.2 Approximate recovery

If I(A: C | B) < ¢ in nats, there exists a CPTP recovery map R with
lpase — (ida @ R)(pap)li <2vV1—e™® <2V

1.3.3 Collar refinement and sufficient mechanisms

Fix a cap C' C S? with boundary circle. For collar width § define

Bs :={x € 8% : dist(z,0C) <8},  As:=C\Bs, Ds:=(5*\C)\ Bs.

Then S? = A5UBsUDs with As and Ds interacting only through Bs. The collar double-scaling
hypothesis is the requirement that I(As : Dy | Bs) — 0 in the refinement limit. At fixed regulator
scale, the same finite-dimensional realized presentation supplies the patch-net and overlap-gluing
data used below. We therefore isolate that realized presentation first, then separate the exact-
Markov and quantitative routes.

Finite quotient ensemble theorem. Fix a finite regulator . The physical presentation space
is ¥, the presentation redundancy groupoid is I',., and the finite physical quotient is

Qr=%,/Ty, Ty @ 2 — Q.

The quotient removes nonphysical presentation data: gauge representatives, port relabelings, mesh
labels, shard or worker identifiers, queue order, repair schedule identifiers, retry counters, times-
tamps unless declared semantic, hidden carrier coordinates, and inert ancillary labels. If only
settled configurations carry probability, the probability space is the normal-form subset

N, = nT(QT‘)'

The map n, is a normal-form map, not a probability law. Any physical branch inherits this firewall:
it must declare the quotient-intrinsic source law or action before a normal form can be read as a
selection or prediction claim.

Observable algebras and reference states. In the finite classical case the quotient observable
algebra is

O, = 12(Qy).

In the finite quantum case the physical algebra is a declared quotient algebra APMYS with state
wr(A) = Tr(prA).

When the reference object is obtained from a finite lifted carrier, the load-bearing data are not an
abstract groupoid cardinality alone. They are a tracially pointed quotient

phys 0 phys __ G
(Ar,b ’Tr,b>a ‘A'r,b = Z7~7bB(,HT) "Zrbs

where U, : G, — U(H,) is the compact gauge action and z,j; is the central projection for the
declared boundary or superselection sector. The reference trace is

Try; (A)

T, = —r .
’ Trﬁr(zr,b)
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If
zr,bHT = @ Vo ® M,
(6%
with d, = dim V,, and m, = dim M, then
_damg
>pdsms’

These are the induced central-sector weights only after the carrier representation and boundary
sector have been fixed.

A,E)Eys = @ IVa ® B(Ma)7 Dra
a

OPH quotient ensemble. An OPH quotient ensemble is specified by a quotient-intrinsic base
weight and action
my : Qr — Ry, Sy Qr = RU {+00},
and
e—Sr(q)’ Zy = Z wy(q), e (q) = Zr_le(Q)'
q€Qr

Wy (Q) = My (Q)

Equivalently, one may state an intrinsic projective prior v, on @, and set p, = (n,)gv,. Uniform
quotient counting, uniform representative counting pushed to the quotient, groupoid weights, and
tracial central-sector weights are different physical claims. The paper must declare which one is
being used.

Normal-form projector non-selection. For any retraction N : Q — Qs onto a subset Qnr C
Q, that is, any map whose restriction to Q¢ is the identity, the induced map on laws

Co(u) = Nyp

is idempotent:
2

Every law supported on Q¢ is fixed; both statements use the retraction property. Therefore
settlement or canonicalization never selects a unique physical probability law by itself.

Selection-gap corollary. Let X C Qu¢ be a finite set of quotient-normal candidates distin-
guished by visible invariants. Normal-form data determine X and its quotient-visible invariants,
but they do not choose a member of X. If two laws u, v are supported on X and concentrate on
different candidates, both are fixed by Cgp. Unique sector selection therefore requires source data:
an intrinsic action with a unique minimizer, a declared physical ensemble, or a refinement-stable
gap certificate. A defect or holonomy classification can classify possible sectors without choosing
the physical sector, and a contraction or repair generator can certify convergence toward a declared
target without creating the target law.

Finite MaxEnt quotient ensemble. For finite (), positive m, and quotient observables
F, ..., Fy, maximizing
v(q)

Hm(v) = — ZV(C]) log W

subject to



has the full-support solution, when the feasible full-support surface is nonempty,
1(q) = m(q) exp[— 32, 0aFa(q)]
Z(0)
Boundary optima obey the same formula after restricting to their support. On a finite noncommu-
tative quotient algebra with faithful reference state o,

pr = exp(lOg Or — Za eaFr,a)
" Trexp(logo, — >, 0aFra)
The finite constraint ledger must name every F, 4, its units and support, the target expectation and
source, sector or zero-mode treatment, refinement transformation, and proof that no run output or
observational output entered the source definition.

Refinement compatibility and RG closure. For s > r, let ¢ : Qs — @, be the physical
coarse map. Exact compatibility of weighted ensembles is equivalent to the fiber-sum identity

S my(d)e ) = agm,(g)e 5@
q/: Csr(q’):q

for a constant ag. > 0 independent of q. Then

(Csr)gtts = fir.
If the one-step defects are
Okt 1,k = 1(Chrin)stter1 — prllpy s
then

n—1

”(Cnr)#ﬂn - NTHTV < Z 5k+1,k~
k=r

For exponential-family refinement, exact closure requires the fine conditional free energy

Gsr,G(Qr) = — 1OgEmg lexp[—0 - Fs(Qs)] | csr(Qs) = ar]

to equal kg (0)+ Rsr(0)-Fr(gr). If the residual is uniformly bounded by ¢, the induced total-variation
defect is bounded by tanhe.

Implementation invariance and representative lifting. If implementations A, B have quo-
tient bijections h, : Q4 — QP satisfying
mf(hrq) = mf(q), SF(th) = S;f‘(q), hy o Cﬁﬂ = CsEi o hs,
then
A B

(hT)#:U’r = MKy
For tracially pointed quantum quotients the corresponding equivalence is a trace-preserving quotient
equivalence. It is invariant under unitary intertwiners preserving the gauge action and sector, and
under inert trivial ancillas A — A ® Iane. It is not invariant under arbitrary changes of gauge-

representation multiplicities.
If an implementation stores representatives, a representative-level law must be a conditional lift

br(x) = pr(mp2) K (2 | TrT), Z kr(z | q) = 1.

e (2)=¢q

Then (7,)4ft, = pr. Uniform representative sampling yields orbit-size weights and is physical only
if representative counting is the declared base measure.
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Quotient-lumpable kernels and sampler correctness. A representative kernel ﬁ(x,y) de-
scends to @, only when

Pola.q)= > Pla,y)
y:(y)=q’

is independent of the chosen representative z € 7~ '(q). For w(q) = m(q)e @ and proposal
R(q, q") with reciprocal support, the Metropolis—Hastings acceptance rule

w(¢')R(q, q) }

alg, ) = min {1’ w(q)R(q,q")

gives detailed balance
1(@)R(q,q")alq,q) = n(d)R(d', 9)ald’, q).

Repair-informed proposals must include the Hastings asymmetry term; otherwise the stationary
law is generically changed.

Repair generators are not selectors. A repair generator of the form

Liep =Y _co(I — Eg)
C

is a relaxation or sampling object after a law has been selected. Conditional expectations F¢ are
defined on L?(X,,,), so the reference law m, is input. On overlapping collars the expectations
need not commute. The correct finite gap certificate is the Poincare constant

_ g ST =B

Ky = in
T 1£1]%

If local fiber rates have a positive lower bound ~., then
Lrep > ’Y*HT(I - PO)

Finite repair completeness gives k, > 0 at fixed regulator. A uniform refinement lower bound
inf, k, > 0 is a separate theorem or receipt.

Finite evidence accuracy. For bounded coarse observables O, if

”ﬁs - ,USHTV < €samp

and the refinement defects sum to €., then
[E;, [0 0 cr] = B, [0]] < 2010 loo(esamp + o).

Continuum-facing observables require a realization map and correlation Cauchy bound in addition
to a finite histogram.
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Physical-vacuum requirement. A stationary sampler is not a physical vacuum. For any faith-
ful target law one can build a positive transfer operator with that law as ground state, so positivity
alone is not a selector. A physical-vacuum interpretation requires source Euclidean slab data

GrE = (QT‘) m97 JT7 ‘/7"7 at,’r‘)
whose conductance J,(q,q") = J-(¢',q) > 0, local potential V;., and slab thickness a;, are derived
without using the target law or sampler output. With connected event graph,
1

(HENW =

> (e, d) (f(a) — £(d) + V(@) f(q)

q/

is self-adjoint and bounded below on L?(Q,,m!); its finite Feynman-Kac semigroup is positivity
improving. Perron—Frobenius gives a unique positive normalized ground state €2, and the finite
vacuum law is

12(q) = | (q)]*m2(q).

For T, = e~ otr(H7 ~For) | the Doob kernel is stochastic and detailed-balanced with 2. A con-
tinuum interpretation additionally requires reflection positivity or equivalent reconstruction plus
refinement compatibility of the transfer family.

Primordial and cosmological prediction firewall. A screen covariance contains incomplete
radial information. The complete one-shell map

> dk .
Co=an [ FAURI (k)

has an infinite-dimensional kernel that persists under positivity. OPH physical primordial interpre-
tation requires the source-only stress, single-clock, entropy-repair, curvature-evolution, adiabatic-
mode, phase-coherence, physical mode, radial-null-space, and forward-projection receipts together
with a scale-natural physical dilation intertwiner or complete radial cross-covariance tomography.
A finite radial prior produces a conditional continuation. Observable CMB comparison also requires
declared source, solver, dataset, covariance, nuisance, data-use, and pooled-reducer provenance.

Interpretation classes and required receipts. FEvery ensemble-facing run records its ensemble
id, interpretation class, regulator, representative schema, gauge action, canonicalizer, base measure,
action coefficients, coarse maps, zero-mode projector, amplitude convention, sampler, smoothing
policy, source provenance, and explicit nonclaims. The seed belongs to the run receipt rather than
the ensemble definition. The interpretation classes are

seed, proposal, or repair noise,
conventional reference ensemble,
OPH-native quotient ensemble,
OPH physical vacuum,

OPH primordial field,

observable cosmological prediction.

The evidence bundle must keep separate receipts for stationary-law schedule invariance, detailed
balance of the aggregate kernel, and pathwise partition invariance. Deterministic replay of semantic
random streams or a canonical serial chain is useful, but it is not pathwise partition invariance.
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Smoothing must preserve raw coefficients, raw spectra, smoothing kernels, smoothed coefficients,
smoothed spectra, and hashes of each stage; it is not part of .S, unless explicitly declared.

Derived regulator realization. Choose a finite UV cellulation at scale ¢y and let R be a
finite union of cells. Hilbertize each cell's finite local data to a finite-dimensional space H; = C™.
The extended algebra before quotienting by overlap redundancy is

AR) =B(Hg), Hr=Q)Hi.
iICR
Overlap-preserving changes of local trivialization act only on cut data. On each finite-
dimensional chart, their unitary image has compact closure, so one may represent the boundary
gluing redundancy by a compact group Gor C U(Hp). The lifted boundary-invariant endomor-
phism algebra is

Ainv(R) = A(R)%1 = B(Hg)%ox.

This is the fixed-cutoff realized presentation used throughout the collar analysis. The EC theo-
rem works on the invariant-state realization and uses the sector-preserving induced collar algebra
there; it does not apply to the entire fixed-point algebra on the unreduced tensor product. When
the consensus paper speaks of quotient repair, the physical repair law is defined on this fixed-point
/ overlap-invariant data and any representative-level map is only a lift of that quotient update. De-
scent to the gauge quotient is therefore built into the physical-algebra formulation as quotient-level
repair: the local map is locRep, : Q — @, and the global map is the finite quotient normal-form
operator

Rep, =nfy: Q — Q.

On the declared fixed-cutoff collar branch, the local repair step itself is read from exact Markov
splice or a declared Petz/Fawzi-Renner recovery channel. The declared fixed-cutoff branch adds
repair completeness, together with control on the declared Petz domain where that branch is used.
The consensus paper proves those clauses on a nontrivial rooted-tree packet-net export: finite packet
labels live on a rooted tree, hidden labels are quotient-only, weighted parent-copy repair strictly low-
ers ®, normal forms are exactly consistent packet assignments, and the classical full-support Petz
channel is CPTP and trace-norm contractive on its positive-support-gap domain. Gauge-invariant
observables factor through the quotient normal form on that verified branch. The declared touched-
overlap acceptance contract makes ® the finite-patch Lyapunov functional for primitive repair pro-
posals on the scalar branch, but a proposal becomes a physical step only through the transactional
acceptance layer: snapshot-current read sets, unchanged-outside-write validation, preserved bound-
ary/sector/holonomy data, and exact well-founded descent. The read set is validation-complete:
it contains every support of every measure term that can change under the write. Overlapping
primitive proposals are aggregated by connected conflict component; the restriction-compatible
union-collar glue supplies the canonical aggregate payload, while primitive members of that compo-
nent do not commit independently. On the same fixed-cutoff quantum lift, the terminal expectation
functional on each declared physical observable algebra is therefore unique even when microscopic
representative lifts differ by gauge labels globally or by sector labels inside one quotient-local glued
state. The unqualified coding statement at this stage is only a finite constraint-code statement:
the overlap-net codewords are the globally consistent states C' = ®~1(0). A bare graph does not
determine code distance: the same graph can carry constant readouts with distance 1 or repeti-
tion constraints with distance |V|. Topological-code distance/min-cut, Knill-Laflamme resilience,
spectral-gap convergence, BFT wall-clock liveness, and hardware search-work reduction therefore
require their own certificates and are not imported by the core overlap graph. Exact descent gives
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termination. Confluence follows from an independently checked conflict-component diamond on the
physical quotient, protected-support and protected-conflict completeness, and repair completeness.
The theorem therefore gives one schedule-independent terminal quotient normal form from a fixed
initial quotient state. A stronger same-boundary conclusion requires a preserved boundary/sector
map and at most one consistent quotient extension in that boundary fiber. The layered functional
carrier in the consensus paper proves the finite multi-edge, multi-step witness for Hp N\ Hgp; the
functional selected-fiber theorem gives the rooted obstruction-check form by constructing the sin-
gle candidate from the boundary/root data and then checking all non-tree, sector, and holonomy
obstructions. On that branch, multiple same-boundary candidate interiors can be present, incon-
sistent candidates are eliminated, and all surviving candidates share one quotient normal form.
Normal-form hashes are public equality receipts after quotienting, not selectors among physically
distinct minimizing endpoints. If accepted schedules terminate at different observer-facing quo-
tient normal forms without a declared holonomy or higher-gauge obstruction, that repair law is
outside the OPH consensus theorem. The neutral result of Ref. [14] packages this quantifier split
exactly: under observation preservation and completeness, agreement modulo a silent equivalence
of normal endpoints reached from all same-boundary sources is equivalent to injectivity of the
induced boundary map on the consistent quotient. This cross-source criterion, same-source conflu-
ence, weak normalization, and all-schedule liveness are separate obligations. The named layered
and functional carriers discharge the cross-source premise only on their stated domains. For sepa-
rated cofinal refinement systems, the consensus paper adds an inverse-limit bridge: if finite-stage
restriction maps commute with the quotient normal-form maps and holonomy maps, and if compat-
ible families are visibly separated on cofinal finite stages, then finite normal forms and holonomy
obstructions assemble into unique refinement-limit classes with finite-stage witnesses for nonzero
holonomy. It also adds the RG-facing comparison: when a chosen coarse-graining channel shadows
the finite-stage normal forms and obstruction maps with declared defects e” and €”, reconciling first
and then coarse-graining gives the same macroscopic law readout as coarse-graining first and then
reconciling, up to max{a”,ah}; exact naturality is the zero-defect case. Exact normal-form natu-
rality is discharged by a repair-morphism witness, and holonomy naturality by the corresponding
cochain map. For distributed implementations, the same paper proves that a worker run presents
one finite universe only when it starts from one global carrier and each event projects to a legal
monolithic repair path, a physical stutter, or a certified rollback to an earlier committed projection.
The required certificate names the global graph, initial state, partition, cut interfaces, observer reg-
istry, run/config/code hashes, linearized commits, restart roots, final monolithic normal form, and
recomputed readout. Executor order is separate from observer history. Observer-clock naturality
additionally requires a history-augmented quotient with semantic event keys independent of worker
ID, repair iteration, queue position, timestamp, and retry metadata; a global observer registry
descended from local registry groupoids with disjoint patch/cap/future namespaces and explicit
lineage arrows; a state-preserving observer-algebra extraction functor from terminal augmented
normal forms; a support-visible cap chart map natural with that extraction; and an operational
clock instrument whose readout is calibrated up to the declared affine reparameterization and resid-
ual bound. The listed objects or their proof-producing finite certificates are prerequisites. In their
absence, modular-order/readback naturality is a named premise rather than a consequence of im-
plementation bookkeeping. The same quotient boundary applies to neutral-bulk readout. For each
shard s, raw record rows X, must first be quotient by the declared presentation groupoid I'y and
then sent through the terminal normal-form map ng, producing

Xs =ns(Xs/Ts).

Interface maps 75 : Ugg — Uz between these terminal charts must satisfy the identity, inverse,
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cocycle, and zero-cycle-holonomy checks before rows from different shards are compared. A global

neutral readout is the quotient
Qvis = <|_| Xs) /Nru
S

not the concatenation of shard-local tables. Channel features F . descend to Qvis only when their
domains and values are transported by the same atlas. For a complete declared channel set C,, the

neutral distance is
1/p

dneu(T,y) = Z we de(Fe(z), Fe(y))?
c€Cy

Here p > 1, and C, is finite. An infinite declared channel set is allowed only when the dis-
played weighted p-sum is finite for every compared pair. Under that finite-distance premise this
is stated first as a quotient-visible pseudometric. It becomes a metric only after quotienting zero-
distance feature-collision classes or proving that the channels jointly separate points. Pairwise
available-channel comparison is explicitly excluded: missingness is handled only by complete cases,
a fixed quotient-visible missing symbol, or a train-only imputation map labelled as an imputed-
representation metric. The certificate records a finite channel list or a pairwise weighted-¢P summa-
bility witness. Presentation changes (gauge representatives, port relabelings, observer order, sched-
ules, and shard partitions) preserve the metric only when they induce a bijection of Qs together
with channel isometries; refinement claims additionally require a cofinally vanishing distance tail
modulus. Finite Euclidean claims require the double-centered Gram certificate

1
B= —§H(D°2)H =0

and noisy runs must report negative spectral mass, rank/effective-rank data, held-out stress, and
planted /shuffled controls. Statistical certificates split independent generative shard batches before
preprocessing; chart alignment, scaling, imputation, weights, graph construction, dimension choice,
and thresholds are train/validation objects, and a test batch, seed, boundary condition, trajectory
family, duplicate, or descendant appearing in more than one split blocks the claim. These theorems
establish at most a common finite quotient metric or pseudometric. Identifying it with a physical
Riemannian bulk or with Lorentzian/Einstein spacetime (via the source-causal continuum certifi-
cate of Theorem 4.3e, under its physical-order, refinement, count—volume, independent-dimension,
manifoldlikeness, topology, and curvature receipts) requires the separate modular/geometric branch
below. The same consensus surface is classified explicitly as a finite-state exact theorem package
plus this controlled inverse-limit bridge: decidable normal-form computation with the Lyapunov
step bound, automatic approximate stability only through the collar-local splice and record con-
trols, a conditional fair-block contraction branch for long-run noisy approximate consensus, and a
verified rooted-tree packet-net subdomain. Computational universality for growing patch-net fam-
ilies belongs to the consensus paper’s expressive-power boundary and is not a dependency for the
recovered-core branches.

Fixed-cutoff packet closure map and invariant simplex. On any declared fixed-cutoff
packet quotient () whose repair relation is terminating and confluent, the normal-form map

N:QHan

is well-defined and schedule-independent. It induces an affine OPH closure map on the probability
simplex over packet states,

Co:AQ) = AQ),  Co| Y pedy| =D Pidniy):
qeQ qeQ
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Since @ is finite, A(Q) is a nonempty compact convex set and C) is a continuous affine self-map. Its
image A(Qyf) is invariant, and Cé = Cq. This is an actual closure map on the fixed-cutoff packet-
closed quotient branch. It is not the full Appendix/habitat closure-map theorem for arbitrary OPH
state-and-law data; the first operation not internalized at that level is the general habitat lift from
this finite packet quotient to the full compact-convex observer-supporting sector.

Finite quotient ensemble theorem. The closure map above is an idempotent normal-form
projector. It sends any input law to terminal quotient normal forms, and every law supported on
those normal forms is a fixed point. Hence the physical probability law at regulator r must be
supplied as an additional quotient-intrinsic object. Let

QT = ZT‘/FT‘

be the finite physical quotient, or let N, = n,(Q,) be the quotient-normal-form subset when only
settled configurations are intended to carry probability. The declared OPH quotient ensemble is
specified by an intrinsic base weight and action

my : Qr — Ry, Sr:Qr - RU {+OO}7

and

wy(q) = mr(Q)e_Sr(q)a Zy = Z wy(q), pr(q) = Zr_le(q).
q€Qr

Equivalently, one may state an intrinsic projective prior v, on @, and set p, = (n,)gv,. The
choice of m,., S,, or v, is load-bearing: uniform quotient counting, uniform representative counting
pushed to the quotient, finite-groupoid weights, and trace weights of a declared quotient algebra
are generally different.

Finite MaxEnt form. For a finite ), positive m, and quotient observables F1, ..., Fj, maxi-

mizing
V)= — v 0 v(4)

over the affine constraint surface

Yowlg=1, > v(@)Fulg) =ca

q

has a unique full-support maximizer of the form below when the feasible set contains a full-support
point (equivalently, the prescribed moment vector is in the relative interior of the attainable moment
set):

,U(Q) _ m(q) eXp[;(%)a eaFa(q” )

This is the finite-dimensional Lagrange-multiplier argument with strict concavity of H,,. If no full-
support feasible point exists, the unique optimizer lies on a proper face; the same finite-multiplier
formula holds only after restricting the state space and observables to the optimizer’s support (or
globally as an extended exponential family with infinite penalties). On a finite noncommutative
quotient algebra, when the feasible set contains a faithful state, the corresponding density operator
with faithful reference state o, is

oy — exp(log oy — >, 0aFra)
" Trexp(logo, — Y, 0uFra)
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Refinement and projective compatibility. For s = 7, let ¢c5 : Qs — @, be the physical
coarse-graining map. Exact compatibility of the weighted ensembles is equivalent to the fiber-sum
identity

Z ms(q/)e—Ss(Q') — asrmr(Q)e_Sr(q)
q":csr(q)=q

for a constant o, > 0 independent of ¢; necessarily as, = Zs/Z,. The proof is just the equality

(Csr)#NS(q) = 2;1 Z mS(q/)eiss(q/)
q':csr(q')=q

compared with Z-'m,(¢)e~%(9. For the selected-prior route, if
Csr OTlg = Ny O Csp, (Csr)#l/s = Up,

then functoriality gives (csr)#(ns)#vs = (nr)xv,. Along a chain, finite-stage compatibility defines
a unique projective-limit probability measure on the cylinder o-algebra. If the one-step defects are

Ok+1k = [|(Chrr k) tibr1 — ikl py 5

then total-variation contraction gives

n—1

”(Cm”)#,un - HTHTV < Z 5k+1,k~
k=r

Implementation invariance and representative lifting. If two implementations A, B carry
quotient bijections h, : Q4 — QF with

mB(hyq) =mi(q),  SP(heq) = S2(q),  hrocl=cBohs,

then (hr)#,u;f1 = uf . If an implementation stores representatives m, : X, — @,, a representative-
level law must be a conditional lift

fir(x) = pr (mp )i (| ), Z rr(z | q) =1.
e (x)=q

Then (m,)4ftr = pr. Uniform representative sampling weights quotient states by orbit size and
is physical only if representative counting is the declared base measure. A representative Markov
kernel must also be quotient-lumpable: the transition probability to an orbit cannot depend on
which representative of the source orbit is used.
Sampler correctness. A production sampler is a separate interface from a deterministic
settler:
settle(q) — n.(q), sample(u,) — q.

For w(q) = m(q)e=@ and a proposal kernel R(q,q’) with reciprocal support, the Metropolis—
Hastings acceptance rule
/ . w(q)R(d',q) }
alq,q :mln{l,
(@-4) w()Rla.)
gives detailed balance
u(a)R(a,q")ala, q') = u(d)R(d', a)ald’, q),
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and hence uP = u. Irreducibility and aperiodicity give uniqueness and convergence on the finite
state space. If a repair-informed proposal is ¢’ = Ryepair(¢) + 1 with density g, the Hastings ratio

must include ,
9(q — Rrepair(q ))

g(q, - Rrepair(Q)) 7
dropping this term generally changes the stationary law. For a lazy reversible finite chain with
spectral gap -,

1P )~ lla < go/na) =1 (1 =)
and the usual autocorrelation bound follows from the nontrivial spectral radius. Exact small regu-
lators should therefore enumerate Q,, w,, P,, detailed-balance error, stationarity error, refinement
residuals, lumpability /orbit-size checks, and the exact spectral gap.

Gaussian screen continuation. For a real reduced screen field space V, after background
and dipole modes are removed, let K, be positive definite and impose fixed expected quadratic
release energy,

E[q] = 0, El¢" K,.q] = d.A,, d, = dim V.

The unique maximum-entropy density relative to the declared Euclidean volume is

det K 1 N

This is the relative-entropy proof against the displayed Gaussian. If instead every sample obeys
¢"K,q = d.A,, the MaxEnt law is uniform on the ellipsoid, not Gaussian. Under a linear coarse
field map Cy, : Vs — V.., exact Gaussian refinement is the covariance criterion

A K = Co(AKTHCT
For harmonic truncation, choose real modes Yy, 2 < £ < L, set
KrYon = Yo, ke = [0(0+ 1],
and sample independent coefficients
apm ~ N (0, A/Ky).

Projection from L’ to L then discards high modes and is exactly refinement-compatible. For
irregular meshes, covariance should be primary under coarse-graining:

¥, = Cy 20T

ST

K, =AX1
Equivalently, when eliminating fine variables from a precision matrix
K, - <K ch> |
Kpe Kyy
the coarse precision is the Schur complement
Ky = Kee — Kep K1 K,

not the principal block K.
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Physical vacuum and primordial premises. A stationary sampler is not a physical vacuum:
the identity transition kernel leaves every measure stationary. A finite vacuum theorem needs a
physical transfer operator. If T} is real symmetric, positive definite, and strictly positive, Perron—
Frobenius gives a simple largest eigenvalue Ao, with positive eigenvector €2,.. Then

H, = _0;1 Iog(Tr/)‘D,r)
is positive semidefinite, {2, is the unique zero-energy state, and the Doob kernel

T (z,y)(y)

Pr ) =
(z,9) Mo (2)
is stochastic and detailed-balanced with
_ Qy (33)2
Hl) = 0,

Continuum identification further requires reflection positivity or an equivalent reconstruction cer-
tificate plus refinement compatibility of the transfer family. A screen covariance alone does not
determine an unrestricted primordial curvature spectrum. Even the complete noiseless one-shell
sequence for the thin-shell map

% dk
Co=ar [~ AR (kx)

determines the three-dimensional correlation only on 0 < s < 2y, and has an infinite-dimensional
kernel that persists under positivity. Source-derived uniqueness requires a physical dilation-
intertwiner theorem or complete radial cross-covariance tomography. A finite prior gives a
conditional continuation. Conventional free-scalar and lattice-gauge baselines may therefore be
recorded. They instantiate neither an OPH-native physical vacuum nor a primordial source
without these premises.

2 Finite Screen Spectrum Theorem Package

The screen-level spectrum theorem supplies the finite source object used by the cosmology branch.
It does not supply temperature-temperature, temperature-polarization, polarization-polarization,
lensing, likelihoods, or a physical cosmic microwave background interpretation. Those require the
Boltzmann and data-contract theorems.

Definition 2.1 (finite screen regulator). For requlator r, a finite screen regulator is
S, = (7;7 Mra Fra er CST‘7 Jrs)a

where T, is a finite cellulation of the screen, M, = 0 is the area/quadrature mass matriz, Ty is
the hidden-presentation groupoid, Q, = X, /T, is the physical quotient, and Cs,, J,s are the coarse-
graining and interpolation maps. Shape regqularity and quadrature convergence require

fUM%/fMQ
S2

with an explicit band-limited error bound

Mg~ [ £949) < v (D)Ll

Patch count alone is therefore not an angular-resolution certificate.
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Definition 2.2 (geometric screen scalar). Let the quotient-visible collar-volume readout be
Ixr(x) = A (x)y/det oapr(z) > 0,

and let jXW be emitted by an independently defined homogeneous or frozen-background branch, not

by a CMB fit. Define
o 110 JX,r
qo,r 3 g ij’r.

On a certified spherical chart, with B, = [1,n4,ny,n.],
Moy = Br(BI M. B;) "Bl My, qr = (I — czy)qo,r.

On an irreqular screen, B, is replaced by the certified generalized eigenprojector onto the finite
£=0,1 subspace. Hard-coded feature z-scores or observer-summary weights are diagnostic prozies,
not q.

Proposition 2.3 (quotient invariance). If a recharting U preserves the screen inner product and
geometric readout,
UTMU = M,, %, = Uqosr, B, =UB,,

then H/22,7"U = Ull>g,, and q. = Ug,.
Proof. Substitution gives
"0, U=UB.(BIUTMUB,)'BIUT MU
= UB.(B M, B,)"' B[ M, = Ull<y,,.
Subtracting from U gives the high-mode identity. O

Definition 2.4 (physical scalar precision and action). The scalar precision K, must have a physical
origin on V. = imlIl>y . Allowed branches are:

K;Iess — V?q)r

q=0
for a quotient-visible mismatch or release free enerqgy; a repair Dirichlet form
K& — g, —1T'H.T,, T'H.T, < H,;

or the reversible generator form
- 1
KD = (L + 117,

A raw nonsymmetric repair matriz or caller-supplied k is not a precision operator. The absolute
normalization must be fixed independently, for example by

KoYy = f(f + 1)}/&71

on the 8 = 0 branch. Once normalized,

TM, K,q.

Sscr,r[Q] = W<Q7KTQ>7‘ = 24 q
q,r

q)T
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Theorem 2.5 (finite MaxEnt screen covariance). Let K,e; = k;e; with an M,-orthonormal basis of
Vr, ki >0, and d, = dim V.. Among continuous densities in coefficients ¢ = Y, a;e; with E[a;] =0
and .

SEe, Kra)r = B3

qr>
the unique entropy mazximizer is

STC
2E,;

dpr(q) = Z; " exp [—<q, qu>r] dg,  Agr=

and
Aq

K

\T

Elaiaj] = 6y

Proof. The Euler—Lagrange equation for entropy with normalization and quadratic-energy con-
straints gives a Gaussian density with inverse temperature 3,. The expected energy is

1 1 d
ESTC — — . _ T .
or 2 ZZ: . ﬁr’ii 257"

Thus Ay, = 5, e =2E,7 ©/d,. Strict concavity of entropy gives uniqueness. O

Remark 2.6 (discrete quotient branch). For a discrete finite quotient with intrinsic base weight

m,(q), the exact Gibbs law is
pr(q) = 2 my(q)e P9

A Gaussian statement on that branch requires a separate Laplace or central-limit theorem with
controlled higher-order terms.

Definition 2.7 (source release energy). Let m0 be the tracially pointed base weight on the finite
physical collar quotient. Let F,, be a finite ledger of primitive collar observables: scalar occu-
pancy, protected-center presence, released volume, conserved source charges, and the release clock.
The ledger excludes screen energy, sky spectra, CMB residuals, likelihoods, fitted amplitudes, and
measurement-calibrated prozies. For source-emitted constraint values <9, the selected release law

r,a’
18
rel _ m? (z) exp[—>_, AraFra ()]
Yy (1:) - 7 ’
T
Strict concavity of relative entropy gives uniqueness on full support. A boundary optimum uses the
same form on its certified support. The constraint ledger, base weight, source DAG, multipliers,
support, and refinement maps belong to the receipt.
For this independently selected quotient ensemble on released collar normal forms, define

_col
Ey;"‘el Fna — Cna .

Bz =5 [tanle), Koan(w))e dvi®)

The receipt must expose Vrel, the base measure, K, dr, EJ'7, Aqr, no-observation ancestry, and the

same operator normalization used in the action. MaxEnt alone does not determine amplitude.

Proposition 2.8 (microscopic-law necessity). For fized positive K,, the Gaussian family
Z(A) texp[—(q, K,q)/(2A)] exists for every A > 0. The quadratic MaxEnt form therefore leaves
one positive scale free The source release law in Definition 2.7, or an equivalent source-only
vacuum law, supplies the energy that fizes Ay, = 2Esrc/d

29



Theorem 2.9 (rotational screen spectrum). If the continuum precision Ky commutes with the
SO(3) action on scalar functions, then by Schur’s lemma each Hy is an eigenspace. For the exact
conformal-shell family,
Ir'e+2+6/2
Ay = HEH240/2)
r'—06/2)

Then Ag(0) = €(¢+ 1), and the MaxEnt covariance gives

> 2.

T((—0/2)

q _ _
Ce _Aqr(e+2+9/2)‘

Consequently D = £(¢ + 1)C}/(27) ~ (Ag/2m)¢7°.

Definition 2.10 (source-derived conformal precision). Let L, = 0 be the normalized detailed-
balanced scalar collar Dirichlet operator on V,, with continuum limit —Ag2. Set

I'(B,+3+94
B, = (Lr+i1)1/2a Kq, = ( L2 2)

S )

For —2 < 0 < 4 on the retained £ > 2 branch, this operator is positive. The gamma recurrence gives
Ko, = L, exactly. The finite receipt carries detailed balance, positivity, the £(¢ + 1) normalization,
anisotropy splitting, and refinement residuals.

Theorem 2.11 (finite refinement error). Suppose that for 2 < ¢ < L

)\Kmr Aqr
— -1 < L — -1 < 1.
‘Ag(@) ‘ >~ 5K,1‘( )7 Aq S €A EK,r <
Then Cgm,r = A/ Nem,r satisfies
Cgm,r _1l < EAr + EK,r
Aq/Ag(Q) B 1—€K77=

Proof. Write Ay, = Ay(1 4 a,) and A = Ag(1 + bgy, ). Then

Cgm,r . 1+a,
Ay/ Ay 1+ bgmm’

and the displayed bound follows from |a,| < €4, by | < €k O

Theorem 2.12 (refinement-semigroup tilt). Let Ry be the scalar refinement map for scale ratio
b > 1. If one isolated scalar covariance mode has positive eigenvalue \(b), A(biba) = A(b1)A(b2),
and X\ is continuous, then there is a unique real 8 with

_log A(b)
~ logh

Proof. Set g(t) = —log A(e'). The semigroup law gives g(t + s) = g(t) + g(s). Continuity makes
g(t) = 0t, hence the result. O
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Definition 2.13 (edge-center reserve generator receipt). Write s = logb for logarithmic refinement
thickness. Let ugq(s) be the scalar-conditioned covariance-survival cocycle across a full oriented
collar, and let uy(s) be its source-facing half-collar restriction. The receipt requires

u(s +1t) = u(s)u(t), u(0) =1,

strong continuity at zero, the source-derived full-collar density

P
/ _
ugy (0) = 24’
and the orientation-reversal coarea identity
1 P,
—U;(O) = 5[—%111(0)] = Ig

These are infinitesimal generator statements. A one-step survival probability has exponent
—logug(logb)/logb.

Theorem 2.14 (edge-center tilt and repair-clock reconciliation). Under Definition 2.13,

P, P
—0
ugls) =™ O=7g,  me=1-7g

In the coordinate 6 = Kyep(Pi — @), the same branch has

edge __ P*

frep = U8(P, — o)

The value e is a separate diagnostic hypothesis unless an additional identity equates it with this
source-derived coordinate.

Proof. For g(s) = —logugy(s), the cocycle law gives the continuous Cauchy equation. Hence g(s) =
fs. Differentiation at zero and the half-collar identity give § = P,/48. The formula for mfgge is
algebraic. O

Theorem 2.15 (homogeneous radial source family). Assume source-stress closure, a single clock,
freezeout, multicenter consistency, and translation/rotation covariance. Let C¢ = MA% on the

common physical dInk mode basis. If a scale-natural source embedding transports refinement to
physical dilation and its finite operator residual converges to

D;'CDs=e"Cc,  (Dsf)(k k) = f(e k. k),
then every positive measurable representative satisfies
Ad(k) = Ac(k/k) ™

almost everywhere.  Continuity gives the pointwise identity. A single shell has an infinite-
dimensional radial kernel, including positive ambiguities; complete radial cross-covariances give
the independent spherical-Hankel tomography route.

Proof. Conjugation of the multiplication operator gives Ag(esk) = e‘eSAg(kz) almost everywhere.
In logarithmic coordinates, rational-translation invariance on a common full-measure set forces
eetAg(et) to be constant almost everywhere. The one-shell and tomography statements follow from
the correlation-restriction and spherical-Hankel theorems in the primordial bridge packet. O
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Theorem 2.16 (thin-shell power-law lift). Assume q(n) = Z1l;>2((Ret) and
AZ(k) = Ac(k/k)™°.

Then
Cf = 4AnZ? / dlnk A} (k)j7(kR,),

and, for —2 < 0 < 4,
T(1+6/2)
Ay =772 A (kR =L
o« =2 AR S )

Thus
A I'(3/246/2)

T WPRZ(kER.)? T(1+0/2)

Proposition 2.17 (finite-window bound). Let Wy(k) = [dr W (r)je(kr), W >0, [ Wdr = 1, with
mean R, and variance 012%. If

A

k202 .
Oc(k) = =5 sup |5 (kr)],
resupp W

then
Oy — CO ol < 4m 22 / dInk A2 (k) [250(k) + 8u(k)?]

Proposition 2.18 (radial non-identifiability). For a finite radial basis, C = Ap. If A € RNexN
has rank r, then dimker A = N —r, and every p+v with v € ker A gives the same screen spectrum.
A physical radial reconstruction therefore requires either a source theorem restricting p, or a declared
prior with a published null basis, resolution kernels, positivity checks, and prior-sensitivity report.

Theorem 2.19 (promotion contract for the thin-shell power-law pipeline). Under the declared
thin-shell lift and power-law source family above, one hash-locked source DAG may emit

(qr, Sscr,ra 97 Aq,T7 CZ,W ACJ"’ A%J‘)

as a conditional primordial packet when the geometric-scalar, collar-law, release-energy, reserve-
generator, conformal-precision, refinement, source-stress, single-clock, freezeout, adiabaticity,
isocurvature, phase-coherence, thin-shell, radial-null, finite-window, and forward- residual receipts
pass on that DAG. Any measurement, likelihood, fitted parameter, or measurement-calibrated an-
cestor fails the source packet. Physical temperature and polarization spectra require the independent
Boltzmann, recombination, nuisance, covariance, and likelihood gates. This contract is specific
to the displayed pipeline. A different source-only radial reconstruction or forward projection may
use another fully typed contract, provided it certifies its own injectivity or null space, window and
convergence control, forward residual, and no-target-leak provenance.

Target 2.20 (requirements for a source-derived screen spectrum). A concrete source-derived spec-
trum requires the following receipt families before primordial interpretation:

1. geometry, scalar quotient, low-mode projector, scalar precision, and operator normalization;
2. quotient ensemble selection, scalar release energy, and MaxEnt screen covariance;

3. the infinitesimal reserve generator, scalar refinement tilt, and angular screen spectrum with a
finite error budget;
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4. source-stress, clock, freezeout, radial-window, radial-null, forward-residual, and transfer fire-
wall receipts.

The theorem and algorithm packet is complete for the declared thin-shell power-law pipeline. No
finite source DAG that passes this receipt set is supplied, and the list is not a no-go for a differently
typed radial pipeline.

2.0.1 Source-only primordial bridge theorem

The finite screen covariance theorem is a screen theorem. To read it as a source-only primordial
curvature spectrum one must add the following bridge objects and receipts. The dependency chain
is

nf(Q,) = (xr,ur, hy) — BackgroundCurvatureStatus, — (g,77) — q¢c = ¢,

— single clock — freeze-out — coherent growing mode — Ag(/@)

No successful fit of a screen Cy or a TT spectrum may replace one of these hypotheses.
Definition (background curvature branch label). The primordial bridge carries a finite
record
BackgroundCurvatureStatus, = (BranchType, &, I, I, , Basis, Top)

where
BranchType € {FLATEXACT, FLATASSUMED, OPENCURVED, CLOSEDCURVED, UNRESOLVED }.

FLATEXACT is allowed only after a direct theorem or conditional CMH receipt. FLATASSUMED
may run flat kernels but its outputs remain assumption-conditioned. UNRESOLVED blocks physical
interpretation. The H? observer-facing atlas is not this record; this record comes from the clocked
FLRW slice and its spatial Levi-Civita holonomy or declared branch input.
Definition (source stress readout). On a reconstructed branch with relational metric gq,
2 45T

let
s ZHr Ttot — TI
— b’ ab E : ab»
V—g069° 7

where [ ranges over every active sector, including ordinary matter, radiation, neutrinos, OPH
anomaly or repair sectors, and any auxiliary source kept in the run. At finite regulator this is a

SsrC:ZSI[gaqjl]v TaIb:
I

quotient-visible map
StressRead, : nf(Q,) — {Trl,ab}f‘

All source stress components must be read from the same global normal form as the collar scalar.
Source-stress closure theorem. Assume each Sy is relationally diffeomorphism invariant,
the source equations hold, sector exchanges satisfy

VoI =0 > Qi =0,
I
and StressRead, descends to the physical quotient and converges. Then
VT8 = 0.
On the recovered Einstein branch,

Gap + Mgay = STG T,
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The evidence bundle must also report the non-circular comparison

Gab+Agab
b b
Eéll“ - Tsclbrc - W;

using the geometric right-hand side alone is a geometry diagnostic, not a source-only primordial
receipt.

Total-energy frame and curvature covector. When 7%, has a unique future timelike unit
eigenvector u®, define

a

b
T’ = —pu?, hap = Gab + uauy,

and decompose
T% = pu®u® 4 ph®® + 7, ugm® = 0, 7%, = 0.

Let ©® = V,u® and let o, be the shear. Total energy conservation gives
p+0(p+p)+ oum® =0, fi=u'V,f.

On an expanding branch, define

b
TapT?
peit =P + “@ ;

then p+ O(p + pegr) = 0.
Theorem (exact total-curvature evolution). Work on an open flow domain on which
O #£0, p#0, and p+ pegr # 0, so every quotient below is defined. Let

Oé:@/g, ga:vaa_%vapv

and .
Deft
T = Vopesr — p

Vap.
Then, exactly and without a long-wavelength approximation,

S eff

Eu a=™ T 57 .  ~ta
“ = 300+ o)

Hence a barotropic effective source, pog = peg(p), conserves (g.
Collar scalar corollary. Assume that the quotient record emits a connected uniform-total-
density cut and a collar-adapted spatial metric

h = A2dr? + oap(de? + BAdr)(dzP + BPdr),  X>0,  oap>0.
The block-determinant identity gives

Vdet h = A/detoap.

The native readout premise is that Jx and its frozen reference are these spatial volume densities,
with the same reference-density convention. The formula Jx = Av/det c4p without this metric
attachment does not establish that premise. For relational rods Lie-dragged by the total-energy
flow, the attached volume Jacobian satisfies

d1 ©
dr 3 08 Jx 3
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Relative to a frozen background,
qc = 1log {—X
3 Jx
On the uniform-total-density cut,
q¢ = ¢, + constant.

After removing the monopole and dipole,
q = Ip>2qc = p>2Q), Zg=1.

This is the source-only quotient scalar on the OPH screen; by itself it has type SCREENCURVATURE,
not PRIMORDIALCURVATURE.
Definition (rank-one single-clock branch). Let

F(JJ) - (papeffv{pfvpvaI}ﬁvzl)

be the scalar source map on the source moduli space. A branch is rank-one single-clock when
rankdF = 1, dp # 0, every level set of p is connected, all sector velocities agree with u®, and
orthogonal momentum transfer vanishes. An approximate single-clock branch may instead carry
an explicit interval bound on that transfer, but the bound must then be propagated into the transfer
and curvature-evolution residuals. At finite cutoff this requires a quotient-visible clock x, and a
factorization

Fr= j—:' r © Xr-

Theorem (single-clock adiabaticity). On an exact rank-one single-clock branch, and for
the dynamically nondegenerate sectors I, J under discussion with p; # 0 and py # 0,

Deft = peff(p)a Séj = S(Cc{ - <aJ) =0,

and the intrinsic nonadiabatic pressure and transfer covectors obey

On the nonvanishing domain of the total-curvature theorem, therefore £,{, = 0. The proof is the
chain rule through the single clock: every source scalar is a function of the same x, and connected
p-fibers remove residual branch labels.

Theorem (entropy repair gap). Let the linearized scalar repair/evolution block be

§Ypi1 = Ly6Yy + 0y,

and let P, project away gauge directions, constrained zero modes, and the adiabatic growing
direction. If there is a positive metric H, such that

||PLLTPL||HT < e < 1,
and the projected sector is not sourced by the complementary block,
P L,=P L P,

then

n—1
IPLOY,ll, < €™ | PLoYolln, + Y e "0 | Py g,
j=0
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In the unforced case the orthogonal entropy, decaying, and repair scalar modes decay exponentially
and converge to zero; they need not vanish after a finite number of steps. If the block-invariance
identity is absent, the term P, L,.(1 — P;)dY, must instead be included in the forcing bound.
Figenvalues alone do not certify this theorem for nonnormal repair matrices; a norm bound or a

discrete Lyapunov inequality
LTHL, =e H

is required.

Theorem (exact and approximate growing-mode coherence). Let X (k) collect the
scalar initial-condition variables for curvature, radiation, baryons, CDM /anomaly, neutrinos, and
repair-sector scalars, and let vy (k) be the normalized adiabatic growing vector. Assume the single-
clock and repair-gap theorems hold through readout and the growing/orthogonal splitting is invari-
ant. If the initial orthogonal component is zero and no forcing or independent stochastic source
has an orthogonal component, then

X(k) = v (R)C(R),  Px(k) = Pelkyos (kv (k).

Thus rank Px (k) = 1, source-side isocurvature fractions vanish, and all species share a deterministic
growing-mode phase. Without those exact zero-component hypotheses, the repair-gap estimate
gives only

Xn(k) = U+(k)gn(k) + 5L,n(k)7

with €, , bounded by the preceding geometric-series inequality; strict contraction alone does not
make it zero at finite readout. Finite runs must report Aa/A1, Biso(k), decaying-mode fraction, and
phase-convention defects as source diagnostics.

Theorem (screen-to-primordial bridge). Assume the geometric record and causal-area
metric receipts, the collar identity g: = (,, source-stress closure, rank-one normal form, positive
repair gap, freeze-out, adiabatic growing-mode, isocurvature, and phase-coherence receipts all pass.
Also assume the physical scale-bridge theorem: a source embedding with source_embedding_hash,
a physical mode basis with physical_mode_basis_id, a calibrated comoving coordinate Y,
mode-normalization and density-of-states receipts, and a no-post-hoc-calibration receipt, and a
BackgroundCurvatureStatus, that is not UNRESOLVED. Then the low-mode-removed OPH screen
scalar is the source-only primordial curvature field restricted to the declared shell or radial window:

() =Ty 22 [ d WG (0)
For a thin shell, ¢(n) = Il >2((R«n). The forward spectrum is exactly
C7 = 4n /O dn ke A2(k)[WBPNNTYPe ()12

[drW(r)je(kr),  BranchType = FLATEXACT or FLATASSUMED,

\IjﬁBranchType(k) _ f dr W(T‘)(I)g
(

¢

)(r), BranchType = OPENCURVED,
[drW(r)® )

k
(r), BranchType = CLOSEDCURVED,

and for a thin shell
oe BranchType 2
= 471'/0 dInk A3(k) | 0 (k; R
At finite regulator the continuum integral is represented by the finite spectral measure

dvy (k) = Zwrj5(/€ — krj),
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so the actual finite evidence receipt is

Ol = 4 3w AZ () [WETE P )

esrc i Zsrc 5T
J

Every radial node, window, and mode bin is bound to the geometry hash, source-embedding hash,
scale-certificate hash, boundary-condition hash, and mode-basis identifier, and the evidence bundle
must emit radial kernel geometry compatibility receipt. The observed multipole Loyp is not fgpe;
it is the output index of the line-of-sight transfer solver. Cap eigenmodes, inverse cap-opening
angles, and relabeled unit strings remain diagnostic by the dimensional, angular, cap-mode, and
unit-string no-go propositions.

Physical scale dependency. The k,; grid in the preceding equation is not a free producer
field. It is consumed only after

physical spatial k receipt

recomputes the comoving k-intervals from the physical geometry, scale certificate, scale factor, finite
eigenvalues, normalization, and refinement residuals. The radial kernel and source-screen projection
additionally require

screen to physical k association receipt.

The source covariance is a finite positive operator on the common physical mode projectors:
Cer = 0.
Homogeneity and isotropy on the safe band require
PrCe Py = Pc(kr)Pr+ Eyp
with a declared residual bound, together with an off-diagonal leakage report

> |PiCe Pyl
I£J

The same physical projector family is used by primordial covariance and anomaly response:
common primordial anomaly mode basis receipt.
Mode freezeout and common initial surface are separate gates:
physical mode freezeout map receipt, physical freezeout surface receipt.

The latter contains initial data and normal derivatives on one common spacelike surface.
Radial prior, null space, and residual receipt. The map above is a forward projection,
not a free inversion. With finite bins p; for Ag,

Agj=47r/ dInkb;(k)|W,(k)|?,  C%= Ap.
bin j

The evidence bundle must declare the basis, support, prior pgy, @, positivity conditions, singular
spectrum of AQ~Y/2, effective rank, null basis, resolution kernels, prior sensitivity, and every forward
residual

Ty :Cg —Cg.
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A finite prior, regularizer, positivity constraint, or square discretization selects one representative
from a nonunique shell equivalence class. Its typed output is CONDITIONALRADIALCONTINUA-
TION. A source-derived primordial packet using either radial route certified below requires the
common source, scale, mode, null-space, positivity, ancestry, and non-fitting forward-residual re-
ceipts together with that route’s exact uniqueness certificate. Another source-restricted injective
construction may be used if it supplies its own orbit-separation theorem and the same physical and
no-target-leak interfaces. If the geometry packet is imported, the result is conditional physical; a
source-native physical result requires the native CosmoGeomRead, theorem.

Complete radial-lift theorem packet. The screen-to-radial map is a forward restriction with
a nonunique unrestricted inverse. For a flat source window W and geometric normalization Z,,

Clw :47TZ§/0 dlnkAg(k)|\Ilg7W(k)|2, Vo (k) :/W(dr)jg(kr).

The packet below certifies two sufficient uniqueness routes: radial dilation and radial tomography.
They are not asserted to be exhaustive or mutually exclusive. A source-derived parametric or
dynamical law, an injective source-restricted basis, analytic or PDE constraints, or another fully
typed orbit-separating construction remains admissible. A finite prior continuation has the type
CONDITIONALRADIALCONTINUATION.

Theorem (one-shell correlation restriction and exact no-go). For a thin shell of radius
R, the complete angular covariance satisfies

14
Knlw) = 236 (RvZ—3) = 3 20 1 Puu).

£>0

Hence even the noiseless sequence {C{ }¢>0 determines the three-dimensional correlation only on
0 < s < 2R. The full one-shell operator has an infinite-dimensional kernel, including positivity-
preserving ambiguities. Explicitly, for any nonzero g € C°((2R, 0)),

23 oo

™ Jo

(k) r2g(r)jo(kr) dr
has correlation perturbation £,, = g and therefore changes no shell multipole. Choosing B =
|hg| +w with any strictly positive integrable w makes B and B + hy two distinct positive spectra
with the same complete shell covariance.
Proof. The spherical-Bessel addition theorem gives the displayed restriction identity. The map
p = Ry/2 —2p covers exactly [0,2R]. Radial Fourier inversion gives &,, = g and is injective, so
the kernel contains an infinite-dimensional copy of C2°((2R, c0)). The positive pair differs by the
same null element. O
Corollary (exact low-mode-removed kernel). For a continuous signed correlation pertur-
bation &, invisibility to every shell multipole ¢ > 0 is equivalent to £,(s) = 0 on 0 < s < 2R.
Invisibility to every retained OPH multipole ¢ > 2 is equivalent to

2
s
5h(8)2a+b<1—2R2>, 0§SS2R,
for constants a,b. Legendre completeness gives the first statement. Removing ¢ = 0,1 leaves the
span of Py and Pj invisible, which gives the second.
Producer theorem (source-refinement orbit to physical dilation). Let H™ be the
scale-labelled scalar mode space generated by the cofinal refinement orbit of the released screen,

38



including its scale label. A single angular cut is insufficient. Let U, map the orbit unitarily onto
the physical rank-one adiabatic source subspace. If

DS,TUT = UT’RS,’I”7 CC,T = UTCsrc,rUr*v

then
D;'}‘CC,TDS,T’ - uT(S)CC,r = Ur (R;;Csrc,rRs,’r - ur(s)csrc,r) U:

Thus the source and physical operator residuals have equal norm. If the finite covariances converge
strongly with a uniform norm bound, the finite dilation maps and their inverses converge strongly,
ur(s) — u(s), and this residual tends to zero, then D;'C¢:Ds = u(s)C; in the continuum. The
commuting square states that source refinement followed by the physical embedding agrees with
physical embedding followed by wavelength dilation, and it transfers the source covariance error
exactly to the physical covariance.

Proof. Conjugate the source covariance by U, and use the commuting square; unitary invariance
gives the residual identity. For the limit, add and subtract the finite conjugated expression. Strong
convergence, uniform boundedness, scalar convergence, and the norm-residual hypothesis send the
three resulting terms to zero. O

Theorem (source-dilation uniqueness). Let C; = M Az on the common physical

L?(dIn k dQy,) mode basis. Define
(Dsf) (k. k) = fle™*k. k).
If the source refinement packet proves

DIICDs = ug)Ce,  ugls + ) = ugshug®)y  — e lnug(s) =6,

then uy(s) = e~ and there is A > 0 such that
Ag(kz) = Ak™% almost everywhere.

For a continuous source representative and pivot k,,

AF(k) = Ac(k/k)™0] A= AF(k.).

Proof. Strong continuity solves the multiplicative Cauchy equation for u,. Conjugation of the
multiplication operator gives Ag(esk) = e‘esA%(k:) almost everywhere for each s. In logarithmic
coordinates, eetAg(et) is invariant under all rational translations on one common full-measure set;
bounded-transform convolution makes it constant almost everywhere. Continuity upgrades the
identity to every k. O

Theorem (exact flat thin-shell lift). On the source-dilation branch, for —2 < 6 < 4 and
0>2,

“dr . . JE DA+6/2) T(—0/2)
/0 e ‘”(x)_TF(3/2+9/2)F(€+2+9/2)’

SO
T(¢—0/2)
1 =A——
Cin. ‘T(t+2+06/2)

with the complete amplitude conversion

e A, I'(3/2+6/2)
¢ WRZ2(kaR.)° T(1+0/2)

39



Proof. Insert the source power law into the exact forward map, set * = kR,, and apply the
Weber-Schafheitlin square integral. The convergence strip follows from jg(x) ~ x¢/(2¢+1)!! at zero
and jy(z) = O(z~ 1) at infinity. O

At the source-native pivot k, R, = 1 with Z, = 1 and the source-law tilt §, the conversion factor
evaluates to approximately 0.16080676. It is an arithmetic consequence of the symbolic relation
and supplies no source amplitude by itself.

Corollary (source-family injectivity and multipole consistency). Fix 6, Z,, k., and a
source window for which the forward coeflicient is positive and finite. The forward map is injective
in Ac on the family A2 = A;(k/ky)~?. For each retained multipole,

W) _ Ciw ‘
¢ A Z2K9 [ dInk k=0 Wy (K)[?
Every Aé@,W) must agree. A disagreement falsifies the declared window/dilation packet and cannot

be repaired with an f-dependent amplitude. Once the source law fixes 6, the screen has one
amplitude left to determine, and the unused multipoles become consistency checks.
Theorem (finite-window bound). For 0 < 6 < 2/, define

10) = [dmea @), 70 =16 -2) - e+ 1) - ) o)

Then
0
(Clyy — Cfp.| < AmZ2AKnew (QR/ 2/ 1,(0) + W,W) .

Proof. Tn the Hilbert norm || f||3 = [dInk k=% f(k)|?, |l7e(kr)|lo = 7/2V/T; and ||0,je(kr)|lg =
r/2=1/J,. The fundamental theorem of calculus, Minkowski, and ||| f[12=llgl?| < £ —gll(I£]I+lg])
give the bound. O

Theorem (finite singular-value and prior continuation). For a declared finite radial
basis, write C' = Ap. If A € RV*Ne has rank r, then dimker A = N, — r, and every exact solution
is p = ppart + Voa for a right-null basis V. Given a prior center pg and @ > 0, the unique minimizer
of %(p —1p0)TQ(p — po) subject to Ap = C'is

pe =po+Q TAT(AQTATYT(C — Apy).

The run publishes the singular values, rank threshold, right-null basis, resolution operator, unre-
solved projector, positivity active set, and prior sensitivity. The output type is CONDITIONALRA-
DIALCONTINUATION.

Theorem (unrestricted tomographic uniqueness). For

2 [ . .
Colrar’) = = [ KPR jelkr) e k') di
the covariance operator on L?(r2dr) obeys
Qe = /Hé_lMpC’Hz.

Thus a complete radial cross-covariance operator determines P; uniquely almost everywhere. Fix-
ing one radius rg, the family Cy(r,79) known for all r suffices: its spherical-Hankel transform is
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V2/7 Pe(k)je(kro), and the Bessel zeros are discrete. A finite collection of auto-spectra does not
supply this tomography theorem.

Proof. Apply spherical-Hankel inversion in the first radial variable. Unitary conjugation ex-
poses the multiplication operator; equal multiplication operators have equal multipliers almost
everywhere. O

Theorem (branch-typed radial boundary). The ordinary spherical-Bessel and gamma-
function formulas apply to FLATEXACT and FLATASSUMED branches. Open and closed spatial
branches use their declared hyperspherical eigenfunctions and spectral measures. An unresolved
curvature branch blocks physical radial identification, and the flat thin-shell amplitude formula
cannot certify a curved branch.

Physical source requirements. A source-derived primordial packet using either certified
route above requires all source-stress, single-clock, freezeout, growing-mode, phase, physical-scale,
source-amplitude, null-space, positivity, and non-fitting forward-residual receipts, together with
its radial-dilation intertwiner or radial-tomography certificate. An alternative source construction
must supply its own injectivity or orbit-separation theorem and the same physical and no-target-
leak interfaces. A finite inverse selected before evaluation is a conditional radial continuation. It
supplies no physical temperature or polarization spectrum.

Corollary (transfer firewall). Radial identification changes no temperature, polarization,
lensing, recombination, foreground, nuisance, covariance, or likelihood conclusion. Those outputs
require the independent transfer and likelihood system.

total stress closure receipt Teb, Q. B, AV

single clock normal form receipt Xr,rank dF, connected fibers

entropy repair gap receipt L,,H,~, forcing/refinement bounds
curvature evolution receipt Ca, I‘Zﬁ, evolution residual, freeze bound
adiabatic mode receipt S17, 1,21, growing-mode projection
isocurvature bound report Biso(k) and source covariance

primordial phase coherence receipt A2/\1, phase and decaying-mode defects
screen to radial lift receipt W (r), R, Vy(k), source hashes

radial null space report receipt singular values, null basis, resolution kernels

forward projection residual receipt r,, aggregate norms, quadrature and solver errors.

Source-provenance and pooled-reducer firewall. Let the source artifact DAG have parent-
to-child edges and let M be the set of measurement, residual, likelihood, posterior, fitted-parameter,
or measurement-calibrated nodes. Define

T()=1leemVv /7).
peParents(v)

Then 7(v) = 1 exactly when v has a forbidden measurement ancestor. The proof is induction over
a topological ordering of the DAG. Every node claimed as source-derived for ng, I'vec, A¢, gir, 4R,
By(k,a), pa(a), and Ncrc must have 7 = 0. Unknown source metadata fails closed.

For nonlinear estimates, shards may not average nonlinear quantities. Each row must emit
additive sufficient statistics in a commutative monoid (M, @), for example

-
E Wy, E W;iLyg, E Wi ;
or, for weighted response regression,

X'wx, X"wy, y Wy
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Associativity, commutativity, complete coverage, and duplicate removal make the pooled statistic
partition-invariant; the deterministic estimator is then evaluated only after pooling.
Three-dimensional homogeneous lift. A rotationally invariant screen covariance about one
observer is not a statistically homogeneous three-dimensional primordial field by itself. A frozen
lift
L, : Vrscreen N H$3)

must define
Eg?;) — [’Tzicreenﬁj

and certify positivity, refinement convergence, rotation covariance, translation covariance or an
equivalent multicenter consistency theorem, and explicit null-space treatment. If the limiting co-
variance commutes with translations and rotations, Fourier diagonalization gives

(Ga)G (k) = (2m)*6@) (k — K') Puy([K]),

with P, (k) positive semidefinite.
Transfer-ready initial data. The source-to-transfer map must emit a complete initial state

Y(k,‘, Th) = Minit(k; %src)g(k)a

including metric, photon, polarization, baryon, neutrino, anomaly, recipient, and auxiliary response
variables. Near a singular early-time point, regular Frobenius modes solve

M-
Y= < 1 S Mo + 0(77)) Yo Y =n'(votvnt--), M= s

The branch must classify regular adiabatic growing modes, allowed isocurvature modes, decaying
modes, gauge modes, and singular interaction modes. On the adiabatic branch,

Sry=3Cr—¢5)=0

for all active sectors. The finite evidence receipt must bound the initial Hamiltonian and momentum
constraints and the propagated residual

€constraint = Skllp ||C(k7 n)Y(kv 77) H :
R
Receipt contract. Every ensemble run must record its ensemble id, interpretation class, reg-
ulator, representative schema, gauge action, quotient canonicalizer, base measure definition, action
coefficients, coarse maps, zero-mode projector, amplitude convention, sampler kernel, partition-
invariant random-event schema, smoothing policy, source provenance, and explicit nonclaims. The
seed belongs to the run receipt rather than the ensemble definition. The interpretation classes are:

seed, proposal, or repair noise,
conventional reference ensemble,
OPH-native quotient ensemble,
OPH physical vacuum,

OPH primordial field,

observable cosmological prediction.

Smoothing must preserve raw coeflicients, raw spectra, smoothing kernels, smoothed coefficients,
smoothed spectra, and hashes of each stage; it is not part of S, unless explicitly declared. For

42



bounded coarse observables O, if the implemented law satisfies ||fis — ps|Tv < €samp and the
refinement defects sum to €., then

‘Eﬁs [O © CST] - EMT [O]’ < 2HOHoo(fsamp + 6ref)v

which is the finite evidence accuracy statement for this theorem.
Theorem 2.3 (EC from regulated overlap gluing). For a collar Bs around a cap boundary
>, there is a canonical decomposition

Hp, = (Hp, ® Hp,) " = P (Hye © Hyg),

«

and the sector-preserving collar algebra

Anc(Bs) = @) (B(Hye ) © B(Hye,))

(%

with
Z(Agc(Bs)) = PC1l,,

such that A(AsBjs) acts only on Hye and A(BsDs) acts only on Hye within each block.

Proof. Split the collar into half-collars By, and Br meeting on ¥ = 9C. By the realized
regulator presentation above, the physical collar Hilbert space is the diagonal invariant subspace
(Hp, @ H B,)%=. Decompose each side into irreps:

Hp, =@Va® Hip).  Hp, =DV5 @ Hyp).
@ B

Then

Hp, @Hp, = P(Va @ V5) ® (Hye ® Hys).
a,8

By Schur's lemma,

C, a=p,

*\Gx ~
(Va ®@Vg) _{07 o6,

Therefore the invariant subspace is

Hp, = P (Hy © Hps),

«

as claimed. The induced sector-preserving collar algebra is

Agpc(Bs) = @ (B(Hye) ® B(Hsye)),
(0%
so the center is generated by the block projectors. Adjacent region algebras act on the left or
right factor only because the gluing action is supported on Y. QED.
Remark. On the central-defect subbranch, replace Gy by its central extension. The sector
label « then ranges over irreps of the extension; the decomposition is unchanged.
We refer to the decomposition in Theorem 2.3 as edge-center completion (EC).
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Exact Markov route. If I(A; : Ds | Bs) = 0, the Hayden-Jozsa—Petz—Winter (HIPW)
structure theorem yields a blockwise factorization of the state over some direct-sum/tensor decom-
position of Hp,; that decomposition is state-dependent, and HJPW does not by itself identify it
with the preselected EC factors b7, 0% of Theorem 2.3. The exact identity used for literal Markov-
modular equalities below is the EC-aligned normal form

pAsBsDs = D Palpagee @ b3, D5 ) I,(As : Ds | Bs) =0,
(6%

and the identification of the HJPW factors with the EC factors is a genuine additional state con-
dition, the Markov-split alignment hypothesis (MSA). It is not implied by exact Markovity:
with four qubits A, By, Bg, D and p = ®4p, ® ®p, p (Bell pairs across the cut, one center block),
one has I(A: D | B) =0 but I(A: Bgr) = 2In2, so the state is exactly Markov yet not of the
displayed EC-aligned form, which would force (A : Bg) = 0. All literal Markov-modular equali-
ties below therefore assume exact Markovity plus MSA, or an explicitly stated idealized limit that
supplies both; The spacetime and Einstein paper states MSA formally and records this counterex-
ample. MSA is checkable state by state: The spacetime and Einstein paper proves it equivalent to
a splitting of log p into commuting one-sided terms supported on Ab¢ and b%D, to the existence
of a p-preserving conditional expectation onto either one-sided edge algebra (a Takesaki commut-
ing square over the collar center [57]), and to blockwise vanishing one-sided mutual information
I(Ab} - bED) = 0. On the local information-projection branch this reduces the derivation of MSA
to a sharp condition on the effective Hamiltonian: every cross-cut coupling must act through the
central sector label, as it does in lattice-gauge-type regulators where the interface energy is a func-
tion of the conserved flux. On that declared central-interface branch The spacetime and Einstein
paper derives both MSA and exact collar Markovianity as theorems (descent of one-sided invariants
and boundary charges through the edge-center quotient), and it adopts the central-interface normal
form as an explicit named branch premise, so the literal Markov-modular identities hold on the
declared branch without a further state hypothesis. This premise is independent of A1-A3: The
spacetime and Einstein paper exhibits a finite regulator package that satisfies observer agreement,
schedule-independent transactional repair, and an exactly closed refinement-channel family while
its retained constraint family carries a boundary-invariant noncentral cross-cut coupling. Observer
agreement and repair do not force the premise. Off the declared branch MSA is carried as an
explicit hypothesis.

On the separately declared rate-controlled family obtained by pushing the optimizer forward,
Theorem 2.3 supplies the kinematic edge-center decomposition. Exact Markovity is one idealized
route. The following lemma and theorem supply the quantitative decay route when the approxima-
tion is kept explicit.

Lemma 2.6 (interior local information projection implies local Gibbs form).
Under Axiom 3 on the subbranch with identity-proportional local references, state-
determining aggregation equivalent to the declared entropy objective, homogeneous
global-sum constraints (3, Ou(x)) = C,, and the finite-dimensional regulator realiza-
tion above, assume also that the constraint vector lies in the relative interior of the
attainable moment set, so the selected state is faithful on the retained sector. Then the
selected state has the finite-multiplier Gibbs form

e Heg

Heg = Z Z)\aOa(x) + Hgec,

"~ Tre Hes’
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where the sum runs over UV cells z and density labels a, with one cell-independent
multiplier A\, per label. For the finite-range collar theorem, Hge. is either a sum of
uniformly bounded finite-range charge densities or is central and fixed on the chosen
superselection sector. A genuinely nonlocal noncentral term falls outside the theorem.
Under this condition the effective Hamiltonian is finite-range in UV graph units, and
the multiplier count matches the constraint count No, plus the number of retained
sector terms on every lattice.

Proof. On a finite-dimensional algebra, an interior entropy maximizer subject to linear
constraints Tr(pO;) = ¢; is given by finite Lagrange multipliers:

e Zz AiO;

a Tre™ 2:%0:

Strict concavity of von Neumann entropy ensures uniqueness. Here the constrained
operators are the Neon global sums O, := Y., O4(x) plus the retained sector terms, so
the exponent has one shared multiplier per density label. MaxFEnt gives the Gibbs form
on this faithful/interior branch; the displayed locality restriction on Hgec is separate
and load-bearing. A boundary constraint can instead force a rank-deficient optimizer
(for example Tr(p|1)(1]) = 0 on C?); it has no finite full-algebra multiplier and must be
treated on its support or by infinite penalties. Such a boundary branch does not supply
the stagewise faithfulness used below. Had the constraints instead been imposed per
cell, (O4(x)) = cq(x), the multipliers would be cell-dependent fields A\,(x) and the family
would grow with the lattice; that enlarged family belongs to the non-equilibrium approx-
imation regime of the clarification above and is not the branch used in the refinement
argument. QED.

Definition 2.6a (closure defect and induced refinement map). Fix successive
regulator scales ¢ (finer) and L (coarser), let {wr,(\')} be the homogeneous global-sum
exponential family at scale L, and let ®;,_.; be an admissible coarse-graining channel.
For fine-scale multipliers A set o := ®y_, 1 (w¢(A)) and define the closure defect

ersp(N) = ig\l/fD(U |wr (X)),

with D the quantum relative entropy. When the infimum is attained at a unique A*, set
Ry p(N) := A\

Lemma 2.6b (I-projection residual bound). If the constrained operators at scale
L together with the identity are linearly independent, then \' +— D(c|jwr()\')) is smooth
and strictly convex; for faithful o the minimizer A\* = Ry, (\) exists, is unique, and
is characterized by moment matching (S¢).,, (x+) = (Sc)o for every constrained operator
Se; and

o = wr(Res (M)l < 1/2€050(N),

so the family reproduces every bounded expectation up to ||B|\/2e/—(\). The sep-
arately declared exact optimizer-pushforward interface is the statement ey, () = 0
along the realized branch. In that case 0 = wr(R/—1(\)), and the induced refinement
map is this moment-matching I-projection.
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Proof. Writing logwr(\) = —>.A.Sc — log Zr(\N'), the objective is —S(o) +
S A{Se)o + log Zp(XN), and the Hessian of log Z; is the Duhamel (Kubo-Mori)
covariance matrix of the constrained operators, positive definite under the stated
independence; this gives strict convexity, uniqueness, and the moment-matching
first-order condition, while attainment for faithful o is standard finite-dimensional
exponential-family duality [55]. The displayed residual bound is the quantum Pinsker
inequality D(p||7) > 3|lp— 7|3 [56] evaluated at A*, and e,_,,(A) = 0 forces o = w(A*)
by strict positivity of relative entropy off the diagonal. QED.

Acceptance check. A finite two-lattice test implementing this package (the con-
straint /multiplier count against the displayed Ncon-dimensional family on successive
lattices, the moment-matching projection, the residual bound, a generic decimation
channel with strictly positive closure defect, and the exactly closed transverse-field sub-
family where Ry_,1 acts as the identity) is included with the repository sources.

Strong conditional mixing premise. Let Gy be the UV cell graph. Assume local dimension
at most ¢, interaction degree at most Ag, interaction diameter at most rg graph layers, and

sup Y [[B4(X)] < Jo
T Xoz

with constants independent of the cut and refinement stage. Let m, be the resolved collar width
in graph layers and set § = myf. For the faithful Gibbs state, define

J,(A:D|B):=logpapp +logpp —logpap —log ppp.
The strong mixing premise is a boundary-anchor expansion

JP<A5 : D5 ‘ B5) = Z Ez,f,&a ”Ez,é,é”oo < /fe_(me_ro)/c,
zE@,%VC

with k,( uniform in the cut, boundary condition, and stage. This conditional or matrix mixing
condition is stronger than ordinary two-point exponential clustering. Local Gibbs form, a Lieb—
Robinson bound, or a Hamiltonian spectral gap does not imply it for a general noncommuting
Gibbs state.

Theorem 2.5 (finite-range conditional Gibbs mixing gives collar recovery).
Under Lemma 2.6 and the strong conditional mixing premise,

I,(As : Ds | Bs) < k|0C|gye”Me7m0)/C < ¢|aC|yye /4

with
& = (Y, ¢ = Ke™/<,

Proof. Embedding the marginal logarithms in the tripartite algebra gives
I(A:D|B),="TrlpappJ,(A: D | B)].

The boundary expansion and trace-norm duality bound this expectation by the sum of
the boundary term norms. The second form follows from § = mf. QED.
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For one uniform family, the sharp sufficient limit condition is
o
g —log |0C|yy — 4.
¢

If
0C|uv < a(to/O),  6(€) = ((p+n)tlog(lo/L), 1 >0,

then § — 0, /¢ — oo, and
I(A(; : Ds | B(s) < C&(f/fo)n — 0.

The ratio /¢ — oo alone is insufficient. For ¢, = ﬁoe_”Q, On, = (nly, and |0C, |y = 6”2, that ratio
diverges while the upper envelope grows as en’—n,

A finite receipt records the interaction range and norm bound, treatment of global sector terms,
boundary-cell count, graph separation, regional CMI in nats, matrix-defect norm, predeclared &, ¢,
log-envelope slack, Fawzi-Renner error, held-out cuts, and the rate margin 6/(¢¢) — log|0C|uv.
Fitted constants and local random-triplet CMI remain finite proxies. They do not certify a cofinal
limit.

This bound is the quantitative hinge for constructive gluing.

2.0.2 Concrete UV realization: quantum link models

Section 2.3 internalizes the regulator package: the fixed-cutoff type-I algebra and boundary fixed-
point structure are the realized form of the screen net plus overlap gluing. Quantum link models
are included here only as an explicit microscopic example of that structure, not as a separate axiom
layer.

UV regulator. Triangulate S? at scale fyv, giving vertices v, oriented links ¢, and plaquettes
p. Refinement corresponds to ¢y — 0 with increasing lattice size.

Degrees of freedom. Attach to every oriented link ¢ a finite-dimensional Hilbert space
Hy. In ordinary Wilson lattice gauge theory, the continuum/refinement-limit edge description is
modeled by L?(G) (infinite-dimensional for continuous G), but the microscopic OPH regulator is
instead a quantum link model with finite-dimensional link Hilbert spaces that preserve gauge
symmetry in operator form [75]. Optionally attach matter Hilbert spaces H, at vertices. Then:

ﬁtotal = ® He® ® Hm
¢ v

finite-dimensional on any finite lattice. This is a concrete realization of the extended type-I
presentation used in Section 2.3.

Boundary gluing as Gauss-law invariants. Define a local gauge transformation group G,
at each vertex v acting on incident links (and matter at v). Physical states satisfy:

V) € Hpnys == Ulg)lY) = [¢) Vo, g» € Gy.
I, G

Equivalently: Hpnys = Hioial .
Region algebras. For any region R C S?, define an extended Hilbert space Hp from the
links/vertices in R. The boundary gauge group Gyg acts on the cut degrees of freedom (the

"half-links" ending on OR). Define:

AinV(R) = B(?le)GaR.
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This is the concrete quantum-link instance of the lifted fixed-point presentation
used in Section 2.3. The same gauge constraints then induce the sector-preserving EC algebra
on collars.

Why EC follows immediately. Take a cap C' and a collar Bs around 9C'. Because the only
coupling between inside and outside is through the boundary gauge constraint, the collar Hilbert
space decomposes into superselection blocks labeled by boundary irreps:

M, = D(Hog @ Hg),
(e

with center generated by the projectors P,. This is precisely the Schur-lemma mechanism of
Theorem 2.3. The labels « are the familiar edge-mode / electric-flux labels appearing whenever
one factorizes gauge theories across an entangling cut [76]. Exact Markovity depends on the state
and is not forced by the decomposition alone; nor does exact Markovity align the HJPW factors
with these edge-mode labels, which is the separate Markov-split alignment hypothesis of Section
2.3.

Dynamics and MaxEnt. The natural Hamiltonian is a 24+1D lattice gauge Hamiltonian
on the screen worldvolume: plaquette ("magnetic") terms, electric terms on links, vertex Gauss
terms as constraints, plus local matter couplings. In quantum link form this is finite-dimensional
per link while behaving like gauge theory in the continuum limit. Then the MaxEnt assumption
becomes concrete: the MaxEnt state is a Gibbs state p oc e™ 22201 with quasi-local O;, precisely
the local-Gibbs regime.

Geometry and G. This microphysics naturally supplies the emergent geometric objects:

o Edge entropy / area operator: Lo = Y (logd,)P, becomes "log of boundary irrep
dimension" in the gauge link model.

« Newton constant G: the conversion factor between edge entropy density per boundary UV
cell and macroscopic geometric area.

Thus area is an operator living in the center of the boundary algebra, because in gauge systems
the center is where the cut labels live.

Scope of this example. The quantum-link realization makes the fixed-cutoff matrix/fixed-
point bookkeeping concrete. Modular flow on caps becomes geometric conformal dilation with the
21 KMS normalization through the support-visible BW scaling theorem on the geometric subnet.
Viable architectures for this include holographic quantum error-correcting codes [77] and quantum
double / string-net Hamiltonians [78], but any use of QECC distance, min-cut resilience, or Knill-
Laflamme correction requires the corresponding code subspace, logical-operator, error-family, and
recovery certificate.

2.0.3 Conformal-modular fixed-point microphysics

On the faithful/interior local finite-constraint branch of Axiom 3 with identity-proportional ref-
erence, the logarithm of the selected state is a quasi-local UV generator. A separately declared
optimizer-pushforward and refinement-tail interface places the branch inside one common finite-
dimensional multiplier family. At each regulator stage the patch and cap algebras are type-I
matrix algebras. The finite regulator class is not refinement-closed, so the scaling-limit observer
algebra may leave that class. The fixed-cutoff analysis proves the local-Gibbs result and propaga-
tion. Endpoint-Lipschitz control of reduced modular Hamiltonians requires the additional exact-
Markov /central-interface and endpoint-control branch stated below; it does not follow from finite-
range locality alone. The cross-scale interface supplies refinement stability. The geometric cap
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pair with geometric modular flow is obtained in the support-visible sense: the target algebra is the
extracted geometric subnet, the support-visible modular matrix elements converge under regulariza-
tion, and weak-x/GNS extraction plus support-readable modular covariance and ordered cut-pair
rigidity gives the geometric cap automorphism.

Local finite-constraint information-projection branch. The constraint family C is gen-
erated by finitely many gauge-invariant local densities {O4(z)} of UV range O(fyy), constrained
through their homogeneous global sums (> O4(z)) = C,. Axiom 3 selects the fixed-stage infor-
mation projection. Retention of the same finite label set under refinement belongs to the separate
optimizer-pushforward and refinement-tail interface.

Theorem 2.6 (Interior local constraints imply a local-Gibbs form). If the MaxEnt
constraints are expectations of finitely many quasi-local operators {O,} with bounded support size
at scale /v, and the prescribed moment vector lies in the relative interior of the attainable moment
set so that the optimizer is faithful on the retained sector, then the entropy maximizer is

W X exp (— Z )\aOa> ,

so the MaxEnt generator Hyfaxgnt = — logw is a UV-range quasi-local sum. This is exactly the
local-Gibbs form used later.

Proof. The finite-dimensional interior exponential-family theorem gives finite Lagrange multi-
pliers A,. Boundary optima require restriction to their support or extended infinite multipliers and
are not included in this faithful branch. QED.

Derived propagation control on the same branch. Because Hyaxgnt is a finite-range or
quasi-local sum on a finite type-I regulator net, standard Lieb—Robinson estimates [37] apply to the
automorphism group it generates, or to any branch generator lying in the same bounded-support
algebraic closure. Thus there is a finite propagation velocity vpr and constants C, £ such that for
local observables Ax, By,

Ime(Ax), By]|| < C [ Ax|| | By || min(|X], [Y]) e~ @) 7emlt/e,

Additional endpoint-control branch. Locality of the global Gibbs generator does not by itself
make reduced interval modular Hamiltonians local; the four-qubit counterexample in Theorem
4.3d rules out that inference. On the exact-Markov/central-interface branch, assume in addition
a specified endpoint-to-regulator-cell map and a uniform local norm/site-density bound such that,
after subtracting the central endpoint block, the operator-norm sum of terms changed between
allowed intervals I, I’ is at most L|I’AI|. On this explicitly named branch, the local split and that
geometric norm bound give bounded-interval endpoint-Lipschitz matrix elements,

‘<w7 (K[I/] - K[I])@‘ < Cw,qﬁ,lmax ’I,Aﬂa

used later in the null-modular bridge. Thus quasi-local propagation follows on the faithful local-
Gibbs branch, while reduced-modular endpoint control is a separate exact-Markov/central-interface
receipt with the stated endpoint geometry and uniformity.

Refinement-stable multiplier branch. The separately declared optimizer-pushforward and
refinement-tail interface preserves the same finite constraint family under coarse-graining and places
the regulator states in one common finite-dimensional multiplier family. This is a substantive renor-
malization condition because coarse-graining a finite-range Gibbs family generically generates inter-
actions outside a fixed density list. The “refinement-stable” language used later means persistence
along the stable or fixed branch of this multiplier family. This state-side notion is enough to com-
pare realized states across cutoffs. FixedCutoffBosonicSectorCategory constructs the fixed-stage
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tensor-generated category and its forgetful fiber. RefinementFunctorAndFiberDescent constructs
the refinement pullbacks and compatible fibers only on a cofinal tail carrying the compact-gauge
refinement receipt. The cofinal compact-gauge witness uses the same receipt. The separate finite
Standard Model route uses complete reversible response and endogenous overlap transport to force
the local Standard Model gauge Lie algebra. Incidence and target-blind readback derive the carrier
module and R = —J. The finite conditional fixture supplies the charge-conjugate rank-15 projector
pair, hypercharge lattice, common Zg kernel, and maximal faithful matter image. Source derivation
of that current, matter action, and global quotient is not supplied. Under the complete-band and
operational-cost premises, the exact screen theorem selects the rank-three response band. Physical
family attachment, extra-sector completeness, and the charged-lepton and electroweak quantitative
branches carry their own premises. Axiom 3 supplies neither the finite current realization nor the
sector-colimit data or laboratory attachment.

Scaling limit and algebraic type. The regulator presentation gives a family of finite type-I
algebras

Ae(C) = B(Hey)-

A scaling limit of this family need not be type I. In the continuum-QFT case of interest one expects
the local limit algebra A (C) to be non-type-1, typically type III. Accordingly the fundamental
modular datum in the limit is the automorphism group of the pair (A (C),wS), not a density
matrix inside A (C).

Corollary 2.6 (Geometric modular action on paired-certified caps). For any support-
visible extracted scaling-limit geometric cap pair (A8 (C), w8 ) emitted on a branch carrying
both the finite cap-normal certificate and the independently complete same-branch multiresolution
algebra-state comparison package, let Qx4 (s) be the automorphism induced by the independently

normalized BW-framed cap flow. Then

geo,C'
oo

w —
o = 04)\8(27rt)-

If the limit cap algebra happens to be type I, this may be written as
Ko =2nBe + Z¢, Zo € Z(.A(C))sa.

In the generic continuum case, the automorphism identity is the complete statement.

Proof. This is The spacetime and Einstein paper’s finite cap-net BW theorem applied to
the extracted geometric cap pair. The finite cap-normal input supplies BW framing, support-
order faithfulness, held-out oriented cross-ratio rigidity, the geometric support flow, independently
normalized geometric 27-KMS comparison, and wrong-normalization controls. The separate mul-
tiresolution algebra-state comparison input supplies the complete algebra-state reference tower,
cap-family-uniform mixed-GNS convergence, comparison maps, and modular support covariance.
QED.

Support envelope from net regularity (not an alternative derivation). The outer-
regularity / minimal-support condition used later lets one read a support envelope for the modular
image from the scaling-limit net. By itself it does not establish modular covariance; that equality
comes from the paired certificate in Corollary 2.6, or must be assumed as an additional two-sided
net-automorphism property.

(NR) Outer regularity / minimal support. For any operator O, the intersection of all
connected regions P with O € A(P) is again a connected region, denoted supp(O).
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Proposition 2.7 (Modular support-envelope inclusion). Under (NR), define for any
region R C C'
)= |J suwp(o7°(0)).
OEA(R)
Then
o C(A(R)) € AUC (R)).

Equality does not follow from (NR). It requires, for example, a two-sided order-isomorphism of
the local net compatible with o, and o_;, together with the relevant additivity/local-generation
property. Those are substantive covariance data, not consequences of knowing minimal operator
supports.

Proof. For every O € A(R), (NR) assigns 02" (0) a minimal support contained in fC(R);
isotony therefore places that operator in A(fC(R)). Taking all such operators gives the stated
inclusion. Surjectivity onto the entire envelope algebra is not supplied by the fact that oy is an
automorphism of the global algebra. QED.

Null-surface modular structure. On the same support-visible scaling branch and extracted
geometric-subnet branch, the null-surface modular machinery narrows as follows:

¢ Fixed-cutoff null-strip bridge. The null-strip package proves transferred cut-center data,
the theorem-local inherited left/right strip-split condition needed for the spatial-collar-type
tensor decomposition, exact-or-controlled four-term strip additivity on one inherited strip
model, and renormalized endpoint-Lipschitz control up to the weak tail generator. On the
scaling branch the geometric action supplies the half-sided relation; the separately regis-
tered common-vector and relative-commutant standardness receipts make it a standard half-
sided modular inclusion whose Borchers—Wiesbrock consequence is an explicit positive null-
translation generator on its Stone domain with the affine half-line modular relation. The same
half-line family fixes the generator’s endpoint-derivative identity internally; its local null-stress
reading consumes the separately supplied effective-locality and same-source bridge.

e Derived half-sided modular relation. Nested null half-line algebras satisfy the half-sided
covariance and containment relation on the declared geometric scaling branch by Corollary
5.2e. To obtain a standard half-sided modular inclusion, the common reference vector must
additionally be cyclic and separating for both half-line algebras and cyclic for their relative
commutant. On that separately registered standardness receipt, Borchers—Wiesbrock iden-
tifies the positive null-translation generator on its Stone domain together with the affine
half-line modular relation [41].

e Weak continuity and finite variation. The bounded-interval and half-line endpoint-
Lipschitz control follows on the exact-Markov/central-interface branch only after the specified
endpoint-to-cell map and uniform norm/site-density bound of the endpoint-control clause. It
then defines the weak tail generator at fixed cutoff. The support-visible scaling theorem
together with the extracted geometric cap pair supplies the continuum null-generator setting
in which that weak-tail data can be matched to the geometric null modular action of the
relativistic phase.

Constraint set specification. On the local finite-constraint branch, the “correct fixed-cap
constraint set” becomes explicit: constraints are the local conserved charges of the symmetries used
in the derivation:

1. Edge/cap label constraints: fix the distribution of collar-sector labels, equivalently (L¢)
for each cap size, giving the area term.
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2. Gauge charges: fix boundary flux or charge operators.

3. Geometric (conformal) charges: fix the expectation of the conformal Killing charges that
preserve the cap, i.e. the generator B¢ or its microscopic lattice approximation.

MaxEnt therefore selects the unique finite-stage invariant state compatible with those conserved
charges. The support-visible BW scaling theorem is the continuum statement: if the limit algebra
is non-type-I, the geometric modular action on that branch is outer rather than an inner density-
matrix identity.

Focusing boundary. QNEC has rigorous QFT proofs in broad settings [51, 53], with hypothe-
ses (null-surface locality and analyticity, modular-flow/causality /defect-OPE structure) that have
not been verified on the reconstructed net, and QFC is strictly stronger than QNEC [52]. Quantum
focusing is an optional gravity interface and is not consumed by the Einstein theorem:

o EC plus the declared state, edge-reference, and entropy-split premises identify Sgen = Shulk +
(L¢) on the finite branch (Section 5.4).

e The null-stress and Einstein theorem branch supplies the kinematic inputs required by an
internal QNEC/QFC proof; that derivation is not supplied.

Summary. The CMFP package therefore separates the dependency structure into two layers:

« Fixed-stage and cross-scale consequences: Axiom 3 with the declared local constraint
and reference package gives the local-Gibbs form and quasi-local propagation on the faith-
ful/interior branch. Bounded-interval reduced-modular endpoint-Lipschitz control addition-
ally consumes the exact-Markov/central-interface split and the specified endpoint-to-cell uni-
form bound. The separate optimizer-pushforward interface supplies the realized state-side
refinement branch along which later transport questions are asked.

e Support-visible scaling statement: the scaling limit emits the support-visible geometric
cap pair and ordered cut-pair rigidity holds on it. On that branch the limit algebra may
be non-type-I, the modular action may be outer, and the 27 normalization follows. The
later null half-sided-inclusion bridge additionally consumes its registered common-vector and
relative-commutant standardness receipts.

The theorem route works on the support-visible quotient. The realized transported cap-local sys-
tem packages the geometric cap-local test family, the projectively compatible transported marginal
family, and the asymptotic transport-equivalence certificate. The regularized transport theorem
below replaces the unavailable full-algebra lower spectral floor. Local weak-* extraction and GNS
gluing then emit the support-visible scaling-limit cap pair, support-readable modular covariance
reads the modular group as a cap-local support map, and ordered cut-pair rigidity collapses the
residual cap-preserving conformal freedom to the unique hyperbolic subgroup.

Proposition 2.6a (Recoverability is not modular geometry: common-floor collapse
countermodel). Exact or asymptotically exact Markov recovery at finite cutoff does not by itself
imply a full-algebra lower spectral floor along refinement. In a two-dimensional matrix algebra, let

e 0
=\ 0 1-en)"

Each p, is faithful at finite n, and tensoring it with any fixed finite exact-Markov collar factor gives a
full-rank exact-Markov collar family. Nevertheless Apin(prn) = €~ — 0, so there is no positive lower
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bound along the refinement family. On the off-diagonal matrix unit Ej2, the modular generator
carries the logarithmic gap
[—log pn, E12) = n E1a + O(1)Eq2,

and the unregularized modular transport has no finite common-floor limit on that direction. Thus
collar Markovity and finite-stage faithfulness are not enough for the false stronger full-algebra BW
lift. The observer-facing theorem uses the support-visible regularized replacement, with the exact-
Markov comparison family checked only on fixed collars and made replacement-independent after
weak-*/GNS extraction.

Theorem 2.6b (regularized support-visible modular transport). Fix a local collar
model of finite dimension d,,s. Let p, be the transported physical collar marginal, p, the exact-

Markov comparison marginal on the same collar model, and A,, = |[pn — pnll1. For a > 0, set
K,(p) = —log(p + al). For every bounded collar observable O in the support-visible algebra,
. 4A,,
T puO(Kalpn) ~ Kapu)| < 101 (222 + dysa + 48] ogal )
Consequently, if a,, | 0 is chosen with
Ay /ay, — 0, dm.,5an — 0, Ayl logay,| — 0,

then the regularized support-visible modular matrix elements converge on that fixed collar model.

Proof sketch. On the spectral interval [a, 00), the logarithm is operator-Lipschitz at the scale
used above by its integral representation. Splitting the comparison into the support above a, the
a-tail, and the trace-distance error gives the displayed bound. The three displayed conditions make
the three error terms vanish. QED.

Definition 2.6c (explicit multiresolution reference branch). The finite-to-continuum
bridge is evaluated on a declared reference branch, not on an unstructured sequence of finite plots.
A regulator is

r = (m,L,b),

where m is the refinement depth, L is the finite support or volume scale, and b is a boundary /phase
label. The screen branch uses nested icosahedral subdivisions of S?; Euclidean branches use dyadic
mesh a,, = ap2™™, with an additional temporal spacing a; when a transfer matrix is present. Each
added cell, collar, edge-center, or support-visible channel j carries

D; = P My, (C)

OcESj
and a faithful detail state 7;. At regulator r,

MT:®D]', (:)7«:®Tj.

JjETr JEITr

A finite-depth local presentation circuit I, : MT — M, changes from multiresolution coordinates
to the OPH patch, port, collar, and gauge coordinates. For r < s, write

Ms = Mr ® Ds\ra Ts\r = ® Tj-
JET\Tr

The canonical refinement and coarse-graining maps are

trs(A) = Tu [T (A) @ 1],
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and
Qur(X) = T [(id@7y,) (151(X))]

The embedded conditional expectation is Eg = t,5Qsr. The reference state is &, = w, o' L
Theorem 2.6d (exact modular-compatible reference tower). The data

(Mra ary lrs, Esr)rjs

form a directed tower. The maps ¢, are unital injective x-homomorphisms with tstrs = t,4. The
Qs are faithful state-preserving completely positive coarse-grainings with Q¢ = Q-Q¢s. The maps
Es, are faithful conditional expectations onto ¢5(M,), and

Ws O lyrs = Wr, wTOQST = Ws, Ws o By = Ws.

The finite reference modular groups are also exactly compatible:

~ ~

a1 (trsA) = trs(0y" (A)).

This theorem uses no full-algebra spectral floor uniform in r; in bare coordinates it is only the
identity A — A ® 1, partial expectation against faithful detail states, and conjugation by I',., I's.

Theorem 2.6e (canonical renormalization and correlation Cauchy bound). Let 2 be
the C*-inductive limit with embeddings j, : M, — 2. There is a unique state & with @ o j, = @,
and the maps s induce state-preserving conditional expectations

E,: 2 — jr(Mr)

such that ||E,(A) — A|| — 0 for every A € 2. The finite-regulator realization of a continuum test
observable is

R (A) = jvjl(ErA)-
For || Ag|| < M,

n
< Mt Z |Ar — E, Ag||.
k=1

@(ﬁ m(Ak)) - w(ﬁ Ak>
k=1 k=1

Thus the operator mixing matrix and additive subtraction at finite cutoff are outputs of R, not free
fits to the target continuum answer. Independent lattice-spacing, volume, and boundary sweeps
must publish the corresponding martingale-tail or physical-error envelopes before finite regulator
data are read as continuum evidence.

Theorem 2.6f (compact-time modular convergence on fixed local algebras). Let pi’fﬁ' °
be the density matrix of the physical state at fine stage s, restricted to the embedded fixed local
algebra M., and let

h ~
esr = Pl = prlh-

For a regularizer ns > 0, define
K = —1og(p22" +n,1).

slr s

If \r = Amin(pr) > 0, then for every A € M, and every T < oo,

€s,r

s Ns
log( 1 )
s - Og( +)\r>:|

sup
[¢|<T

i1 Fe(Ms) i1 Fe(Ms) -~
e—thst AethSzf" _ O;JT(A)H < 27| A|l {
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Hence ny — 0 and €, /ns — 0 give uniform-on-compact-time convergence on each fixed support-
visible local algebra. For a countable cofinal local test tower, pointwise €5, — 0 admits a diagonal
subsequence and one cutoff schedule. The phrase “finite-stage modular action” below means this
transported, regularized local action; it does not mean the unregularized full finite-cap modular
group.

Cap-family uniformity clause. For application to the finite cap-net BW theorem, the
compact-time estimate is required uniformly over the declared finite nondegenerate cap family
and the fixed separating support-visible test tower. The operator-norm estimate then implies
the quadratic mixed-GNS Cauchy residual because || XD||2, < || X]||||D||2w- The reference tower
supplies the analytic engine; the finite cap-normal certificate adds the support-order, BW-frame,
oriented cross-ratio, geometric 2r-KMS, and wrong-scale controls.

Theorem 2.6g (finite positive transfer and Lorentzian handoff condition). On Eu-
clidean repair branches, let Pc, be weighted resampling inside the fibers of the complete repaired
visible datum for active collar C. Ref. [14] proves that this finite operator is the orthogonal con-
ditional expectation and gives the exact support, equal-fiber-row, and weighted detailed-balance
matrix receipt that recognizes it. A concrete active collar repair kernel is identified with Pg . only
when its independently derived transition matrix passes that receipt; constructing the matrix from
the target formula is not a verification. Choose c¢c, > 0, and set

P =" cc, (I - Pey), To(a) = e~ 5",
C

Then LiP = L}*** > 0,0 < T, (a;) < I, Tr(at)1 = 1, and the stationary Euclidean path measure is
reflection positive:

E[(©F)F] =0

for positive-time cylinder functions F. A Lorentzian unitary statement requires this finite positiv-
ity plus either exact shell-additive direct-limit semigroup identities or a Mosco / strong-resolvent
substitute, including vacuum-projection and intertwiner convergence. Weak-* state convergence
alone is not a transfer theorem.

BW-side closure boundary. Proposition 2.6a blocks the stronger unregularized full-algebra
conclusion from the proved finite-cutoff package. Theorems 2.6¢-2.6g supply the explicit reference-
tower certificate needed for the finite-to-continuum reading: continuum correlations come from the
conditional-expectation renormalization map, compact-time modular group convergence is only for
transported regularized physical marginals on fixed support-visible local algebras, and Lorentzian
transfer needs reflection positivity or an equivalent positive-transfer certificate. Theorem 4.2 then
uses exactly the observer-facing support-visible content to close the BW /geometric cap-pair auto-
morphism statement. Without the multiresolution regulator certificate, finite regulator data remain
regulator evidence. A black-box AQFT/BW reconstruction route would require separately verify-
ing conformal-net properties such as locality, additivity, duality, standardness, positive energy, and
suitable modular inclusions.

2.1 Overlap Consistency and Gluing

The constructive part of overlap consistency is the tree-gluing theorem below. The structural part is
the origin of the gluing redundancy itself. On the ordinary or central-defect branch, gauge-as-gluing
is the finite-regulator overlap redundancy of local chart presentations: once the finite-dimensional
overlap algebras and their allowed chart-change groupoid are put in the block-complete spatial
presentation specified below, overlap-consistent rechartings of a cut form a compact unitary tran-
sition system. The collar theorem of Section 2.3 should therefore be read with its boundary group
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(s, understood as shorthand for this spatialized compact boundary action, not as an automatic
consequence of an arbitrary algebra representation. On the genuinely noncentral branch, the cor-
responding declared weak gluing data are encoded by a compact crossed-module change system.
Block permutations and other groupoid data are retained rather than silently treated as inner au-
tomorphisms. A second structural point is UV underdetermination. If each patch Hilbert space
is tensored with an inert finite ancillary factor and the observable patch algebras are embedded
as A(P) ® 1, then the physical observables, collar conditional mutual information, carried Markov
errors, and quotient normal forms are unchanged. So the physical UV branch is fixed only modulo
gauge or implementation hiding together with such ancillary stabilization, not a unique micro-
scopic presentation; the unique theorem-grade object is the induced family of terminal expectation
functionals on the declared physical observable algebras, not a preferred microscopic representative.

2.1.1 Constructive gluing on tree covers

Theorem 3.1 (tree gluing). Let a rooted tree of patches satisfy a tree-ordered overlap structure
and a tripartite factorization (Ag, B, C) at step k. If a target state p* obeys I(Ay : Cy | Bi) < ek,
then there exist recovery maps R such that

1%, B, — (da, @ Ri) (P, ) It < Ok,
with

O = 2V1 — ek < 24/,

The iteratively glued state p satisfies

n
o = p*[l1 < min (2, > 5k> :

k=2

Proof. Induct on k. The recovery error contracts under CPTP maps, so the errors add. QED.

2.1.2 Gauge-as-gluing and loops

At finite regulator scale, the fixed-cutoff gauge-as-gluing package identifies the overlap-consistency
redundancy of local chart presentations. Choose block-complete faithful finite-dimensional spatial
presentations of the overlap algebras on a connected cut X, and require the allowed overlap-chart
isomorphisms to be represented by their unitary normalizers. A finite-dimensional C'*-algebra is a
direct sum of full matrix blocks: its star automorphisms permute isomorphic central blocks and act
inner within each block. They are spatial in the canonical block-complete presentation, but need
not be inner in the algebra itself (an abelian two-block swap is the elementary counterexample).
Fixing a reference chart and retaining any allowed block permutations, the compact closure of the
subgroup generated by the spatial recharting unitaries is the boundary gluing group Ks; before
fixing the reference chart, the same data form a compact unitary groupoid.

Proposition 3.2a (Spatialized gauge-as-gluing at finite regulator). Let a finite reg-
ulator chart be chosen for the patches meeting along a connected interface ¥, together with the
block-complete spatial presentations and unitary-normalizer realization of the allowed chart-change
groupoid just stated. Then overlap consistency determines a compact unitary transition system
on the cut data. On the ordinary or central-defect branch, after a reference chart is fixed, this
transition system reduces to a compact boundary group Ky, and when the triple-overlap defect
is central its projective composition law lifts to a genuine action of a compact central extension
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f(\g. On this realized presentation, gauge names the overlap redundancy; the spatialization data
are explicit hypotheses rather than consequences of finite dimensionality alone.

Proof. The structure theorem for finite-dimensional C*-algebras decomposes each chart alge-
bra into full matrix blocks. An allowed star isomorphism permutes isomorphic central blocks and
is inner on each matched block; the chosen block-complete presentation implements the combined
operation by a unitary normalizer. The subgroup generated by those unitaries has compact clo-
sure inside a finite-dimensional unitary group. If triple-overlap defects are central, the resulting
projective composition law lifts to a central extension. QED.

Lemma 3.2b (trees vs loops). If the patch adjacency graph is a tree, one can choose local
charts h; so that the overlap labels satisfy g;; = h;” 1hj on all edges. If loops exist, the loop holonomy

H(Y) = GiriaGizis * ** Ginin

transforms by conjugation at the chosen basepoint under local frame changes. Its conjugacy
class, and therefore every class-function value (including every one-dimensional character value), is
invariant. In particular, nontriviality is invariant and obstructs global trivialization. QED.

Proposition 3.2ba (Finite path ratio, character phase, and cyclic quantization). For
reversal-compatible group-valued edge labels on a typed finite path system, the ordered transport
ratio of two paths with common endpoints is exactly the holonomy of the loop obtained by following
the first and reversing the second. Every one-dimensional unitary character sends this identity to
an exact relative phase. A vertex rechart conjugates based holonomy, so holonomy itself is invariant
for an abelian structure group and the character phase is invariant for an arbitrary group. There is
an explicit four-vertex path/face control whose two declared triangular faces have trivial holonomy
while a separate undeclared, unfilled loop and its two-arm relative character phase are nontrivial.
Finally, if the loop holonomy factors through a supplied Z,, sector, every character phase is an nth
root of unity.

Scope. The result is machine checked for supplied finite paths, edge labels, character, faces, and
cyclic-sector factorization. The path/face control declares exactly two triangular faces; it neither
claims flatness on undeclared triangles nor proves a puncture or noncontractibility statement. No
theorem here constructs the connection from observer records or identifies the phase with a physical
gauge flux, spacetime loop, charge, laboratory arm, detector, or interference fringe.

Corollary 3.2c (Collar consequence on the ordinary or central-defect branch). Let
Bs = Br, U Bg be a collar around a cap boundary ¥, and set ff\g = Ky on the ordinary branch.
Then the EC theorem of Section 2.3 has the derived interpretation

Hp, = (Hp, ® Hp,)"> = P (Hy; © Hyg),

«

with

Z(Agc(Bs)) = PC1,.

The right half-collar carries the contragredient action because it sees the inverse transport
across the same cut. Exact Markov normal forms used later require the additional state hypothesis
I,(As : D5 | Bs) = 0 together with the Markov-split alignment hypothesis of Section 2.3, or the
explicitly stated idealized recoverability limit supplying both; the block decomposition itself is
kinematic and follows from the derived boundary action.

Proof sketch. Decompose the left boundary data into irreps (V, ® Hb%) of f(\g and the right
boundary data into the dual modules (Vﬂ* ®H b2 ). Then Schur’s lemma leaves a singlet only when

a = (3, producing the displayed direct sum. QED.
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2.1.3 Loop obstruction class (central defect)

On the central-defect subbranch, identify the overlap centers with one fixed abelian unitary coef-
ficient group Zy, and assume overlap transport acts trivially on it. Choose unitary overlap imple-
menters normalized by Uj; = UZ-;1 and define central defects z;;;, at the implementer level by

Qiji = UijUjUp; = ziji € 2y,

or equivalently U;;Uj = 2;xUjx. This implementer-level relation records the projective mul-
tiplier; the automorphism-level expression Ad(z;;;) alone would be the identity and would not
determine z;j.

Then {z;;} is an untwisted Cech 2-cocycle with coefficients in Zs;, and its cohomology class
[2] is gauge invariant. Central defects do not obstruct the collar block decomposition: they only
replace Ky, by its central extension Kyx. The condition [z] = 0 is exactly the strictifiability of the
projective triangle defect. It is not by itself global path independence: at least one resulting strict
edge 1-cocycle must also have trivial represented holonomy around every closed overlap loop. With
a nontrivial action on varying centers, the corresponding statement uses the twisted /local-system
Cech differential instead. (A full proof for the fixed-coefficient subbranch appears in Section 6.4
below, in the algebra-net language.)

2.1.4 Non-central obstruction (2-group cocycle)

When defects are not central, the natural coefficient data is a crossed module (H — G) with an
action of G on H by conjugation. Here G is the reconstructed gauge group, and H is the unitary
group acting on edge multiplicity spaces, with boundary map 0 : H — G.
A crossed module is a homomorphism 0 : H — G together with an action of G on H such that
Ag>h)=ga(h)g™',  9(h)>h' =hh'h L

On a good cover {P;}, a weakly coherent gluing is encoded by:

gij : Pij — G, hiji : Pijr — H,

obeying the 2-cocycle conditions

9ij9ik = O(hijk) Gik,

and on quadruple overlaps,

hjrihiji = (gij > hik) Pk
Gauge changes act by 1- and 2-cochains in the standard way for crossed-module cohomology.

Write
s = [(9,h)] € H*(Nx, Hy, — Gy)

for the full crossed-module gluing orbit. It classifies the equivalence orbit of the pair (g, k) but does
not in general determine a unique ordinary Gyx-valued 1-cocycle class after strictification, because
the map below need not be injective. Let

s ﬁl(Ng,Gg) — .FVI2(N2,H2 — Gx),
l9] — [(g,1)]
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be the natural strict-locus map. Define the separate {0, 1}-valued strictification obstruction by

Pl =0 s o mn
<= [(g,h)] has a representative (gStr7 1)

str str str

with ¢;5" g5k = gik -
and set 0(22) (g, h) = 1 otherwise.

Theorem 3.4 (non-central higher-defect strictification). The higher associator defect of
(9ij, hiji) is removable iff 0(22 ) (9,h) = 0. In that case a higher-gauge change gives h;jr = 1 and a
genuine G-valued edge 1-cocycle. Strict endpoint-only transport additionally requires that at least
one allowed strict representative have trivial represented holonomy. The full orbit gs. need not
determine a unique ordinary H' class.

Proof sketch. Removing the higher associator corresponds to h;jx = 1 and gi;9;x = gix-
Crossed-module coboundaries preserve the full orbit, so this strictification exists exactly when that
orbit meets the image of the ordinary G-valued 1-cocycle locus, which is the definition of 0(22 ) =0.
The map tx; need not be injective: H-valued edge changes can relate strict representatives and alter
their ordinary holonomy through 9. Thus the invariant residual test is whether at least one allowed
strict representative has trivial represented holonomy, as in Theorem 3.4b. QED.

The central-defect case is the abelian truncation with H central and trivial action, which reduces
to Section 3.3. A genuinely noncentral class is the point where the fixed-cutoff collar theorem
upgrades from the ordinary-group package to the higher-gauge one below.

Corollary 3.4a (Fixed-cutoff higher-gauge EC and transportability). For a finite
regulator chart on a connected cut X, the genuinely noncentral branch admits a compact crossed-

module change system
Tz = C!'(Nyg, Hy) x C°(Ng, Gy).

The physical higher-gauge collar is

Ml = (i, @ Hise) ™ = Dy © Hyy)
with
Z(Ax(B)) = P CL,
A

and the full orbit ¢s; is invariant under local rechartings and classifies the fixed-cutoff genuinely
noncentral gluing datum. Its separate invariant property 0(; ) — 0 holds iff the higher associator is
removable. The resulting strict representatives can have different ordinary Gy-valued 1-holonomies,
so transportability is the separate existential test of Theorem 3.4b rather than a uniquely defined
holonomy attached to gy .

Proof sketch. Pair-overlap rechartings are inner, while triple-overlap associators strictify
to compact crossed-module data. Finite-dimensional unitary 7sx-modules decompose semisimply,
and Schur matching leaves only diagonal left/right blocks. Crossed-module cohomology classifies
the higher defect; Theorem 3.4b separately tests the ordinary loop holonomy that remains after
strictification. QED.

Theorem 3.4b (TransportabilityFromOverlapGluing). Fix a connected cut ¥ and a
finite regulator charting nerve Ny. Transport of a collar charge is defined by the path composite
in the overlap recharting groupoid: along p = (ig — -+ — 4iy,), the charge block is moved by
Up = Ui, _1im -~ Uipi;- This construction uses the overlap unitary transition system itself, not an
added DHR transportability assumption.
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After a central or crossed-module strictification, let US"™ denote a resulting genuine edge 1-
cocycle. Write C,, for the full transported collar-charge block, including its boundary carrier and
multiplicity /intertwiner data, and define

Hol, st : m1(|Nx|, i) — U(Ca), [y] — thryca.

On the ordinary branch, transport is strictly path-independent iff every closed overlap loop
has trivial holonomy on the collar-sector block. On the central branch, elementary triangle moves
accumulate the central cocycle z;;,. Strict path-independent transport exists iff [z]y = 0 and
there is a central 1-cochain strictification for which Hol, yrs = 1. The first condition removes the
projective triangle defect; the second removes the residual ordinary loop action. If [z]y;, = 0 but the
second condition fails, the lifts form a genuine 1-cocycle and transport is path dependent.

On the genuinely noncentral branch, path comparisons are Hy-valued 2-morphisms in the
crossed module Hy, — Gx. Strict ordinary transport exists iff 0(22 ) — 0 and at least one crossed-
module strictification gives a genuine Gy-valued 1-cocycle with trivial represented holonomy on C,.
If 0(22 ) # 0, the sector has higher transport rather than ordinary compact-group DR transport. If

0(22 ) =0 but every allowed strict representative has nontrivial represented G'y-holonomy, the higher
associator has strictified but ordinary path dependence remains. The full orbit g5, = [(g, h)] need
not determine a unique ordinary H' class and is not itself the strictification test. Thus “zero ob-
struction” below means the combined associator-strictification and trivial-holonomy criterion, not
vanishing of triangle or higher-associator data alone. QED.

Triangle-free cycle check. Let Ny, = C),, n > 4, have no filled 2-simplices. On C, = C2, put
identity transport on every oriented cycle edge except one, where the sector action is the non-scalar
unitary V' = diag(—1,1), and use inverse transports on reversed edges. All central 2-data and
higher associator data are vacuously trivial, so [z]y, = 0 and 0(22 ) = 0. Tts ordered cycle holonomy is
V # 1, which no central rephasing removes. For a genuinely noncentral instance, take the crossed
module

SU(2) — U(2)

with conjugation action and the standard action on C,. The band U(2)/SU(2) = U(1) is detected
by the determinant, and the cycle has band holonomy det V= —1. An SU(2)-valued edge change
has determinant one and a vertex-frame change only conjugates the based loop, so no allowed strict
representative has trivial holonomy. The two routes between the endpoints of the distinguished
edge differ, and the combined criterion rejects both the central and noncentral assignments.

2.2 Gauge Reconstruction and Standard Model Structure
2.2.1 Edge sector category and gauge group reconstruction

At any fixed UV cutoff, edge-center completion provides finitely many visible seed charges and
finite-dimensional intertwiners. Their rigid tensor closure is defined below and may have infinitely
many simple classes. The local MaxEnt / collar-mixing package established above controls only
fixed-cutoff recoverability, modular-support localization, and carried error terms on the realized
branch. It is logically separate from the question whether zero-obstruction edge sectors survive
refinement. The fixed-stage category is theorem-produced; the refinement/fiber ladder and cofinal
compact-gauge witness require the explicit compact-gauge refinement receipt defined below.

On the ordinary or central-defect branch, path-independent movement of collar charges is sup-
plied by overlap gluing. TransportabilityFromOverlapGluing constructs transport from overlap
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paths and proves the exact combined criterion: the central triangle class [z]y; must vanish and at
least one allowed strictification must have trivial represented sector holonomy. On the genuinely

noncentral branch, 0(22 ) = 0 strictifies the higher associator, after which at least one allowed strict

Gy-valued representative must have trivial represented holonomy. A nonzero og ) remains a higher-
gauge sector; an orbit for which every strict representative has residual loop action is also outside
the ordinary path-independent DR sector. The full orbit ¢s; need not determine a unique ordinary
H?' class and is not itself the strictification test. Thus the overlap obstruction calculus classifies
and routes sectors; it does not by itself select the Standard Model.

For the tensor construction at cutoff r, choose one common stagewise strict edge cocycle US'"
from the allowed representatives (the ordinary branch uses its given strict system). Retain only
seeds on which this same representative has trivial action around every closed overlap loop. Sectors
requiring incompatible strictifications define alternative fixed-stage categories; they are not unioned
before tensor closure.

Classification is not realization.

Proposition (obstruction neutrality of the finite Standard Model gauge implication).
The ordinary trivial-holonomy condition, the combined central condition [z]y, = 0 plus a trivial-
holonomy strictification, and the combined noncentral condition 0(22 ) =0 plus an allowed strict
representative with trivial represented Gy-holonomy are transportability conditions. After one
common stagewise strict representative is chosen, they permit an ordinary transportable bosonic
sector category generated only by sectors trivial under that choice; they do not select

SU(3) x SU(2) x U(1)
Zg '

On a cofinal tail carrying the compact-gauge refinement receipt, DR/Tannaka reconstruction re-
turns G = Autg(F) for the constructed sector category and fiber functor. If that category is
trivial, G is trivial; in general G is whatever compact group the tensor-fiber data reconstructs. The
separate finite response producer and the conditional charge-conjugate pair of rank-15 chiral projec-
tors give determinant balance, the Standard Model charge lattice, and a common Zg tensor kernel.
Quotienting by the full kernel gives the maximal faithful matter image displayed above. The cover
and its intermediate quotients carry the same local tensors. The six-axis artifact computes the
full order-six menu after diagonal and zero-sum axis relations are declared. The carrier does not
select those relations, so this menu cannot independently select the physical quotient. A complete
source character category, a same-source loop-to-kernel identity, laboratory identification, and four-
dimensional bundle data are not supplied. This implication uses only the stated premises and does
not identify the finite current with the independently reconstructed Tannaka group. QED.
Definition (fixed-cutoff tensor-generated sector category). Let S, = {W,,

P, is visible and has trivial holonomy under the common U™ }. Define

Sect?™ = (1, 5,, 5*) C Reppa(Kx,r).

®,®,subobjects,isomorphism

This is the replete full additive Karoubi rigid tensor subcategory generated by the finitely many
visible carriers. The original projectors F, , identify only one-collar seeds. The simple objects
are all irreducible summands of finite tensor words in seeds and conjugates; they need not have
projectors in the original one-collar algebra, and there may be infinitely many of them even though
every object and Hom space is finite-dimensional. A subobject X C T is supported by its invariant
idempotent in End R T(T), or by the corresponding block in a supplied finite concatenated-collar

realization of that tensor word.
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Theorem (FixedCutoffBosonicSectorCategory). At every fixed regulator cutoff, on the
ordinary or central-defect zero-obstruction branch and in the bosonic internal-gauge sector of the
3 + 1-dimensional EFT regime, the preceding construction is a semisimple rigid symmetric C*-
tensor category. Complete reducibility of finite-dimensional representations of the compact group
gives semisimplicity and subobjects; the operator adjoint and norm give the C*-structure; conjugate
representations give duals; and the standard flip gives the bosonic symmetry. For a closed loop, US™
acts as the identity on every retained seed, hence as the identity on direct sums, tensor products,
conjugates, and invariant subobjects. Thus the whole generated category has one monoidally
coherent path-independent transport, rather than an objectwise choice of strictification. Collar
concatenation realizes tensor words whenever the corresponding finite tensor-realization receipt is
supplied. The canonical carrier-forgetful functor

F : Sect?® — Hilbgy

is faithful, *-preserving, and symmetric strong monoidal. Fermionic signs, spinorial matter, and chi-
rality are not part of this bosonic internal-gauge category; they belong to the later super-Tannakian
or matter-sector lift.

Definition (compact-gauge refinement receipt). On a cofinal tail, first require a
surjectivity /finite-extendability certificate for each finite-state restriction pg : Qs — Q. Only
then is the commutative pullback C(Q,) — C(Qs), f + f o psr, injective. This does not produce
a map of noncommutative collar algebras. For

AEC?”‘ - @ Mda,r ((C)7 AEC,S = @Mdﬁ,s (C)y
@ B

the receipt separately supplies multiplicities mj;, and unitaries Vz*, with dg s = Yoo mig, dar, and
defines
(9rs(a)) ; = V5* [@(aa ® 1mg~;)] (V5"
(03
Injectivity requires every coarse « to occur. The whole center maps into the fine center exactly
when each 8 has one coarse shadow; on that branch j.s(P,,,) = >_Bishey(B)=a £B8,s- Composition
requires mgta =25 m%m%fx and coherent V’s. The same receipt supplies continuous surjections

D T > _ .2 %
Mo - KXLS - KZJ‘? T = Tgp © Tgss

and one common strict representative US™ at each stage. The pullbacks carry coarse generators
into Sect?os, intertwine US™ with US™, preserve trivial action of every fine overlap loop without
changing representative object by object, and agree with the displayed collar supports. The receipt
also supplies compatible finite concatenated-collar realizations for every finite tensor word and
invariant subobject projector. The finite-state consensus maps alone imply none of these matrix,
center, compact-group, or tensor-realization data.
Theorem (RefinementFunctorAndFiberDescent). On a cofinal tail carrying that receipt,
define
U,g := (7r§,,)* : Sect}?OS — SectP"s

S5
Then U, is fully faithful, symmetric strong monoidal, and *-preserving; it preserves the tensor unit,

duals, irreducibles, and the full zero-obstruction transport criterion, with UgU,s = U,;. For the
canonical forgetful fibers, F U,s = F, literally on carrier Hilbert spaces and linear maps.
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Proof. For X = (Hx, 0x), set U,sX = (Hx, 0x o 72.) and U,4(f) = f. Surjectivity gives the
exact identity

Homf(zﬂs (Ups X, UpsY) = Homf(z’r (X,Y),

so pullback is fully faithful and a coarse simple cannot split. Pullback commutes with tensor
products, unit, conjugates, duality maps, and the bosonic flip, while composition of the n’s gives
composition of the U’s. The receipt intertwines the common stagewise strict representatives, so
zero holonomy persists for the whole tensor-generated category without a sector-specific gauge
change. Since pullback changes only the action, the comparison F;U,;X = Hx = F.X is the
identity; naturality, monoidality, and refinement coherence are identity diagrams. The displayed
block formula, not finite-set duality, separately proves the noncommutative algebra embedding and
its center behavior. QED.

The U(1) charge-one test. If Wi(z) = z is visible and retained by the common stagewise
representative US™, the chosen category contains W, = W{" for n > 0 and W_,, = (W;)®" for
n > 0. Charge two is Wy = Wy ® W7; its subobject idempotent, equivalently the unique nonzero
central projection in its intertwiner algebra, is 1y, € EndU(l)(W1®2) = C, represented physically
in the certified two-collar algebra, not necessarily in the original one-collar algebra. At the next
certified refinement, U.sWa = ((72.)*W1)®? remains simple and Fy(U,sW3) = C = F,.(W2) with
identity comparison. Thus the fixed collar remains finite while the tensor-generated simple skeleton
may be infinite. A finite fusion/truncation alternative would require a separately stated associative
fusion quotient.

Consequently, on a cofinal tail carrying the compact-gauge refinement receipt, the EFT branch
has a directed ladder (Sectl?os, U,s, F}) of tensor-generated bosonic edge-sector categories satisfy-
ing that zero-obstruction criterion, with fully faithful monoidal pullback functors and compatible
forgetful fibers. Write

bos

Secty := hg Sect,®,

for the directed colimit retaining the sectors and intertwiners that persist in that certified system.
Without the receipt, only the fixed-stage categories and forgetful functors are constructed; Sectq,
and Autg(F) are conditional objects. The theorem below is neutral about whether Secto, is trivial
or nontrivial: if the realized branch furnishes only the tensor unit, the reconstructed compact group
is the trivial group.

Persistence lemma. Write U, : Sect?® — Sect?® for the pullback functor on a receipt-
certified refinement tail. If a realized zero-obstruction edge-sector class «,,, appears on a sufficiently
fine collar, has overlap-visible support, and has representatives oy € Sect]f;OS with Ugas ~ a4 for
all later ¢ > s, then it determines a unique object [a] € Sect,. Fully faithful pullback along a
surjective compact-group map cannot erase or split a coarse simple, and the receipt preserves its
full zero-obstruction data. This is a persistence result conditional on the certified ladder, not a
consequence of the finite-state refinement maps and not a proof that a nontrivial colimit exists.

This gives a refinement-limit bosonic tensor category Sects, of edge charges:

e objects: zero-obstruction sector labels that persist in the assumed directed system,
e morphisms: intertwiners between sectors,

e tensor product: fusion by collar concatenation, a ® 8 =@, N, a[g v,

o duals: orientation reversal / charge conjugation a <> @,

o symmetric braiding in the EFT regime (no anyonic statistics in 34+1D).
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The monoidal refinement maps descend the tensor unit, associators, duals, and bosonic symme-
try to the colimit, while the compatible stagewise forgetful carriers descend to a faithful bosonic
fiber functor F : Sect,, — Hilbgg. The fibers are finite-dimensional objectwise even though Sect.,
can have infinitely many simple objects.

Theorem 6.1 (Receipt-conditional bosonic sector category and Tannaka/DR recon-
struction). On the ordinary or central zero-obstruction bosonic EFT branch, suppose a cofinal tail
carries the compact-gauge refinement receipt used by RefinementFunctorAndFiberDescent. Then
the colimit Secty, is a rigid symmetric C* tensor category with faithful bosonic fiber functor F.
Let Autg(F) denote the group of unitary symmetric monoidal natural automorphisms of F. Then

G := Allt®(.r)

is a compact group and Sects, ~ Rep(G). In particular G is unique up to isomorphism, and
this group is a compact subgroup of a product of unitary groups.

Proof. The MaxEnt/local-Gibbs/collar-mixing package is not used here to prove nontriviality
or to supply the refinement receipt. The fixed-cutoff categories are constructed by FixedCutoft-
BosonicSectorCategory, and on the certified tail the monoidal pullback functors and compatible
forgetful fibers are constructed by RefinementFunctorAndFiberDescent. Since those functors pre-
serve tensor products, unit, duals, and *-structure, the directed colimit inherits a rigid symmetric
C*-tensor structure, and the compatible stagewise carrier spaces descend to a faithful bosonic fiber
functor F. Fix a small skeleton of Secto,. For every object X, a unitary symmetric monoidal
natural automorphism 1 € Autg(F) has a unitary component nx € U(F (X)), so

Aute(F) = [[UFX), = (nx)x-
X

For each intertwiner f : X — Y, naturality gives the closed relation F(f)nx = ny F(f). For
each pair X, Y, the monoidal structure isomorphism Jx y of F gives the closed relation

nxey = Jxy (nx @ny) Jxy,  m=ide.

Hence G = Autg(F) is a closed subgroup of the compact product [[x U(F (X)), so G is com-
pact. The DR/Tannaka hypotheses are therefore satisfied on the constructed pair (Sects, F), and
the Doplicher-Roberts/Tannaka reconstruction theorem gives a symmetric C*-tensor equivalence
Secto, =~ Rep(G) [62, 63]. If another compact group G’ gave the same category through a faithful
bosonic fiber functor, the induced symmetric tensor equivalence Rep(G) ~ Rep(G’) compatible
with the forgetful functors would identify both groups as the automorphism group of the same fiber
functor. Thus G = G’, so the reconstruction is unique up to isomorphism. QED.

Definition 6.1r (DHR /DR realization hypotheses). The field-algebra step below uses the
following net-realization package, stated explicitly because it is logically additional to the Tannakian
data of Theorem 6.1:

1. (R1) Observable net. An isotonous net O — A(O) of C*-algebras over the directed set of
small-region collar localizations of the EFT regime, with quasi-local algebra A and a faithful
vacuum representation.

2. (R2) Locality, duality, Property B. Spacelike commutativity; Haag duality A(O') =
A(O)” in the vacuum representation, or the explicitly weaker essential-duality variant if that
is the version invoked; and Property B.
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3. (R3) Localized endomorphisms. FEach persistent class [a] € Secty, is realized by an
endomorphism pg of A acting trivially on A(Oq) for every localization region O; disjoint
from O.

4. (R4) Transportability. For every admissible pair of regions O, O there exists a unitary u €
A with u p@(-) u* = p%(~). This is a net-level statement about unitary intertwiners. Vanishing
collar /represented holonomy supplies path-independent collar transport at the categorical
level and is a necessary input to this hypothesis, but it is not by itself equivalent to DHR
transportability.

5. (R5) Statistics and conjugates. Each p® has finite statistics with permutation-symmetric
(bosonic) statistics operator matching the symmetry of Sect.,, and a conjugate endomorphism
realizing the categorical dual a.

6. (R6) Completeness. The assignment [a] — [p?] is an equivalence of symmetric tensor
C*-categories between Sect,, and the category of localized transportable finite-statistics en-
domorphisms of A.

This paper constructs the categorical side: the fixed-cutoff categories, the refinement functors
and fibers, and the colimit pair (Sects, F). It does not construct the net realization (R1)—(R6);
in particular no observable net is specified here on which the persistent sectors act as localized
transportable endomorphisms. (R1)—(R6) therefore enter as explicit hypotheses, and every fixed-
point identity A = F.G, in this paper is conditional on them.

Corollary 6.1 (two-level gauge reconstruction on zero-obstruction sectors). The
reconstruction conclusion splits into two levels with strictly different hypotheses.

(i) Tannakian level (proved). If in the small-region limit the edge sectors satisfy the zero-
obstruction transport criterion of Theorem 3.4b and lie on a cofinal tail carrying the compact-gauge
refinement receipt, then Theorem 6.1 yields a compact group G = Autg(F) and a symmetric tensor
equivalence Sects, ~ Rep(G). This level uses only the constructed category and fiber functor and
involves no observable net.

(ii) DHR/DR field-net level (conditional). If in addition the realization hypotheses (R1)—(R6)
of Definition 6.1r hold, then the Doplicher—Roberts reconstruction theorem [62, 63] supplies a field
algebra Fpet with normal (here bosonic) commutation relations, carrying an action of G with field
operators implementing every persistent sector, such that

A=FC.

Proof. Level (i) is Theorem 6.1. For level (ii): under (R1)—(R6) the localized transportable
finite-statistics endomorphisms of A form a rigid symmetric C*-tensor category equivalent to Sectq
by (R6), hence to Rep(G) by level (i). The Doplicher-Roberts theorem [62, 63], whose locality,
duality, Property B, transportability, statistics, conjugate, and completeness inputs are exactly
(R2)-(R6) on the net (R1), then produces the crossed-product field net Fret, its field operators,
and the identification A = F&, with G as gauge group. Without (R1)-(R6) the displayed fixed-
point identity is not asserted; the unconditional content of this corollary is level (i). QED.

Corollary 6.1a (The compact-gauge setup and realized witness). On the central branch,
the categorical collar-transport input to Corollary 6.1 is the combined theorem-level condition
[z]x = 0 plus trivial represented holonomy for an allowed strictification; this condition feeds the
sector-category construction and hypothesis (R4) of Definition 6.1r, but it is not itself the net-
level DHR-transportability statement, which additionally requires localized endomorphisms and
unitary transporters on an observable net. On the genuinely noncentral branch, strict ordinary

transport requires both 0(22 ) = 0 and at least one allowed strict representative with trivial repre-

(2)

sented G's-holonomy; a nonzero oy,” remains a higher-gauge fixed-cutoff sector, while an orbit for

65



which every strict representative has residual loop action remains nontransportable for the ordi-
nary DR corollary. The full orbit ¢x classifies the crossed-module representatives but need not
determine a unique ordinary H'! class. FixedCutoffBosonicSectorCategory constructs the fixed-
stage category. RefinementFunctorAndFiberDescent constructs the fully faithful pullback functors
and compatible forgetful fibers only from the explicit compact-gauge refinement receipt. Thus
DR/Tannaka reconstruction yields a compact group on the receipt-certified branch at the Tan-
nakian level; the field-algebra identity A = F.&, additionally requires the DHR/DR realization
hypotheses (R1)-(R6). The local Standard Model gauge Lie algebra follows from the complete-
response and endogenous-transport clauses. Its declared matrix current is a conditional realization.
Equality with the Tannaka group requires a same-source current construction and an additional
commuting-square identification.

Theorem (categorical gauge-sector classification). On the OPH compact-gauge branch,
conditional on a cofinal tail carrying the compact-gauge refinement receipt, the categorical recon-
struction factors as

overlap/gluing data — associator strictification test — strict-representative holonomy test

— Sectoo —> Gan = Autg(F).

The first arrow computes and, where possible, removes the central or crossed-module associator
defect. The second computes represented holonomy across the allowed strict representatives. The
third keeps only sectors for which at least one such representative has trivial loop action. The
fourth reconstructs the compact group from the persistent tensor category and fiber functor. QED.

Theorem (finite-current fixed-space theorem). Assume the complete reversible twelve-
port response of Axiom 1 and endogenous proper-carrier transport on that same response as required
by Axiom 2. The finite-current implication is independent of the categorical refinement receipt and
assumes no ambient continuous gauge group. It factors as

complete reversible port response — compact closed twelve-dimensional current
endogenous proper-carrier transport — inner As action
— s5u(3) @ su(2) & u(l).

The twelve-port module has dimension twelve and one fixed line. Inner automorphisms fix the
centre pointwise, so the centre has dimension at most one. Compact reductivity and compact-
simple classification [73] leave the desired 14 3 + 8 split and a centreless 3 + 3 + 3 + 3 alternative.
In the centreless branch, the inner action preserves each simple factor. Simplicity of As; makes
each restricted action trivial or faithful, giving fixed dimension three or zero. Their sum cannot
equal one, which excludes that branch. The centre consequently has dimension one. Its semisimple
complement has dimension eleven, and compact-simple classification gives the unique split 11 =
3+ 8. Hence
g =u(l) @ su(2) @ su(3).

QED.

Conditional matrix and matter continuation. The finite source producer independently
derives 10J = A3 —4A%2—5A+10I, R = —J, and the relative band signs. It does not reconstruct the
current derivative or same-current holonomy. Twelve diagonal port phases have an abelian bracket.
Adjoining the connected adjacency tangent generates u(12), with derived rank 143. Conditional
on the canonical oriented carrier, the complete target-free As-equivariant alternating-bracket space
over Q has dimension fourteen and an exact rational Reynolds basis. This search-space result does
not select a Jacobi bracket, compact current, ordered source history, or holonomy [24, 25]. The exact
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charged-double-triplet matrices are a conditional realization of the forced Lie type. Conditional on
this realization, the finite matter certificate derives Peven — Pyac and FPoqq — Piop as the unique charge-
conjugate pair of rank-15 chiral projectors. Determinant balance and tensor descent give the exact
hypercharge lattice, N. = 3, and the conjugation-insensitive Zg kernel. Quotienting by it gives the
maximal faithful matter image for the declared tensor representation. The cover and intermediate
quotients carry the same local tensors. The axis coefficient system gives a conditional order-six
match after its relations are declared. Source selection of the matter action, complete character
category, and loop-to-kernel identity is not supplied. Laboratory identification of the current and
flux sectors and the equality Gran = Gpacket are not supplied. Generation count, family multiplicity,
extra-sector completeness, and the charged-lepton and electroweak quantitative branches carry their
own declared premises. Scalar attachment and multiplicity remain separate premises.

2.2.2 Finite Standard Model gauge packet and the diagnostic complexity order

Theorem 6.1 yields some compact GT,y,. Independently, the certified twelve-port incidence data and
inverse-port pairing determine J, with 10J = A% —4A42 —5A4+101. The equivariant linear-response
commutant is four-dimensional. A target-blind impulse/readback protocol solves the common
farthest-shell filter and produces R = —.J. Its restrictions to 1 ® 3 ® 3’ @ 5 have fixed relative
signs, with simultaneous reversal an algebraic response convention. The response theorem does not
identify that sign with physical or matter charge conjugation. These facts constrain the response
without selecting a Lie bracket. The complete-response and endogenous-transport clauses force the
local Standard Model gauge Lie algebra by the compact fixed-space theorem. The charged-double-
triplet matrix current is a conditional realization. On that realization, the finite matter certificate
derives the two rank-15 projectors Peyen — Piac and Pogq — Piop as a unique charge-conjugate pair,
and the finite hypercharge and common-kernel results do not depend on which representative is
chosen. No target-dependent selector enters the Lie-type implication. The generation, extra-sector,
charged-lepton, and electroweak quantitative branches each carry their own declared premises,
stated at the results that consume them. Source derivation of the matrix current, matter action,
complete character category, and physical Zg quotient is not supplied. Laboratory identification of
the current and flux sectors is also not supplied.

Definition 6.1a (admissible sector packages). A sector package & consists of the connected
Lie gauge-sector image relevant in the low-energy EFT, its light chiral matter content, and one
Higgs doublet. Call & admissible when it is (i) loop-coherent / transportable (the central triangle
class vanishes, or the noncentral higher associator is strictifiable, and at least one allowed strict
1-cocycle representative has trivial represented sector holonomy), (ii) anomaly-free, (iii) refinement-
stable with light chiral matter, (iv) single-Higgs Yukawa-completable with one connected abelian
charge factor acting nontrivially on the coupled carrier, (v) intrinsically quark-sector CP-capable,
and (vi) weak-sector UV-completable on that same one-Higgs branch. Admissibility is a property,
and the class of admissible packages is a boundary object: nothing below ranks its members, and
no minimality argument enters any conclusion.

Definition 6.1b (realization space and physical equivalence). Let 21,4, be the set of
isomorphism classes of finite low-energy sector packages

G = (GOaRlight’mH:yaf)

on the ordinary or central zero-obstruction bosonic branch of Theorem 6.1, together with the explicit
realized one-Higgs chiral matter package used below. Here G is the connected Lie gauge-sector

67



image, Rijgnt is the light chiral matter representation family, H is one Higgs doublet, ) denotes
the Yukawa-completable charge data, and F is the descended finite bosonic fiber functor on the
retained transportable sector package. A package belongs to 2,qm exactly when it satisfies the six
admissibility clauses of Definition 6.1a.

Two packages are physically equivalent when they are related by a compact-group isomorphism
and a fiber-compatible symmetric monoidal equivalence that preserve the observer-visible repre-
sentations, Yukawa invariants, anomaly polynomial, hypercharge lattice up to the allowed U(1)
normalization, and the one-Higgs branch, modulo generation relabeling, charge-conjugation con-
vention, gauge-center quotienting, implementation hiding, and inert ancillary stabilization.

Proposition 6.1e (scope of the admissible class). Membership in 2,4y, is a property
modulo the equivalence relation of Definition 6.1b; it is not uniqueness of a microscopic regulator
representative, and it selects nothing. The complete-response and endogenous-transport clauses fix
the connected local Standard Model gauge Lie algebra without reference to this class. The declared
matrix current and matter packet give the exact hypercharge lattice, N, = 3, and the common Zg
kernel as conditional algebraic results. They do not provide a source-selected current, matter ac-
tion, or global quotient. The scalar scan fixes compatible scalar charges and Yukawa channels, not
scalar attachment or multiplicity. The CP and weak-sector clauses leave the generation window
3 < Ny < 5. A separate exact screen theorem conditionally selects a rank-three response under
additional realization and cost premises. Tensoring it with the declared generation table gives a
conditional rank-45 candidate whose chirality and diagonal Zg action come from that table. A sep-
arate local-domain receipt checks the declared operator D, ® I45 and conditional gap inheritance.
No certified source, domain, or transport bridge joins the twelve-port Spin packet to the local oper-
ator domain. The construction supplies no physical matter-pole or continuum family identification,
scalar attachment or multiplicity, laboratory current or flux identification, global-form selection, or
completeness theorem for extra light sectors.

Note on transport obstruction. The gluing obstruction is explicit in the gauge-branch con-
ditions. TransportabilityFromOverlapGluing identifies the central criterion as [z]y, = 0 together

with an allowed trivial-holonomy strictification, and the genuinely noncentral criterion as 0(22 ) =0
together with at least one allowed strict representative having trivial represented Gy-holonomy.
When 0(22 ) = 0, the sector is handled by crossed-module data rather than by the ordinary DR
field-algebra corollary; when 0(; ) = 0 but every strict representative has residual holonomy, it
also does not enter that corollary. The full orbit ¢y classifies the crossed-module representatives
but need not determine one ordinary H'! class. FixedCutoffBosonicSectorCategory constructs the
fixed-cutoff category. On a cofinal tail carrying the compact-gauge refinement receipt, Refinement-
FunctorAndFiberDescent constructs the refinement/fiber descent and the realized witness theorem
supplies nonempty ordinary/central compact-gauge witness data. These categorical transport state-
ments are independent of the conditional matrix current. No source construction identifies that
current with the Tannaka group.

What the finite packet derives. Incidence determines the inverse-port pairing J. The
target-blind impulse/readback producer derives R = —J, and the finite certificate derives the
unique charge-conjugate pair of rank-15 chiral projectors. On that contract-conditional branch,
the finite packet gives:

« Product structure: the rank-15 packet contains the coupled carrier C3 ®C?, which enforces
commuting color and weak actions.

o Finite sector content: the response algebra supplies the weak and color Lie types, while
either representative of the derived conjugate projector pair supplies the doublet and triplet
matter roles.
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e Charge and global form: anomaly-forced determinant balance fixes the normalized charge
lattice, and tensor descent fixes the conjugation-insensitive Zg kernel on the realized tensors.

e Scalar compatibility: the finite scan fixes the compatible scalar charges and Yukawa chan-
nels; it does not fix scalar attachment, multiplicity, or a one-Higgs completion.

The Lie-type implication uses the complete-response and endogenous-transport clauses with
the carrier module and compact classification. The matrix current, rank-15 matter witness, and Zg
kernel are exact on their declared conditional branch. Under the complete-band and operational-
cost premises, the exact screen theorem selects the rank-three response band. Source selection of the
current, matter action, global quotient, and laboratory flux sectors is not supplied. Physical family
attachment, extra-sector completeness, the charged-lepton branch, and the electroweak quantitative
branch carry their own premises.

The conditional matrix and matter realization uses the following standard lemmas. None enters
the finite-current fixed-space theorem above. In particular, their compact connected groups, doublet
and triplet representations, and connected abelian factor are premises of the conditional realization
rather than premises of the forced local Lie-algebra result.

Lemma 6.2 (Fiber-functor-compatible product factorization). Let each symmetric
tensor factor Sect; carry a faithful symmetric tensor fiber functor JF; : Sect; — Hilbgg, and set

G; == Aut® (]:@) .

Suppose the factorization equivalence Sect ~ Sect; X Sect, identifies the reconstructed fiber functor
F on Sect with 1 X F3. Then

Aut®(F) = Gy x Go, Sect; ~ Rep(G;).

Indeed, a tensor-natural automorphism of the external-product fiber functor restricts to one
on each factor by evaluating on (X, 1) and (1,Y), while the two restrictions determine its action
on every (X,Y) by tensor naturality. Tannaka reconstruction applied to each (Sect;, F;) gives the
displayed representation equivalences. A bare categorical factorization without these compatible
fiber functors does not establish the product-group statement. QED.

Lemma 6.3 (SU(2) from a pseudoreal doublet). Let H be a positive-dimensional compact
connected Lie group with a faithful irreducible 2D pseudoreal unitary representation V. Then the
connected derived subgroup of the image is SU(2) acting as the fundamental doublet. Irreducibility
is load-bearing: U(1) acting by diag(z,271) is faithful and pseudoreal but reducible, and contains
no SU(2). Proof: a compact connected abelian group has only one-dimensional irreducibles, so the
image is nonabelian; by Schur the center acts by scalars, so the derived subgroup acts irreducibly
on CZ; the only connected compact groups acting irreducibly on C? have derived subgroup SU(2).
Finite or disconnected counterexamples are not part of the theorem package, which only applies
the lemma to the identity component on the relevant nonabelian image. QED.

Lemma 6.4 (SU(3) from an intrinsically complex triplet). Let H be a positive-
dimensional compact connected Lie group with a faithful irreducible 3D unitary representation W
that is intrinsically complex on its nonabelian factor: the connected derived subgroup of the image
acts by an irreducible representation not equivalent to its conjugate. Abelian twisting does not
qualify: a character twist can make the full representation inequivalent to its conjugate while the
nonabelian factor stays real or pseudoreal, and such twists are excluded by the hypothesis. Then
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the connected derived subgroup of the image is conjugate to SU(3) acting as the fundamental
triplet, up to finite central kernel. The hypothesis rejects the defining representation of SO(3)
on C3 (real on the nonabelian factor) and its twists (z, R) — 2R under U(1) x SO(3) (real
on the nonabelian factor), and retains the fundamental of SU(3). Proof: by Schur the center
acts by scalars, so the derived subgroup acts irreducibly; two nontrivial simple factors would
force a tensor decomposition of dimension at least 4, so exactly one simple factor acts; among
compact simple Lie algebras only su(2) and su(3) carry nontrivial irreducibles of dimension at
most 3; the 3D representation of su(2) is real, so the intrinsically complex hypothesis leaves the
fundamental of su(3). This restates Lemma lem:su3class of The Standard Model gauge paper.
The intrinsically-complex-nonabelian hypothesis is load-bearing: without it, SO(3) on C? satisfies
every remaining hypothesis and refutes the conclusion. Finite or disconnected counterexamples
are not part of the theorem package, which only applies the lemma to the identity component on
the relevant nonabelian image. QED.

Lemma 6.5 (Connected abelian factor criterion). If the admissible sector package con-
tains a connected abelian charge factor acting nontrivially on the coupled carrier, then the identity
component of the abelianized reconstructed group contains a one-torus. Under the single connected
abelian-factor admissibility condition, this factor is U(1). QED.

Proposition 6.6 (conditional maximal faithful matter image). Under the declared
charged-double-triplet current and matter representation, the finite matter certificate derives Peyen—
Pyyc and P,qq — Piop as the unique charge-conjugate pair of rank-15 chiral projectors. For either
representative, the kernel acting trivially on all realized sectors is Zg. The maximal faithful matter
image is therefore

SU(3) x SU(2) x U(1)
Zg ‘

Charge conjugation changes the representative and leaves this kernel unchanged. The cover and
its Zo and Zs quotients also carry the local tensors, so local data alone do not select among them.
The axis-center-descent certificate computes an order-six menu inside a declared coefficient system.
Its relation lattice is not source-selected, so it does not promote this maximal faithful image to the
physical global form. The proposition does not attach laboratory currents or identify Gpacketr With
the separately reconstructed Tannaka group. QED.

Proposition 6.6a (finite Standard Model matter-image implication from the named
response and matter premises). Assume the certified twelve-port carrier, the complete re-
versible response clause of Axiom 1, and the endogenous transport clause of Axiom 2. The compact
fixed-space theorem forces the current Lie algebra

Gpacket =

su(3) @ su(2) @ u(l).

Incidence and target-blind readback independently produce R = —J and its relative band signs.
The declared charged-double-triplet matrix current is an exact conditional realization of the forced
Lie type. Under that realization and the declared matter premises, the finite matter certificate
derives Peyen — Piac and Pogq — Prop as the unique charge-conjugate pair of rank-15 chiral projectors.
Anomaly-forced determinant balance and tensor descent on every realized matter tensor then give:

o cither projector representative supplies the one-generation chiral matter module with the
weak-doublet and color-triplet roles on a common coupled carrier;

e determinant balance and anomaly freedom fix the exact Standard Model hypercharge lattice,
up to the conventional simultaneous charge reversal;

e the color multiplicity is N, = 3;
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o exhaustive center action on the realized tensors fixes the conjugation-insensitive kernel to Zg;
 the scalar scan fixes the compatible scalar charges and Yukawa channels, without fixing scalar
attachment or multiplicity.

Consequently, the maximal faithful matter image is

SU(3) x SU(2) x U(1)
Gpacket = 7 .
6

The Lie-type implication uses the carrier, complete response, endogenous transport, and com-
pact classification. The remaining conclusions use the declared matrix and matter premises. The
response-sign convention and the choice between the conjugate matter projectors are separate; only
the latter is the declared matter charge-conjugation choice, and no theorem here identifies the two
signs. The registered adjacency recurrence generates a four-dimensional commutative word algebra.
It cannot supply twelve independent generators, a nonzero bracket, or nonidentity proper rechart-
ings. That obstruction is bounded to the registered single-recurrence packet. The diagonal-phase
and adjacency controls land respectively at derived ranks zero and 143. The exact canonical-carrier
alternating search space has dimension fourteen, with no selected Jacobi bracket. Its complete Ja-
cobi system has quadratic coefficient-row rank 38 and an exact 11427 rowspace decomposition.
The noncompact or residual components outside the certified compact locus remain unclassified;
the compact real locus is classified conditionally on the named inputs. Source derivation of an order-
sensitive matrix current, matter action, complete character category, and physical Zg quotient is not
supplied. No laboratory identification of the current and flux sectors, physical attachment of the
conditional rank-45 family candidate, scalar attachment or multiplicity, quantum field realization,
or identification of Gpacket With the independently reconstructed Tannaka group is supplied. QED.

Theorem 6.6aa (witness landing under separate completion declarations). On the
ordinary or central zero-obstruction bosonic branch, suppose a cofinal tail carries the compact-
gauge refinement receipt. Take the conditional matrix current of Proposition 6.6a and declare the
fermionic Spin category used by its matter certificate. The certificate then supplies the rank-15
chiral matter module through its derived conjugate projector pair. Under separate formal three-
generation and one-Higgs completion declarations, the conditional compact-gauge construction ad-
mits a formal cofinal heat-kernel edge-sector label witness

Want = {Qi, ul, dS, Ly, e, H}:

17 ) (2

with

Qi = (3’2)1/67 uzc = (37 1)—2/37 df = (‘37 1)1/3’ LZ = (172)—1/27 67? = (]-a 1)1) H = (172)1/2'

The fixed-cutoff edge heat-kernel law gives pr(t) dre t2(B)  hence positive support for every

finite-dimensional witness sector at finite ¢. This positivity concerns the bosonic internal-gauge
sector labels only; positive heat-kernel weight on a boundary label does not supply a light chiral
fermion multiplet or scalar carrying that label. The conditional matter certificate supplies the one-
generation chiral matter content. The three-family copy and one-Higgs scalar label are separate
formal completion declarations, not physical attachments. The pullback functors constructed from
the receipt carry the zero-obstruction labels cofinally. Proposition 6.6a gives the maximal faithful
matter image
SU(3) x SU(2) x U(1)
Zg ’
with the Standard Model hypercharge lattice, from the stated premises alone. On the declared
one-Higgs branch the CP-capability and weak-sector UV clauses give 3 < N, < 5; the generation

N, =3,
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count inside that window is not selected by those clauses. A separate exact screen theorem selects
the rank-three band from the complete faithful bands in the declared operational window, under
its single-band realization and cost-order premises. Its finite simulator receipt places that band
at the lowest positive generator frequency of the declared unitary response channel. The channel
conserves mode norms, so this is a frequency statement rather than a relaxation statement. No
identification of the selected screen band with physical matter families or exclusion theorem for
extra light sectors is supplied. Source selection of the matrix current, matter action, and physical
global quotient is not supplied. Laboratory current and flux identification, scalar attachment and
multiplicity, physical matter-pole and continuum attachment of the conditional rank-45 candidate,
selection of the local matter action, cross-domain Spin transport, equality with the Tannaka group,
and quantum field realization are not supplied. QED.

Theorem (Conditional Standard Model packet under a declared minimal comple-
tion). Assume the certified incidence branch, the complete-response and endogenous-transport
clauses, the conditional matrix current, the declared fermionic Spin category, the resulting conju-
gate pair of rank-15 chiral projectors, anomaly-forced determinant balance, and tensor descent on
every realized tensor. Assume separately the ordinary or central zero-obstruction bosonic branch;
a cofinal tail carrying the compact-gauge refinement receipt; and the fixed-cutoff bosonic sector
category, refinement/fiber descent, and compact-group reconstruction above. Finally assume a
nonempty admissible class in the sense of Definition 6.1a, a one-Higgs scalar attachment witnessed
by Wa, the CP-capable and weak-sector UV clauses of Definition 6.1a, and a separately declared
physical attachment of the exact rank-three screen band to the matter packet. Then the completed
matter and declared scalar packet has maximal faithful image data

<SU(3) x SU(2) x U(1)

L R, H, ySM) . N.=3, N,=3,
6

with
WSM - {Qla uga d@c7 Lia 657 H}?:l;

Qi = (372)1/67 Uf = (37 1)72/37 df = (‘37 1)1/37 L’L = (172)71/27 67? = (]-7 1)17 H = (172)1/2'

The abstract gauge Lie type uses no clause of the declared completion. The displayed matter
type, charge lattice, and N, = 3 are exact inside the declared matrix-current and matter fixture.
Within the declared class, the CP-capability and weak-sector UV conditions give 3 < N, < 5.
The exact screen-band theorem discussed after Proposition 6.9 singles out rank three under its
additional realization and cost premises. The displayed physical N, = 3 value enters through the
completion declaration; no matter-family identification or source-completeness theorem for extra
light sectors is supplied. The one-Higgs scalar is an assumption in this completed packet; the
finite scan fixes only compatible scalar charges and Yukawa channels. The displayed quotient is
the maximal faithful image of the declared matter tensors. The axis-center-descent certificate ob-
tains its order-six result after the coefficient relations are supplied. It does not source-select the
complete character lattice or physical quotient. The theorem does not attach a laboratory cur-
rent. The rank-three response band and the declared fifteen-state table give a conditional rank-45
tensor candidate. Proposition 4.3ea checks a separately declared local tensor-identity operator; it
neither source-selects that action nor transports the twelve-port Spin packet to the local domain.
Physical identification requires the source-derived matter-pole map, continuum Spin/locality, phys-
ical seam selection, residue, excluded-band, and complement-complete refinement receipts. The
gauge proof is Proposition 6.6a, the hypercharge theorem, three-color corollary, and Zg kernel
computation. Proposition 6.9 provides the conditional generation window; the exact screen-band
theorem provides the conditional finite rank-three candidate; the displayed physical completion is
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a declaration. Equality with the independently reconstructed Tannaka group requires a separate
commuting-square receipt. QED.

Corollary 6.6b (Three colors from the finite matter packet). On the one-generation
matter package supplied by the derived conjugate projector pair in Proposition 6.6a, the color
factor is the fundamental triplet of SU(3), so

N, = 3.

This exact finite implication uses the stated premises alone. The measured non-split deck cover
and exhaustive matter scan supply the odd-Weyl Spin typing at finite source-model scope. QED.
Corollary 6.6¢c (structural electroweak force and charges). Under the finite response
of Proposition 6.6a, assume separately that one compatible scalar slot is physically attached as
a single Higgs doublet. On that declared one-Higgs branch, the electroweak gauge factor has Lie
algebra
su(2)r ®u(l)y.

The Higgs doublet H = (1,2); 5 selects a nonzero neutral vacuum vector

v (0
¢0:\/§<1>7 ’U#O,

Qoo = (T3 +Y)po =0,

so its vector stabilizer has unbroken generator

with

Q:T3+Y7

and the unbroken gauge factor is U(1)g. The charged weak generators give

1
W= —(W'FiW?),
AW F i)
while the neutral SU(2)z, and U(1)y gauge fields span the Z/A basis on the electroweak quantitative

branch. Explicitly,
eiaTg eiﬁY¢0 _ €i(6_a)/2¢0,

so exact vector invariance ties the phases by 8 = «, locally, and leaves U(1)g. The projective ray
[¢0], however, is unchanged for independent o and 3: its stabilizer is the two-torus U(1)p, x U(1)y,
modulo the inherited finite center. Projectivization therefore classifies the carrier ray but cannot by
itself select the electromagnetic diagonal. Thus, under the finite current theorem and separate one-
Higgs attachment premise, the structural package contains the weak charged-current carriers W=,
the neutral weak carrier Z, the electromagnetic carrier A, and the exact charge operator Q = T5+Y.
The mixing angle, v, and numerical W/Z masses belong to the running and matching surface rather
than to this finite structural corollary. A machine-checked composition on the committed doublet
carrier (Lean/Screen/ElectroweakBreakingComposition.lean) proves the corresponding exact
breaking package for declared constants \,v,g,¢ > 0 and Yukawa coefficient y: minimizer shell
|h|?> = v2, one unbroken line with three Goldstone directions, normalized broken-direction mass
values g?v?/4 and (g2 + g”?)v?/4 with tree ratio g?/(g? + ¢"), and a Yukawa bilinear of exact
coefficient yv; the five constants are declared bundle parameters and no source action or physical
vacuum is supplied. QED.
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Corollary 6.6d (conditional Maxwell sector on the realized electromagnetic branch).
On the conditional, separately declared one-Higgs branch of Corollary 6.6¢, assume the finite current
is realized by a support-visible compact-gauge connection, and let Ag be its component on the
unbroken electromagnetic factor U(1)g. The abelian restriction of the curvature gives

Fg = dAqg.

Assume in addition the Lorentzian low-energy Maxwell action
1
Sem[Ag, Jg] = —? /FQ N *Fg + /AQ N *Jg,
Q

the Euler-Lagrange equations are
dFQZO, d*Fngé*JQ.

After canonical electromagnetic normalization, these are Maxwell’s equations. The numerical value
of gg, equivalently aem, belongs to the Ward-projected electromagnetic readout. The compact-
group reconstruction and connection label do not themselves supply this action or its nonzero
kinetic coefficient. QED.

2.2.3 Refinement stability and relevant transverse perturbations

The state-side refinement stability used later in the gauge branch is a separate optimizer-
pushforward and refinement-tail interface. It preserves the same finite local constraint family
across cutoffs, so the realized UV states lie in one common finite-dimensional information-projection
family. This is a substantive renormalization condition: coarse-graining a finite-range Gibbs family
generically generates interactions outside any fixed finite density list. The closure defect, the
moment-matching I-projection realizing Ry, and its trace-norm residual bound are quantified in
Definition 2.6a and Lemma 2.6b. Exact vanishing of the defect along the realized branch remains
assumed in this interface. Axiom 3 supplies the fixed-stage optimizer and does not supply this
cross-scale statement or the compact-gauge refinement receipt.
Concretely, if

we(N) = Zy(A) " exp (— DD AaOal) =) #be) :
T a b

then any refinement channel ®,_,; satisfying the optimizer-pushforward and refinement-tail inter-
face acts on the realized branch by an induced finite-dimensional map

Py r(we(N) = wi(Re—s (M)

The resulting refinement-stable state branch is simply a trajectory or invariant subset of this finite-
dimensional multiplier map. Accordingly, when sections speak of a refinement-stable directed col-
imit of sectors, persistence along this MaxEnt branch is only the state-side input. The additional
compact-gauge receipt must supply finite extendability, center-compatible block embeddings, co-
herent surjective compact-group maps, preservation of the full transport obstruction, and finite
tensor realizations. The MaxEnt/mixing package supplies none of those data and does not decide
whether the resulting certified colimit is trivial or nontrivial.

The consensus paper makes the state-side coarse-graining connection explicit. Given quotient
normal-form maps n,, obstruction maps h,, and coarse-graining maps (ps;, Xsr), reconciliation
commutes with coarse-graining at the macroscopic readout scale whenever the two square defects

er (psrns(x), nrpsr (), dz-l (Xsrhs(x), hepsr(T))
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are controlled. Exact refinement naturality gives zero defect; approximate RG matching is theorem-
grade only to the extent that these defects are bounded on the selected branch. This keeps the
MaxEnt refinement map R,_,;, connected to the reconciliation law. Arbitrary coarse-graining chan-
nels do not thereby become OPH laws.

A relevant operator absent from the retained constraint family is a potentially unstable direction
transverse to that family. Relevance controls the growth of a nonzero transverse component; by
itself it neither inserts the operator nor proves that its coupling becomes nonzero.

Diagnostic 6.7 (conditional growth of a relevant transverse component). Assume the
local finite-constraint branch of Axiom 3 and the separate optimizer-pushforward and refinement-
tail interface. Let O be a gauge-invariant Lorentz-scalar deformation, and assume in addition that
the induced refinement maps admit a differentiable extension to a neighborhood in an enlarged
EFT coupling space carrying a transverse coordinate go. Along the selected trajectory, suppose
the linearized transverse update over the scales being compared is

0gn+1 = Ay Ogn, An] > ¢ > 1.

Then every nonzero infinitesimal transverse component grows by at least ¢" after m such linearized
steps. An additive source or operator-mixing term creates that component only when its transverse
projection is nonzero. If the zero-coupling surface is invariant and the trajectory starts on it,
relevance alone does not generate O.

Argument. Iterating the displayed linearization gives [0gn+m| = H’j”:_ol |Antj] 10gn| > ¢™|6gn]-
Generation from zero is a separate statement about the transverse part of the full extended map,
which is not a coordinate of Ry, on the retained multiplier family and is not supplied by Axiom
3. Exact tuning, an invariant or stable manifold, vanishing operator mixing, cancellations, an
additional symmetry, fixed-point dynamics, or another source-selected mechanism can therefore
keep the transverse component zero. The diagnostic establishes linear instability only after a
nonzero component and the stated growth bound are supplied; it is not an exhaustive protection
theorem.

Conditional consequence 6.8 (chirality as one protection mechanism). A gauge-
invariant Dirac mass term is a relevant scalar when the matter representations allow it. If an
explicit extended refinement map has nonzero mixing into that mass coordinate and satisfies Diag-
nostic 6.7, then a nonzero mass perturbation is linearly amplified unless a cancellation or protecting
mechanism intervenes. Chiral matter content is one robust way to forbid the Dirac mass by sym-
metry. The diagnostic does not exclude a vector-like branch with vanishing mixing, exact tuning,
an invariant manifold, fixed-point protection, or another dynamical mechanism, and therefore does
not select chirality by itself.

2.2.4 The conditional generation window from CKM CP capability and weak-sector
completability

Anomaly cancellation is generation-by-generation, so it does not fix the number of generations. On
the separately declared one-Higgs branch, the lower and upper bounds come from the declared
CP-capability and weak-sector UV clauses. No selection inside the resulting window follows from
those clauses or from the diagnostic order.

Proposition 6.9 (conditional generation window). On a separately declared one-Higgs
quark branch built over the conditional matter packet of Proposition 6.6a, with the derived N, = 3
from Corollary 6.6b and with the declared CP-capability and weak-sector UV clauses, the admissible
generation window is
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3 < N, <5.

The finite theorem does not select a physical generation count inside this window.
Inputs.

1. Intrinsic CKM CP capability is part of the declared quark branch through clause (v) of
Definition 6.1a.

2. Weak-sector UV completability is part of the same declared one-Higgs branch through
clause (vi) of Definition 6.1a.

3. Use the derived N, = 3 from Corollary 6.6b.

Step 1: CKM CP-capability lower bound. The number of physical CP-violating phases
inan N_g x N_g CKM matrix is:
(Ng —1)(Ng — 2)

#(CP phases) = 5 .

e For N_g =1, 2: this is 0 — no intrinsic CKM CP capability.
e For N_g = 3: this is 1 — intrinsic CKM CP capability is available.

So intrinsic CKM CP capability requires:

Ny > 3.
Step 2: SU(2) asymptotic freedom upper bound. The one-loop coefficient is:

22 1 1
bsu(2) = 3~ §Ng(Nc +1) = 5’

where the final —1/6 is the contribution of one complex Higgs doublet. Asymptotic freedom
means bgy(z) > 0, i.e.,

43
Ny(N.+1) < 5

With N_c = 3, we have N_c + 1 = 4, so:

4Ny < %3 = Ny <5.

Combining: 3 < N_g < 5.

Step 3: the window is the complete conclusion. The two bounds are the numerical
content of clauses (v) and (vi) of Definition 6.1a on the declared one-Higgs branch. They leave
the window {3,4,5} and select nothing inside it. Selection of a generation count requires a source-
derived family attachment. QED.

Why this is convincing.

o The clause set fixes the exact three-member window {3,4, 5}; clause (v) (CKM CP capability)
is a declared input that sets the lower edge.

o It uses two explicit declared clauses (intrinsic CKM CP capability and weak-sector UV com-
pletability) and nothing else; the window is their complete numerical content.

o It is not a fit to a continuous number.

76



o Under the stated finite gauge-packet and declared-branch hypotheses, this is a conditional
window result. It is not forced by anomaly cancellation, the As graph, or the target-free
source reduct.

Proposition (conditional screen-band selection). The 12-port coefficient module of the
finite screen decomposes into bands of ranks 1, 3, 3’,5. The exact operational costs of the nontrivial
bands obey

5-V5<6<54+V5.

Assume that one complete faithful band in the declared rank window 3 < r < 5 realizes the family
carrier and that the lower operational cost selects between admissible complete bands. The rank-
three band is then unique. Tensoring it with the separately certified rank-15 one-generation packet
gives a conditional rank-45 candidate. Chirality and the diagonal Zg action remain properties of
the generation table. These implications are kernel-decided in the Lean screen certificate.

The response receipt uses the declared combinatorial graph Laplacian as a unitary generator.
Its pole-residue reconstruction recovers the same exact cost bands and places the rank-three residue
at the lowest positive generator frequency. Mode norms are conserved by this channel; no relax-
ation rate is inferred. The result is an exact conditional screen selection and a finite simulator
realization. Its physical interpretation as three matter families requires matter-pole identification,
the continuum Spin/locality limit, physical seam selection, refinement compatibility, and laboratory
attachment. It does not establish the absence of other light sectors.

Corollary 6.9a (finite gauge packet with a declared three-family completion). Assume
the incidence branch, the conditional matrix current, and the fermionic Spin category of Proposition
6.6a. On the ordinary or central zero-obstruction bosonic branch, assume the admissible class of
Definition 6.1a is nonempty and contains the separately declared one-Higgs chiral matter packet
used through Proposition 6.9. Then the finite packet fixes

SU(3) x SU(2) x U(1)
Zg ’

with the hypercharge lattice and finite quotient of Proposition 6.6, from those premises alone. The
conditional screen-band proposition supplies an exact rank-three finite candidate under its addi-
tional premises. A separately declared three-family completion attaches that candidate to the
physical matter packet and displays N, = 3 inside the conditional window. No source-derived phys-
ical attachment or source-completeness theorem for extra light sectors is supplied. The displayed
quotient is the maximal faithful matter image. The finite source does not select the physical Zg
quotient. Laboratory current and flux identification, scalar and family attachment, equality with
the Tannaka group, quantum field realization, and source-law uniqueness are not supplied.

Proof. Proposition 6.6a forces the finite current Lie type and gives the conditional matter,
charge, and faithful-image implications. Corollary 6.6b fixes N. = 3, and the hypercharge and
quotient propositions fix the visible charge lattice and Zg kernel. Proposition 6.9 supplies the
conditional window, while the conditional screen-band proposition supplies the exact finite rank-
three candidate. The displayed physical N, = 3 is a declaration attaching that candidate to the
matter packet. The equivalence relation removes relabelings, the conventional simultaneous charge
reversal, gauge-center conventions, and inert implementation data. QED.

2.2.5 Hilbert-space formulation of gluing data

Let {P__i} be a good cover of the screen. For each patch, fix a representation
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For each overlap, choose a unitary intertwiner

Uij : Hj — H;
such that for all O € A,
71'1(0) = UUTF](O)UJJ
Normalize U_ii = 1 and U_ji = U_ijt.
Lemma 6.10 (centrality on triple overlaps). On a triple overlap define

Qijr = UjjUUpg.
For all O € A;j,

Qijmi(0) = i (0)Qijk-

Proof. Conjugation by U_ki sends m_i(O) to 7_k(O), by U_jk to 7_j(O), by U_ij back to
7m_i(O). Thus conjugation by Q_ijk fixes 7_i(O), so Q_ijk commutes with 7=_i(O). QED.

Lemma 6.11 (gauge behavior). If U ij = V_i U ij V_jt with V_i acting trivially on
overlap observables, then

Qijk = Vz’szkViT-

In particular, if € ijk is central, its class is gauge invariant. QED.

2.2.6 Loop obstruction class (central defect)

Assume the defect is central, the overlap centers are identified with one fixed abelian unitary
coefficient group Zy, and overlap transport acts trivially on Zx. With Uj; = Ul-;l, define the
implementer-level multiplier by

Qijk = UijUjUki = ziji € Iy,

equivalently U;;Uji = 2;;xUsx. This is the abelian truncation of the full 2-group obstruction in
Section 3.4. The multiplier must be defined at the implementer level: Ad(z;;) is the identity for
central z;j;, and does not by itself record the defect.

Theorem 6.12 (central defect strictification and residual holonomy). The family
{2ijr} is an untwisted Cech 2-cocycle with coefficients in Zy, and its class [z] € H2(Ny,, Zy)) is
gauge invariant. On any quadruple overlap Pj;z;,

zjklzﬁdlziﬂzi;,i =1.

A central edge rephasing by a cochain in C'(Nx, Zx) removes every triangle defect iff [2] = 0.
After such a rephasing, write Uf]'?r for the resulting genuine edge 1-cocycle. Let C, be the full
transported charge block, including its carrier and multiplicity /intertwiner data. Loop-coherent,
endpoint-only transport exists on that block iff, in addition,

Hol,, e (]) = U3

s |Ca =1c, for every [y] € m1(|Nx|, ix).
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Thus strict path independence is equivalent to the combined conditions [z] = 0 and trivial repre-
sented holonomy for one allowed strictification.

Proof. The fixed-coefficient and trivial-action hypotheses place every multiplier in the same
group Zy. Associativity compares (U;;jUji)Uy with U;(U;,Uy) on a quadruple overlap. Sub-
stituting U;jUj,, = 2;xUi gives the displayed Cech cocycle identity. A vertex-frame change
Uij — ‘/Z-UijVjT conjugates z;;i, as in Lemma 6.11, and therefore leaves a central multiplier un-
changed. Separately, a central edge rephasing U;; ai_leZ-j, with a € C'(Nyg, Zs), replaces z by
the corresponding Cech coboundary. Hence [z] = 0 is equivalent to removing all triangle multipliers
by a central 1-cochain. This yields a strict 1-cocycle, not automatically endpoint-only transport.
For two paths p,p’ with the same endpoints, the remaining discrepancy is the holonomy of the
closed loop p'~1p; it vanishes for every pair exactly when the displayed holonomy representation
on C, is trivial. Conversely, strict path independence makes every triangle comparison and every
represented closed-loop action trivial. QED.

If overlap transport acts nontrivially on a local system of centers, the same comparison con-
tains the transported factor ¢;;(zjr) and must be written with the corresponding twisted Cech
differential; that branch is not the untwisted theorem stated here.

2.2.7 EFT reduction to anomaly cancellation

Assume ExtEFT: a low-energy 3+1D chiral gauge theory exists with group G. Then the obstruction
class [z] is structurally analogous to the EFT 't Hooft anomaly class and is expected to map to it
after a separate anomaly-descent construction. That map lies outside this manuscript, so [z] = 0 is
used here as the internal triangle-defect strictifiability condition rather than a proved equivalence
to EFT anomaly cancellation; the separate trivial-holonomy condition of Theorem 6.12 is required
for transportability.

2.2.8 Hypercharge from anomaly freedom and Yukawas

Theorem 6.13 (Hypercharge from anomaly freedom and Yukawas). Assume gauge group
SU(N_c) x SU(2) x U(1)_Y and one generation of left-handed Weyl fermions (Q, u®, d°, L, ),
with a compatible scalar charge and Yukawa channels

QHu®, QH'd°, LHTeC.

Then anomaly freedom and Yukawa invariance fix the hypercharges up to an overall normal-
ization, yielding the Standard Model pattern for N_ ¢ = 3. Simultaneous reversal of all charges is
the conventional charge-conjugation choice. In the OPH application, the conditional finite matter
certificate derives the conjugate rank-15 projector pair and scans the compatible scalar charges and
Yukawa channels. It does not fix scalar attachment or multiplicity.

Proof. Yukawa invariance gives

Yo=—Yo+Yy), Yyg=-Yo+Yy, Y.=-Y,+Yy.
Anomaly cancellation yields

SU2)2U(1): N.Yg+ Yy =0,
grav’U(1):  2N.Yg + N.Y, + N.Yq +2Y, + Y, = 0.

Solving gives
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YL =-NYy, Yu=NYy, Yyu=-(N.+1)Yy, VYy=(N.—1)Yy, Y.=2N.Yo.

With these relations, SU(N_c)?U(1) and U(1)? anomalies vanish automatically. Fixing the
normalization by Q = T3 + Y and Q(v_L)=0 gives

1
Yo = .
@7 9N,
For N_c = 3,
1 1 2 1 1
Yo=-, Y ,=—, Y.=1, Y, =——, Yy=-, Yyg=-.
Q 6’ L 9’ e ) u 3’ d 3’ H 9

Without the compatible Yukawa channels, the cubic anomaly leaves two discrete branches (Y__u,
Y _d exchange). The channel scan selects the compatible scalar charge branch. It does not select
scalar attachment, multiplicity, or a one-Higgs completion. QED.

Corollary 6.13a (Exact rational hypercharges). With the conditional N, = 3 of Corollary
6.6b and one fixed overall charge convention, the hypercharge assignments are uniquely fixed to
exact rational values:

Yo = Yi=-1 Y,=-2% Y;=

1 1
6 3

Why this is convincing.

e These are exact rationals, not approximate numbers.

o Their ratios are fixed by anomaly freedom + Yukawa invariance, and the absolute lattice is
fixed by the standard normalization, with no continuous parameters to adjust.

e The resulting lattice coincides exactly with the Standard Model assignments on the declared
matter packet.

2.2.9 Witten anomaly on the realized color branch

Theorem 6.14 (Witten anomaly consistency on the realized color branch). On the
conditional one-generation package derived in Proposition 6.6a and Corollary 6.6b, the global SU(2)
anomaly is absent generation by generation.

Inputs.

1. The realized color factor is the SU(3) triplet from Corollary 6.6b.
2. The matter content per generation includes:

o one left-handed quark doublet QQ which is an SU(2) doublet and carries color,
o one left-handed lepton doublet L which is an SU(2) doublet and color singlet.

3. Witten's global SU(2) anomaly constraint (Witten, 1982): the number of left-handed
SU(2) doublets must be even.

Proof. Count SU(2) doublets per generation:

o Quark doublets: N_ ¢ copies (one per color),
e Lepton doublets: 1 copy.
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Total doublets per generation:

N+ 1.
Substituting the realized value N, = 3 gives

N.+1=4.

Witten anomaly cancellation therefore requires an even number of doublets, and the realized
branch satisfies it exactly:

4=0 (mod 2).

So the realized triplet-doublet package is globally consistent generation by generation. QED.

Role in the derivation. Under the conditional matrix current and matter typing, the finite
matter packet fixes N, = 3 and carries it into the anomaly and tensor-descent theorem. Witten’s
anomaly is a consistency check on that derived triplet-doublet package, not a residual selector that
upgrades oddness to 3.

Why this is convincing.

e It checks a global anomaly constraint on the conditional matter branch without introduc-
ing an additional selector.

e The parity constraint is independent of continuous parameters, RG running, masses, or
Yukawa values.

o It confirms that the realized SU(3) triplet plus lepton doublet package is globally consistent
generation by generation.

2.2.10 Bond-dimension constraint

In tensor-network or code realizations, gauge actions act on edge factors of size x, so emergent
compact gauge groups embed in U(x). For a faithful representation of SU(3) x SU(2), the general
minimal construction is the block sum 3 @ 2, giving only x > 5. The stronger bound x > 6 holds
only when the edge factor is required to be a single irreducible tensor-product carrier nontrivial
and faithful on both factors, whose minimal choice is 3 ® 2. That extra carrier hypothesis must be
declared; it does not follow from compact-group embedding alone.

2.2.11 Classical carrier modes and the quantum-particle criterion

An abstract compact group identifies a symmetry type, and a classical field equation identifies a
classical dynamical branch. Neither datum alone constructs a propagating quantum particle. The
following receipt separates those levels.

The upstream structural results remain separate receipts. Conditional on the compact-gauge
refinement receipt, Theorem 6.1 constructs the refinement-limit bosonic edge-sector category and
its compact group; a field-algebra realization with that group as a local gauge symmetry requires the
DHR/DR hypotheses (R1)-(R6) of Definition 6.1r. On the realized electroweak branch, a chosen
nonzero neutral Higgs vacuum wvector has stabilizer U(1)g, whereas its projective ray alone has
the larger two-torus stabilizer recorded above. On the gravitational side, Theorems 4.3c—4.3e and
5.1 conditionally supply the observer-facing geometry, effective Lorentzian spacetime, and classical
Einstein branch. None of these structural outputs supplies the action Hessian or quantum data
required below.
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Definition 6.18 (carrier-mode and quantum-particle receipts). Fix a structural invari-
ant speed c,. This is the common invariant null-cone conversion speed. Its representation as
299792458 ms~! is exact by the SI definition of the metre and is not a prediction of that deci-
mal magnitude. A classical massless carrier-mode receipt for a field gx consists of: (C1) a stated
background and phase; (C2) an explicit quadratic action with positive nonzero physical kinetic co-
efficient; (C3) a gauge fixing or constraint reduction with a finite physical projector IIx; and (C4)
a positive reduced Hamiltonian. Separately, the action Hessian restricted to the physical subspace

must have the form
K¥(w, k) = Zx (w? — Ak )1y, Zx > 0.

Equivalently, the free reduced Green function exhibits the action-level pole

iTlx/Zx
w? — 2k|2+i0°

D}))(hys(('W k) =

This receipt proves a classical massless carrier mode and the absence of an algebraic mass term in
that declared quadratic action. It does not prove a particle.

A quantum-particle receipt additionally requires: (Q1) a positive-energy vacuum quantization
and a physical Hilbert space obtained by constraint reduction or BRST cohomology; (Q2) a physical
two-point function whose Kéllén—Lehmann measure contains a positive-residue massless contribu-
tion

dpx (p?) = Z8" 6 (u?)dp® + dpe™ (i), Z¥%"° > 0;

or an equivalent joint energy-momentum spectrum containing a positive-residue p® > 0, p? = 0
mass shell (at fixed k, w = ¢, |k|); and (Q3) the stability/asymptotic-state or LSZ hypotheses
appropriate to the phase, including a deconfined asymptotic sector for a colored carrier. Only a
receipt passing (C1)—(C4) and (Q1)—(Q3) licenses a quantum-particle claim. A reconstructed group,
a connection label, or a classical field equation by itself fails this criterion.

Theorem 6.18 (action-level modes on the Maxwell, pure-Yang—Mills, and Einstein
branches). The following statements hold on the stated additional action and phase branches.

i. Electromagnetic branch. Suppose the source-free ordinary electromagnetic vacuum Jg =
0 has an unbroken U(1)g connection with the Lorentzian Maxwell action

1
So=——5 /FQ,WFg” d'z,  0< g} < oo,
4gQ

about the ordinary vacuum, with no Higgs, Stueckelberg, medium, or nonlocal quadratic mass
operator. In radiation gauge the reduced variables are the two transverse components and

1
Héf’—% JUEE +[BE)Es,  Kor = gg*(w* ~ IkP)Tlz,  ranklly =2,

Equivalently, covariant £-gauge gives

—ig2 k. k.,
DY (k) = 2 (nuu—(l—f) Z )

k2440 k% + 0

whose longitudinal part decouples from a conserved current. Thus this branch has two classical
massless electromagnetic carrier modes. Calling them photons requires the quantum-particle
receipt.
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ii. Pure Yang—Mills branch. Suppose a compact group G is supplied with the Lorentzian

iii.

two-derivative pure Yang-Mills action with 0 < g% < o0, expanded about the topologically
trivial background in a gauge A, = 0, in a perturbative or deconfined phase with no Higgs
condensate. Writing the perturbation as ay;, its quadratic action is

(2) Z/ )(auaa,u _ ayaa,#)d4x.

Lorenz gauge gives the standard covariant inverse, while Gauss’ law and radiation gauge leave
two transverse components per generator, with

2
3= 5 3 [ (B4 4B P2 0
with strict positivity on nonzero reduced finite-energy modes of k # 0 under the stated

boundary conditions. Their quadratic transverse kernel and free Green function are

,ng(')*abHT

kIl =2
w? — 2k|2+i0’ rens R

Kﬁlflfv{,T = 0"g7% (W — &Ik, D%\/{,T =

so there are 2dim G perturbative classical transverse modes and no hard mass in that
quadratic expansion. It does not produce a gauge-invariant asymptotic gluon. In the
confining QCD phase, and on a gauge-invariant Yang—Mills branch with a positive physical
gap, the colored free pole need not occur in the physical spectrum.

Pure Einstein branch. Suppose, in addition to the conditional smooth Einstein equation
on the physical effective-spacetime and curvature/stress identification branch, that the field-
content branch is the two-derivative Einstein—Hilbert action with G > 0 about a Minkowski
vacuum with A = 0, without higher-curvature kinetic terms, bimetric mixing, or extra
scalar /vector fields. After de Donder gauge and residual-gauge reduction, the two transverse-
traceless components obey

2 _ 1 TT\2 2 TT\2] 74
Stp = 641G [(afhij )T — C*(Vhij ) }d Z,
(2) 1 TT\2 2 TT\2] 43 HzTng;l T
Hyp = 764WG/{(8thij )"+ (Vhi;') }d v, Diji(k) g0 renkIlT =2

Thus the pure Einstein linearization has two classical massless spin-two wave modes on this
background. On a curved Einstein background the relevant statement is instead about the
Lichnerowicz operator and its boundary conditions; a Poincaré particle pole is not automatic.
The present OPH derivation does not construct the metric-field quantization, physical gravi-
ton Hilbert space, or positive-residue two-point pole required by (Q1)—(Q3).

Proof. For (i), expand the Maxwell action to second order. Gauss’ law removes the longitudinal
canonical pair, leaving two transverse polarizations with the displayed positive Hamiltonian and
dispersion w? = c2|k|?. Inverting the gauge-fixed Hessian gives the displayed covariant Green
function. For (ii), write Fj, = 0, A7 — 0, A, +0O(A?); the quadratic Hessian is one Maxwell Hessian
per Lie-algebra generator, while the nonabelian interactions begin at cubic order. For (iii), the
second variation of the Einstein—Hilbert action is the Fierz—Pauli kinetic form. De Donder gauge
and its residual gauge freedom reduce it to the transverse-traceless action shown, with the + and x
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polarizations. These Hessian calculations establish (C1)—(C4). None constructs the quantum data
in (Q1)—(Q3), so no unconditional particle conclusion follows. [J

Corollary 6.18a (conditional particle interpretation). If a branch in Theorem 6.18 is
also supplied with its quantum-particle receipt, its positive-residue &(u?) term defines a massless
particle pole with the displayed physical polarizations. Without that receipt, this paper claims only
the corresponding classical or perturbative carrier mode. In particular, the Tannaka group alone
does not imply a Maxwell kinetic term or deconfined phase, and the classical Einstein equation
alone does not imply a graviton state.

Hard-term versus physical-spectrum boundary. The vanishing quadratic parameters
NZ},quad’ ,u%(M’quad, and M]%DH,TT in the displayed actions are action-level statements, not universal
exact particle masses. Gauge or diffeomorphism redundancy can coexist with Higgs/Stueckelberg
completions, plasma or medium self-energies, confinement, higher-derivative poles, bimetric sectors,
or additional massive fields. Excluding those possibilities requires the declared field-content and
phase hypotheses rather than the symmetry label alone.

2.2.12 Quotient-protected charge quantization

Theorem 6.19 (Conditional charge quantization for packet representations). If the max-
imal faithful matter image is

SU(3) x SU(2) x U(1)
Zg ’
as fixed in Proposition 6.6 by tensor descent on the derived projector pair, and if one separately
assumes the electroweak branch with Q =75+ Y, then

Gpacket =

Every color-singlet packet representation has integer ()-charge.

Equivalently, the conditional representation packet contains no color-singlet representation with
charge such as +1/3. This statement does not establish QFT realization or a physical particle
spectrum.

Proof. The Zg quotient identifies the center elements (e”{27i/3}, -1, e"{in/3}) € SU(3) x
SU(2) x U(1) with the identity. For a color-singlet state (7 = 0), the SU(3) factor acts trivially.
The resulting identification requires the SU(2) x U(1) quantum numbers to satisfy

(_1)2j . eiﬂn/B =1,

where j is the SU(2) spin and n = 6Y is the integer hypercharge label. This gives n = -6j (mod
6), i.e., n = 0 (mod 6) for integer j and n = 3 (mod 6) for half-integer j. Equivalently: Y is integer
when j is integer, and Y is half-integer when j is half-integer.

After electroweak breaking, Q = T3 + Y. For integer j, Tg € Z and Y € Z, so Q € Z. For
half-integer j, T3 € Z + 1/2 and Y € Z + 1/2, so Q = (half-integer) + (half-integer) € Z. In both
cases, Q € Z. QED.

Experimental bound: No fractionally charged color-singlet particles have been observed.
Three independent high-precision bounds confirm this:

1. Neutrality of matter (PDG 2024): The proton-electron charge sum satisfies
lgp + qel/e < 1 x 1072,

confirming charge quantization to 21 decimal places.
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2. Fractional charge searches in bulk matter: Silicone oil drop experiments limit fraction-
ally charged particle abundance to

(fractionally charged particles)/nucleon < 10722,

3. Collider searches (CMS, PRL 134, 2025): Exclusions for stable particles with ¢ € [e/3,0.9¢]
up to masses ~ 640 GeV (95% CL).

Existing searches are consistent with this conditional structural consequence.
The representation-theoretic implication is exact under its stated response and electroweak
premises. The searches do not discharge those premises or establish a QFT realization.

2.2.13 Coupling extraction from edge-sector probabilities

The edge-center completion (Theorem 2.3) yields sector probabilities p_« on collar boundaries.
These probabilities encode the renormalized gauge coupling through a heat-kernel/Laplacian weight-
ing law.

Abelian case (Z_n). For a Z_n gauge theory, the edge sectors are labeled by charge q € {0,
1, ..., n-1}. The correct "Casimir" eigenvalue is the Laplacian eigenvalue of the boundary random

walk:
Ag = 4 sin? (Wq) .
n

Note: only in the limit n — oo and q < n does A\_q ~ (27q/n)? « q2. For finite n, the exact
form is essential.
The sector probabilities follow a heat-kernel law:

Pg X e—t(#p\q’

where t(u) is the dimensionless heat-kernel parameter encoding the renormalization scale. It is
distinct from the BW modular parameter and from operational time. The extraction formula is:

t(p) = —log(iz/ ) g = t;/;)

Consistency requires that t extracted from different charges q agrees; this is probed by finite
diagnostics (see Section 6.14), without a limit or general validation theorem.

Electric-center measurement. The edge sectors are measured using the electric-center pre-
scription. For a region A and boundary vertex v € JA, define the restricted star operator:

V= II X

Lestar(v)NA

where X_ £ is the shift operator on link ¢. The sector projectors are:

n—1
Pv,q = % Z w™™ (Qq()A))ma W= 627ri/n,
m=0

and the probabilities are p_ {v,q} = (P_{v,q}). This electric-center operator, built from X's
rather than Z's, correctly captures the boundary gauge charge/flux that labels entanglement edge
sectors.
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Non-abelian generalization. For SU(N) gauge theories, the edge sectors are labeled by
irreducible representations with probabilities:

p; o dj e—t(u)CQ(j)7

where d__j is the dimension and Cs(j) the quadratic Casimir. Extraction:

Hp) = log(po/doéz—(jlfg(pj/dj)’ o) = tg;) _

Theoretical derivation. The fixed-cutoff same-overlap edge law is carried by the finite mi-
crophysics model once the declared overlap-sector projectors, reversible thermal branch, and quasi-
local local-Gibbs generator of Theorem 2.6 are in hand. On this synthesis surface, the point is to
summarize that fixed-cutoff model package and to state the refinement/Peter—Weyl lift boundary
explicitly rather than to relocate the leaf-level finite calculation. The finite calculation is not a
physical federation, source-instrument, or support-S? receipt. The Laplacian spectrum selection
and the one-sided sector rank do not follow from MaxEnt, gauge invariance, and locality alone;
both are named hypotheses of the theorem.

Theorem 6.20 (Fixed-cutoff edge-sector law and refinement lift boundary). Under
the OPH axioms, the fixed-cutoff overlap-gauge realization of Sections 2.3 and 3.2, the quasi-local
local-Gibbs form supplied by Theorem 2.6, and hypotheses (EH-1) and (EH-2) below, the regulated
same-overlap edge-sector probability distribution satisfies:

dR e—tAR

- ER’ dp et g

where A_R is the Laplacian eigenvalue on the R-isotypic component and t is determined by the
collar Gibbs parameter.

Hypothesis (EH-1, edge Hamiltonian). The MaxEnt edge generator is the factorwise group
Laplacian, Hegge = Ag (for a product group G = []; G, a positive combination Y, c;Ag;); the
separate Gibbs parameter is t. For finite groups, the scalar formula below assumes that the declared
Cayley generating multiset is conjugacy-invariant and inverse-symmetric (with real weights), so its
convolution Laplacian is central and self-adjoint: Ag = |S|—(1/dRr) > scg Xr(s). Without centrality
the Fourier transform is a matrix on each irreducible block and the character average is only its
normalized trace, not a sector eigenvalue. This is a declared microphysics input, not a MaxEnt
consequence: gauge invariance and the Gibbs form force only Heqge = > hrPr, and any function
of the sector label (for instance hg = Co(R)?, or a finite projector energy) is gauge invariant and
realizable by a spatially local lattice Hamiltonian at fixed cutoff. Differential order on group space is
not spatial finite-range locality, so no locality argument excludes those alternatives. Within second-
order bi-invariant differential operators the Laplacian is unique up to the stated scale freedom, and
the appendix supplies a model-specific mechanism that derives (EH-1) for one declared Markov
chain: a proposal kernel with weighted symmetry and a Casimir acceptance rule has the stated
law as its stationary distribution. That derivation covers that chain, not every OPH/MaxEnt edge
branch. Universality of (EH-1) across branches is not proved; Section 6.14 provides numerical tests.

Hypothesis (EH-2, one-sided edge algebra). The probability space is the one-sided
electric-center edge algebra Acqge = @r B(Vr), the Gauss-law constrained algebra visible from
one side of the cut, on which the sector projector has rank dr. The convention is fixed here once:
on the full two-sided space L?(G) & @ Va® Vg the R-isotypic projector has rank d%, and a Gibbs
trace taken there gives sector weights o d%{e*t’\ff (the closed-surface partition sum > p d%e*tCQ(R)
is that two-sided object). The dg law of the theorem is a statement about the one-sided algebra and

Pr
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is not obtained by tracing the two-sided Gibbs state, since the two-sided reduction keeps weight
d%e‘“‘R. (EH-2) declares the one-sided state assignment directly, consistent with the Markov
normal form in which the edge factor on one side contributes log dg to the entropy.

Proof.

Step 1 (Edge Hilbert space). From the fixed-cutoff overlap-gauge realization, the edge degrees
of freedom at a boundary circle ¥ = 9C live in a Hilbert space transforming under the gauge
group G. Microscopically this is a finite-dimensional quantum-link edge space on the declared
overlap interface; the effective representation-theoretic description used only for the refinement lift
is modeled by L?(G) with its Peter-Weyl decomposition [72], and the physical one-sided carrier is
the (EH-2) algebra.

Step 2 (Gauge invariance). The Gauss law constrains physical states. For an entanglement cut
at X, the physical edge observables from one side decompose sectorwise as Acqge = @ B(VR) by
(EH-2).

Step 3 (Edge Hamiltonian). By (EH-1) the MaxEnt generator restricted to edge modes is
Heqge = Y p ArPr with Pg the (EH-2) sector projector of rank dp.

Step 4 (MazxEnt selection). MaxEnt with the (EH-1) generator selects the Gibbs state on the
(EH-2) algebra:

1 _ 1 _
Pedge = 26 tHedge — E ;6 tARPR.

Step 5 (Sector probabilities). The probability of sector R is pr = Tr(pedge Pr), and on the (EH-2)
algebra Tr P = dR, so

dR eft)\R

PR = 7

QED.

Scope. The fixed-cutoff same-overlap derivation is the theorem-bearing part of the edge-law
package, conditional on (EH-1) and (EH-2). The quasi-local local-Gibbs generator used here is
derived from Theorem 2.6 on its faithful/interior branch: if MaxEnt constraints are expectations
of finitely many quasi-local operators and the prescribed moment vector is in the relative interior,
the entropy maximizer is a finite-multiplier Gibbs state with a quasi-local generator. Boundary
optima require support restriction and do not enter this branch. The additional representation-
theoretic step summarized here is the compact-group / Peter—Weyl refinement lift. The Casimir-
ratio predictions, coupling extraction, ag closure, and the 2D-YM /worldsheet bridge downstream
of this law are valid on models satisfying (EH-1)/(EH-2), not as consequences of the listed axioms
alone; the numerical tests of Section 6.14 probe (EH-1) on explicit models. Model-family uniqueness
and large-edge continuations have their own claim boundaries.

Normalization anchor: 2D Yang-Mills. The parameter t can be exactly matched to a
conventional coupling in 2D Yang-Mills, where the physical Hamiltonian is literally the group
Laplacian:

2 2
H = —%A& Agxr=—-C2(R)xr = Ep= %CQ<R)-

Euclidean evolution for "time" A (the area of a cylinder in 2D YM) gives weight(R) o exp(-A
E_R) = exp(-gZ A C3(R)/2). Comparing with the heat-kernel expansion K_t(U) = ¥_R d_R
x_R(U) e"{-t C2(R)} yields the exact identification:
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g°A
tphys = 5 (in 2D YM, no ambiguity).

This shows that the Laplacian + MaxEnt — heat-kernel structure is exact in a solvable two-
dimensional Yang-Mills case. The coefficient in front of C, is fixed. This normalization anchor is a
two-dimensional edge-theory check, separate from The Standard Model gauge paper’s conditional
support-visible compact-gauge repair-gap theorem. In any regime where the edge theory reduces
to an effective 2D YM with known "Euclidean thickness" A_ eff:

20y 2 Agw
T = G OBy

and the RHS must be R-independent. This R-independence is an internal precision consistency
test; the formula itself is the normalization map that connects t to the conventional gauge coupling.

2.2.14 Numerical diagnostics of the heat-kernel law

The heat-kernel /Laplacian weighting of edge sectors is probed in explicit 2D Z_ n gauge models on
closed geometries.

Model. A 2x2 periodic lattice gauge theory (8 links) with Z_ n link Hilbert spaces and Hamil-
tonian:

H=-KY Re(B,) —h> Re(X;) —TY Re(4,),
P 1 v

where X_ ¢ is the Z_ n shift on link ¢, B_p is the oriented plaquette operator (product of Z's
around plaquette p), and A_ v is the oriented star/Gauss operator (outgoing X, incoming Xt).
With K = 1 and T" = 5, the ground state satisfies (A_v) = 1 at all vertices to numerical precision.

Region and edge operator. Region A consists of links whose tail has x = 0 ("half-lattice"
cut). At each boundary vertex v, the electric-center edge charge is the restricted star Q_ v"{(A)}
= [L_{¢ € star(v) N A} X_¢"{£1}.

Results for Zs. With \; = 4sin?(7/2) = 4:

h Po P1 t g ent
0.5 0.8266 0.1734 0.391 0.249
1.0 0.9612 0.0388 0.803 0.357
2.0 0.9917 0.0083 1.194 0.436

Zo has a single nontrivial Laplacian eigenvalue, so a one-parameter fit of t can always be made
exactly for any admissible nontrivial weight. The Zs table is therefore an implementation and
convention check, not a test of the heat-kernel form.

Results for Z3 (symmetry-forced consistency check). With \; = \y = 4sin?(7/3) = 3:

h Po p1 P2 t(q=1) t(q=2) g _ent m_plaq
0.2 0.4395 0.2803 0.2803 0.1500 0.1500 0.154 2.22
0.5 0.7509 0.1245 0.1245 0.5989 0.5989 0.309 1.75
1.0 0.9606 0.0197 0.0197 1.2956 1.2956 0.454 4.07
1.5 0.9851 0.0074 0.0074 1.6288 1.6288 0.509 7.06
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h Po p1 P2 t(q=1) t(q=2) g ent m_plaq
2.0 0.9921 0.0039 0.0039 1.8440 1.8440 0.542 10.10

Both equalities in this table are forced by symmetry before any heat-kernel ansatz is imposed.
The equality p1 = p2 is exact charge-conjugation symmetry in Zs, and the two nontrivial Fourier
modes share the degenerate eigenvalue Ay = Ay = 3, so extracting t from q = 1 and q = 2 must give
the same value for any conjugation-invariant distribution. The observed agreement (t_{q=1} ~
1.2956389318579 versus t_ {q=2} ~ 1.2956389318521 at h = 1.0, i.e. ~107*4) therefore validates the
implementation and the symmetry conventions only; it cannot distinguish the heat-kernel form from
an arbitrary conjugation-symmetric distribution on Zj3, and it is not counted as an independent
confirmation of the heat-kernel law. The substantive overconstrained tests are the Zs and S3
calculations below, which involve two distinct nonzero eigenvalues.

Region-choice stability. At h = 1, the extracted g_ent is nearly independent of region size:

o 2 links (one vertex's outgoing links): g ent =~ 0.453
o 4 links (half-lattice): g ent ~ 0.454
o 6 links (three vertices): g_ent ~ 0.453

The closeness of these three values is consistent with near-cut dominance on this finite torus.
Three region sizes on one 2x2 geometry do not isolate locality or control complement, symmetry,
or finite-size effects.

Results for Zs (golden ratio test). The Zj case provides a stringent test because the
Laplacian eigenvalues have a distinctive ratio involving the golden ratio ¢ = (14 \/5) /2:

7761) ’ A sin?(72°) — % ~ 2.618.

A = 4sin? (4 f2 _ Sl
¢ = 25 (5 N sin?(36°)

This ratio distinguishes the Laplacian law from naive alternatives: a linear model (A_q x q)
would predict ratio 2, while a quadratic model (A_q o q?) would predict ratio 4.

Direct diagonalization of the displayed Hamiltonian on the full 2x2-torus link basis (5° states,
K =1, ' = 5), measuring the restricted-star edge charge at a boundary vertex of the half-lattice
region, gives:

h Measured ratio Deviation from ¢?
In(p2/po)/In(p1/po)

0.50 2.876 9.9%

0.20 2.750 5.1%

0.10 2.671 2.0%

0.05 2.643 1.0%

Across the four displayed weak-field samples, the measured ratio moves toward the golden ratio
squared and the deviation decreases monotonically as h decreases. No limit proof, asymptotic error
bound, or interval enclosure is provided, so these points do not establish convergence as h — 0.
(The table reports the direct link-basis run, reproducible with the held-out validation script in the
public edge-sector code; a dual/flux-basis parameterization carries a tabulated parameter that runs
opposite to the h of the displayed Hamiltonian and is not used.) The test is overconstrained at
each sampled point: Zs has two distinct nonzero eigenvalues, t is fitted on the q = 1 sector alone,
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the q = 2 weight is a held-out comparison, and the deviation column reports that residual. Its
decreasing values are finite-model numerical evidence consistent with the Laplacian structure, not
a convergence certificate.

Significance. This supplies finite-model numerical evidence for the law (sector probabilities
weighted by Laplacian eigenvalues) on the declared 2D gauge-invariant fixtures with non-flat sector
distributions. Because the nontrivial Z3 eigenvalues are degenerate, the Zs test (and the Sg test
below) is the more informative overconstrained comparison. Neither calculation proves a weak-field
limit, validates the law generally, or transfers it to SU(2)/SU(3).

Results for S (first nonabelian test). The abelian tests above use charge-sector projectors
that reduce to Fourier modes. For nonabelian groups, the edge-sector projector must be generalized
to character projectors:

v,R ’G‘ Z XR (A)(h)
heG
where d_ R is the dimension of irrep R, xR is its character, and Q_ v"{(A)}(h) is the restricted
gauge action at boundary vertex v acting only on links in region A.
For S3 (the smallest nonabelian group, order 6), there are three irreps: trivial (d=1), sign (d=1),
and standard (d=2). The Cayley-graph Laplacian eigenvalues for the transposition generating set
are:

)\triv = 07 )\sign = 67 )\std =3.

Exact reduction on one plaquette. For the single-plaquette model (4 links), imposing
Gauss's law at all vertices means the physical wavefunction depends only on the plaquette holon-
omy's conjugacy class. Since Sg has exactly 3 conjugacy classes, the gauge-invariant Hilbert space
is 3-dimensional, spanned by the character states {|x__R)}. In this basis, the edge-sector probabil-
ities are exactly p_R = |c_R/|? where 1)) = ¥_R c¢_R |x_R). This is an exact identity for the
one-plaquette gauge-invariant sector.

The heat-kernel ansatz predicts p_ R o< d__R exp(-t A_R). Extracting t independently from the
sign and standard irreps provides an overconstrained test: the ratio A\_sign/A_std = 6/3 =2 is a
parameter-free prediction. Results from a single-plaquette S3 lattice gauge model (K=1, I'=>5):

h p_ triv p_sign p_std  t (sign) t (std) At/t  log-ratio
0.5 0.909 0.0013 0.089 1.09 1.01 8.4% 2.17
1.0 0.980 7.5x107° 0.020 1.58 1.54 2.8% 2.06
2.0 0.996 4.3x10° 0.004 2.06 2.04 1.0% 2.02
5.0 0.9993 1.0x107  0.00066 2.68 2.67 0.3% 2.006
12 0.9999 3.0x107 0.00011 3.27 3.27 0.1% 2.002
100 1.0000 6.1x10°13  2.0x10°° 4.69 4.69  0.009% 2.0002

The "At/t" column shows the fractional difference (t_sign - t_std) / t. The "log-ratio" column
shows log(p_sign/po) / log(p_std/(2 po)), which should equal \_sign/A_std = 2 if the heat-kernel
form holds exactly. Equivalently, t is fitted from the standard sector alone and the sign-sector weight
is a held-out prediction; log-ratio minus 2 and At/t are the held-out residuals. Unlike Zs, the two
nonzero eigenvalues are distinct (6 versus 3), so no symmetry forces this agreement.

Across the six displayed samples, both residuals decrease as h increases: At/t falls below 107
and the log-ratio moves toward 2.000. No limiting theorem, monotonicity proof, finite-size error
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bound, or interval enclosure is supplied, so this finite trend does not establish convergence or
exactness in a perturbative limit.

This is a nonabelian finite-model diagnostic of the edge-sector extraction mechanism. Charac-
ter projectors, Cayley-graph Laplacian eigenvalues, and an overconstrained t extraction provide a
template for SU(2) and SU(3), but the S3 samples do not transfer the law to either continuous
group.

Parameter-free predictions for SU(2) and SU(3). The heat-kernel law yields exact,
parameter-free ratio predictions that require no scheme matching. Define the "Casimir log-gap":

(P (PR
AR =In (do) In (dR> tCQ(R).

Ratios of A_R cancel all unknowns (t, partition function):
Ar, _ Co(R)
Agr,  Cy(R2)

SU(2) predictions. Irreps labeled by spin j have d_j = 2j+1 and Ca(j) = j(j+1). The framework
predicts:

(exact, parameter-free).

o« Ai/A)s = 2/(3/4) = 8/3 ~ 2.667
o Az/o/A1/2 = (15/4)/(3/4) =5
e« As/a/A; = (15/4)/2 = 15/8 = 1.875

SU(3) predictions. Irreps labeled by Dynkin indices (p,q) have Ca(p,q) = (p? + q? + pq + 3p
+ 3q)/3. Using the fundamental 3 = (1,0) with Co = 4/3 as the reference:

e Ag/As =3/(4/3) = 9/4 = 2.25

e Ag/As = (10/3)/(4/3) = 5/2 = 2.5
e Arp/As = 6/(4/3) =9/2 = 4.5

o Ai5/A3=(16/3)/(4/3) = 4

o Ag7/A3=8/(4/3) =6

These are the SU(2)/SU(3) analogs of the Zs golden-ratio test: exact rational numbers fixed
entirely by group theory, with no adjustable parameters.

SU(3) custody boundary. No committed producer, input fixture, receipt, or regression
test supports the earlier truncated one-plaquette SU(3) numerical table or its weak-coupling ex-
trapolation. Those numbers are therefore withheld from the scientific result surface. The exact
SU(2)/SU(3) Casimir ratios above are conditional algebraic consequences of the heat-kernel ansatz,
not source-selected coupling predictions. A quantitative SU(3) diagnostic requires a committed
producer, truncation and convergence controls, a replayable receipt, and an independently checked
error model.

Finite diagnostic summary. The finite-group calculations separate into symmetry-forced
implementation checks and overconstrained finite comparisons:

o Zg, Z3: implementation and convention checks. Zg has one nontrivial eigenvalue (one param-
eter, one datum); in Z3 the equalities p; = pe and t_ {q=1} = t_ {q=2} are forced by charge
conjugation plus the degenerate eigenvalue A\; = o, so the ~10'4 agreement is expected from
symmetry alone
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e Zs: overconstrained golden-ratio test (A2/\; = ¢, two distinct nonzero eigenvalues), held-out
residual 1.0% at h = 0.05, with residuals decreasing across the four displayed samples as h
decreases from 0.50 to 0.05

o Sj: overconstrained nonabelian Casimir log-ratio test (A_sign/A_std = 2), held-out residual
0.01%

The Z3 equality is forced by symmetry and is retained only as a regression check of the imple-
mentation; it is not an independent confirmation of the heat-kernel law. The Z5 and S3 calculations
are more informative finite diagnostics: each fits t using fewer spectral sectors than it compares,
involves two distinct nonzero eigenvalues, and reports a held-out residual. Across the displayed
samples those residuals decrease in their reported scan directions. No limit theorem, monotonic-
ity proof, interval enclosure, controlled truncation error, or continuous-group transfer is supplied.
These calculations test the finite implementation of the proposed "MaxEnt + Laplacian => heat-
kernel sector weights" mechanism; they do not validate it generally or for physical SU(2)/SU(3).
A self-contained held-out refit script for the finite-group models is provided with the public code
bundle; it fits t on a declared subset of sectors and prints held-out residuals for the remaining
sectors.

2.2.15 IBM Quantum Cloud engineering checks

The IBM Quantum Cloud runs form an engineering and reproducibility data set. They test prepa-
ration and readout of OPH-motivated reduced-sector structures on superconducting-qubit devices,
together with a programmed record-gated controller against restricted controller nulls. Standard
quantum mechanics predicts every prepared state and dynamic circuit in the data set. The runs
therefore have no power to distinguish OPH from quantum mechanics, regardless of shot count or
blinding quality. Evidentiary use requires a source-closed observable for which OPH and quantum
mechanics give different numerical predictions with an identifiable effect size.

Detailed circuits, representative derived summaries, the complete blinded-run receipts, and
rerun instructions are public in the canonical code and data archive, beside the executable producers
and frozen run records.

« Stage 1 (Markov/recoverability benchmark). On ibm_marrakesh and ibm_fez, the
structured state reconstructs below both controls in conditional mutual information and above
both controls in Petz fidelity. On ibm_marrakesh, the observed ordering is 0.2309 < 0.3890 <
0.9474 for CMI and 0.9297 > 0.8649 > 0.6066 for Petz fidelity; on ibm_fez, it is 0.1498 <
0.4992 < 0.9166 and 0.9479 > 0.8117 > 0.6449. This reproduces the programmed ordering on
two real backends; the Petz calculation is offline and the result is not theory-discriminating.

o Z3 hardware sanity check. The two-sector Z3 extraction (whose two-sector agreement is
expected a priori from the degenerate eigenvalues and charge-conjugation symmetry, so this
is an implementation check, not an overconstrained test) passes cleanly on hardware: across
prepared t = 0.30,0.60,0.90, the mean extracted ¢ is within about 0.02 of the target, the two
independent extractions agree to within 0.0142, 0.0034, and 0.0043, and leakage stays below
0.1%. This shows that the reduced-sector preparation and readout path is internally coherent
on-device before sharper ratio claims are interpreted.

e Zs exact-ratio preparation. The programmed target is As/A; = ? ~ 2.618. The
measured values span approximately 2.407 to 2.878, and the focused high-shot ¢t = 0.90
interval lies below the exact target. Because the target amplitudes are directly prepared, QM
predicts the same ideal ratio.
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e S3 nonabelian layout diagnostic. The first hardware run revealed a real layout-dependent
bias. Reversing the qubit layout moved the mitigated ratio from 1.8724 to 2.0299, and a repeat
returned 2.0657. Because the better mapping was selected after observing the bias, this is a
post-hoc device diagnostic rather than a blinded confirmation.

These runs document preparation, readout, layout, and feedback engineering on real devices.
They add no evidence for OPH over standard quantum mechanics because the two descriptions
make identical predictions for the implemented interventions. Their role is reproducibility and
controller validation.

2.3 Gauge-chain theorem and falsification boundary

The finite carrier calculation derives the incidence polynomial for J, the target-blind response
R = —J, and its relative sector signs. Complete reversible port response and endogenous overlap
transport force the local Standard Model gauge Lie algebra su(3) @ su(2) @ u(1). The declared
matrix current is an exact conditional realization. Given that realization, the declared fermionic
Spin category, and rank-15 matter projector pair, the matter certificate derives anomaly balance,
exact hypercharge up to conjugation, three colors, the common Zg tensor kernel, and the maximal
faithful matter image. The Lie-type theorem and the conditional matter theorem have separate
premise sets.

The registered adjacency recurrence and inverse-port readback generate the four-dimensional
commutative word algebra span{I, A, A2, A3}. They cannot reconstruct twelve independent gen-
erators, a nonzero bracket, or nonidentity proper rechartings. This is a bounded statement about
that response packet. A source-positive current requires order-sensitive port perturbations and
closed overlap words on the same carrier. Twelve diagonal phases have an abelian bracket, while
adjoining connected adjacency generates u(12) with derived rank 143. Conditional on the canonical
oriented carrier, the complete target-free equivariant alternating-bracket space over Q has dimen-
sion fourteen and an exact rational basis. It selects no Jacobi bracket, compact current, source
reconstruction, or same-current holonomy [24, 25].

Four central global forms act consistently on the same local tensors: the cover and its Zo, Z3, and
Zg quotients. The kernel theorem identifies the maximal faithful local matter image. The six-axis
artifact computes an order-six flux menu after its coefficient relations are declared. This conditional
menu matches the Zg quotient and carries the declared matter single-valuedly. It does not select
the physical global form. Source selection of the relation lattice, character-category completeness,
and a same-source loop-to-kernel identity are not supplied. Laboratory identification of the current
and flux sectors, four-dimensional instanton normalization, theta periodicity, monopole dynamics,
equality between the finite current and the categorically reconstructed group, scalar attachment and
multiplicity, physical matter-pole and continuum identification of the conditional rank-45 candidate,
selection of the local matter action, cross-domain Spin transport, and quantum field realization are
not supplied.

The order-six seam classification keeps two actions separate. Every pure-hypercharge character
is enumerated: the fixed-space dimension menus are {15,7} at order two, {15,3} at order three,
and {15,7,3,1} at order six. Particular nontrivial characters give the dimensions 7, 3, and 1. The
canonical diagonal Zg quotient kernel acts trivially on all fifteen realized matter states. These
are different representations of the same abstract cyclic order. Refinement preserves the classified
actions. The finite calculation selects no physical seam character, flux action, or 2-representation,
and it does not exhaust every possible seam grammar.
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The gauge result fails if the incidence identity, target-blind response, equivariant lift, anomaly
scan, tensor-character enumeration, or refinement persistence receipt fails its registered negative
controls. The categorical route fails outside its combined strictification, trivial-holonomy, localiza-
tion, and refinement/fiber receipts.

A Technical Details for the Specialist Derivations

This appendix carries the structural gauge details that support the Standard Model derivation.
It sharpens the product-group, baryogenesis-boundary, effective-worldsheet, and compact-gauge
Yang—Mills surfaces without widening the recovered core beyond its stated branch conditions.

A.1 Product-Group Structural Corollaries

Theorem A.1 (Conditional factorization from product data). Assume a declared compact product
group G = G x G x G3, the corresponding one-sided edge algebra with factorizing trace, and a
factorwise quadratic-Casimir generator

1 2 3 . j j
Hy=HY) + HY + HY)  with  [HY, HY] =0,
then 5
p(R17 R27 R3) X H dRie_tiCQ(Ri)'

i=1
This is a forward implication. Factorized weights on one represented state do not reconstruct a
product group, and a product group may carry coupled invariant constraints that do not factorize.
Conversely, a product-group reconstruction is licensed when the symmetric tensor category has a

factorization Sect ~ X;Sect;, each factor carries a faithful symmetric tensor fiber functor F;, and
the reconstructed functor is identified with W;F;. Under those hypotheses,

Aut®(F) = H Aut®(F).

Applied to the assumed transportable refinement-directed edge-sector colimit on the realized branch,
together with the rigid symmetric C*-tensor and faithful bosonic fiber-functor conditions of the
compact-gauge theorem, Tannaka—Krein reconstruction first yields some compact group G. The
displayed hypotheses alone do mot select its Lie type. If, independently, the finite local-Lie-type
theorem and its category/current identification certify the two nonabelian factors as SU(3) and
SU(2), and the charge theorem certifies one connected U(1) factor, then the connected realization
is SU(3) x SU(2) x U(1) up to the separately computed finite kernel.

Corollary A.2 (No simple-GUT X/Y gauge channel). On the independently certified connected
SU(3) x SU(2) x U(1) realization (up to its finite kernel) and the declared twelve-dimensional
current algebra, the adjoint representation is

(8,1,0) ® (1,3,0) @ (1,1,0),
equivalently the derived nonabelian adjoint is

(8,1,0) @ (1,3,0).
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There are therefore no gauge generators in mized representations (3,2,45/6), i.e. no simple-GUT
X,Y bosons on the declared product branch. The repository instance is the declared charged-double-
triplet current fixture on the certified twelve-port carrier; its physical source gate is false, so the
corollary is a representation-theoretic identity of the declared type, with no identification with the
physical Standard Model gauge group. It excludes the ordinary X/Y exchange channel inside the
twelve-dimensional current algebra. Heavier XY -type modes outside that algebra, scalar mediators,
and every other gauge-mediated ultraviolet mechanism stay open. General proton stability and a
proton lifetime require separate baryon-violating operator and ultraviolet data.

Conditional on the declared one-generation matter table and its baryon and lepton labels, an
exhaustive dimension-six census makes that boundary exact. Four Hermitian-conjugacy classes
survive the gauge, Lorentz, and diagonal Zg tests: QQQL, QQugrer, QLurdr, and ururdrer.
Exact exterior-algebra contractions remain nonzero after the Schouten, Fierz, and identical-field
Pauli relations. The gauge structure and the diagonal quotient therefore do not prove general
proton stability. The census supplies no source coefficient, decay amplitude, QCD matrix element,
or lifetime.

A.2 Finite-Quotient Baryogenesis Source Theorem and Gauge-Deck No-Go

At regulator r, let
%T = (Q’/"} CT7 ET7 wRJ‘v LT,T7pT,i7 Tr, TT7 pR,T)

be a finite baryogenesis source packet. Here @), is the physical quotient, C, is its CP involution, wg , :
E, — Z is a CP-odd integral winding cocycle, L, r is a quotient-intrinsic continuous-time Markov
generator, p,; is the source initial law, 7 and T}.(7) supply the physical clock and temperature
map, and pg, assigns record charges ry to left-handed Weyl multiplets. Let 6y = 27/mpg, where
mpg is the primitive winding period.

Theorem A.3 (Finite-quotient anomaly-and-current theorem). If the record phase acts as 1) —
e™vORY then its electroweak topological coefficient and expected phase velocity are

kr=Y ry2Ta(Ry),  Or(T) =0y > pr(q.T)Lr1(q,q)wrr(a,q).
1 LH 0,9’ €Qr

The probability law satisfies dp,/dT = prLypey. If pri(Crq) = pri(q) and Ly7(Crq,Crq') =

Lyr(q,q), then ,
OR(T) =Yg = 0.

For the determinant/deck direction of the realized Standard Model branch, the natural central gauge
attachment is hypercharge and
1 1

VW = N,(3Yg + Y1) =3 (3-6 - 2) =0.

The OPH Z¢ gauge/deck phase therefore supplies no direct G)RWVT/ baryogenesis coupling. A con-
ventional global B+ L attachment would instead give kg = 2N, = 6, conditional on a quotient-visible
gauge-singlet record phase carrying that attachment.

Proof. The chiral measure gives the mixed SU(2)3U(1)r anomaly index, with an SU(2) doublet
contributing 74275(2) = 7y, including spectator multiplicities. The expected number of transitions
q — ¢ in proper time d7 is p;(q,T)L, (g, ¢")dr; weighting by the integral winding increment gives

95



the displayed current. Pairing every transition with its CP image cancels the current under a CP-
symmetric law. The gauge/deck value is the Standard Model mixed hypercharge anomaly, which
vanishes generation by generation. For B + L, the quark and lepton weak doublets contribute two
units per generation. ]

Source boundary. The determinant/deck cocycle supplies a candidate phase coordinate and
its CP inversion. Normal-form settlement and the oriented 24-slot register supply no transition
probabilities and select no baryon sign. A nonzero branch requires a distinct anomalous record
attachment, a source-only L, r, a physical clock and initial or boundary law, a quotient-intrinsic
CP-odd affinity, and cosmological domain coherence. On the conditional B+ L branch, the transport
functional requires

©
<TR> = (4.463 £ 0.028) x 1077,
fo

This number is an evaluation target for the source generator. It is not an input from which the
generator may be selected.

Proton-spin continuation benchmark. On the realized finite matter branch the color factor
is SU(3), so the structural OPH input for proton-spin bookkeeping is

Cr = Ca =3.
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If one adds the QCD-dependent continuation ansatz that quark/gluon spin sharing equilibrates
according to these Casimirs, then

Cr 4
AY ~ ———— = — ~ 0.308.
Crp+Cy 13

Against a representative lattice benchmark AY = 0.286, this lands within about 8%, but it is
only a deferred continuation benchmark. A first-principles OPH derivation of proton spin would
require the nonperturbative light-quark/hadron completion plus an explicit map from OPH data
to renormalized proton matrix elements.

A.3 Controlled Worldsheet Effective Description

Exact OPH-to-2D-Yang—Mills bridge. On the compact-group heat-kernel branch, the edge-
partition theorem proves the exact identity

Zedge(t) = Ki(1)

by gluing the open-edge weights pg(t) o dge *C2(F)

Zedge(t) = Z dﬁ%e_t@(m'
R

into the closed partition sum

This is the precise theorem-level sense in which the OPH edge-sector partition reorganizes into
the two-dimensional Yang—Mills heat-kernel surface, and the Chapman—Kolmogorov law supplies
the matching collar-sewing rule. This bridge is a two-dimensional heat-kernel partition identity on
the stated compact-group branch. The four-dimensional compact-gauge repair-gap theorem is the
separate support-visible result in Theorem A.29.
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Large-Nqqg. boundary. The large-Neqge worldsheet interpretation is carried only when one fixes
a distinct large- Negge sequence, with Neqge # Ne = 3, a fixed-7 window for

T = tNedge»

and the uniform genus-remainder control stated for that expansion. On that branch the edge
free energy satisfies the Standard Model gauge paper’s theorem-level criterion for a controlled
genus expansion, so the standard Gross—Taylor rewriting becomes a controlled worldsheet effective
description of edge dynamics.

External items. The exact bridge theorem uses the compact-group heat-kernel branch and the
quadratic-Casimir normalization declared in the Standard Model gauge paper. The conditional
worldsheet theorem uses the declared large-Neqge regime and the imported Gross—Taylor large-N
worldsheet dictionary for two-dimensional Yang—Mills. It does not identify a critical worldsheet
CFT. Worldsheet supersymmetry, critical dimension, modular invariance, anomaly cancellation,
GSO projection, and full massless-spectrum matching use separate physical inputs beyond the
compact recovered-core chain.

A.4 Support-Visible Yang—Mills Gap from Repair Dynamics

Assumption A.4 (Support-visible compact-gauge Yang—Mills branch). The compact-gauge branch
used in this subsection is the ordinary or central zero-obstruction compact-gauge sector with compact
simple structure group G, a four-dimensional Fuclidean scaling chart, and a cofinal tail carrying the
compact-gauge refinement receipt of the compact-gauge refinement receipt stated in the main deriva-
tion. It also has a reflection-positive ordinary vacuum, topological angle 8 = 0, gauge-invariant
local finite-constraint MaxzEnt/Gibbs refinement, no additional relevant dimension-four pure-gauge
operator on the branch besides the positive quadratic curvature invariant, active exact-Markov repair
collars, bounded-color collar covers, and repair completeness. It is carried on the separated cofinal
requlator system stated in the main derivation. No continuum cylinder state, GNS space, transfer
generator, or vacuum projection is included in this assumption; those objects are comstructed, or
separately certified, below.

Definition A.5 (Finite support-visible compact-gauge cylinder system). At regulator r, make the

following construction twice: for the finite four-dimensional Euclidean slab A£=4) = (V}(4),E§4)) cut

out by the scaling chart, and for its time-zero spatial slice AS.O) = ( 7«(0), 50)). In the formulas
below, A, = (V;, E,) denotes either choice and the superscript is restored whenever the two must be
distinguished. Let D, be the finite collection of repaired collar records and zero-obstruction sector

labels retained by the compact-gauge patch carrier. In the gauge-register presentation, let
X, C GFr x D,

be the closed set satisfying the finite Gauss, overlap, and repaired-record constraints, let G, = GV
act by endpoint gauge transformations, and let ~q, be the closed equivalence relation of support-
visible overlap/presentation indistinguishability. The finite-stage support-visible configuration space
18 N
XT = (Xr/gr)/Nov-

Thus X, is compact Hausdorff. “Finite stage” means that A, and D, are finite; X, need not be a
finite set when G is a compact Lie group. A finite quantum-link truncation gives the same commut-
ing Fuclidean readout algebra after restriction to its joint cylinder spectrum; no noncommutative
support-quotient claim is made here.
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For each active collar C, let
pPCyr - X — YC,T

be the continuous complete repaired readback. On the classical compact-holonomy branch used by
the repair lemma, the complementary conditional fiber contains every record or holonomy coordinate
actually resampled by collar repair. It is either finite with its uniform conditional law or a standard
atomless probability space with its conditioned MaxEnt/Haar law. The complete readback retains
exactly the fixed repaired datum, not every pre-repair holonomy; otherwise nonconstant Wilson
cylinders would incorrectly lie in the repair kernel.

For a bounded cell region O C A, let €5V(0) be the unital *-algebra generated by

(a) contracted Peter—Weyl spin-network functions, Wilson-loop characters, and any explicitly re-
tained gauge-invariant boundary-carrier contractions supported in O;

(b) the overlap-sector projectors whose collars lie in O; and
(c) continuous functions of the complete repaired readbacks pc, for those collars.

Its uniform closure

A95(0) = € (0) ™ c o(x,)
is the finite-stage local cylinder algebra. FEquivalently, start from the freely presented readout-
generator *-algebra and quotient by the kernel of its evaluation homomorphism on X, then complete.
That kernel is a closed two-sided overlap-trivial ideal fized before a state is chosen. The relation
~oyv tdentifies exactly the configurations on which all declared spin-network, sector, and repaired-
readback generators agree. These generators are self-adjoint, contain the constants, and therefore
separate points of X,.. Stone—Weierstrass gives

AGSV(A,) = C(X,).

Consequently, for any selected stage measure 7., their GNS cylinder closure is the full L*(X,,m,)
after the finite m,.-null support reduction.
Write the resulting spaces and algebras as

(X, AT (0)) and - (X[, ATV (B)).
Restriction of a Fuclidean history to the time-zero slice gives a continuous map
To,r - XT(4) — X7(,0)

and the corresponding pullback embeds time-zero cylinders into four-dimensional cylinders.

For r < s, the deterministic coarse shadow multiplies the ordered fine-edge holonomies lying
over each coarse edge, restricts collar readbacks, and sends a fine sector label to its coarse shadow.
Gauge covariance makes this a map

DPsr - Xs — Xr» Dtr = Psr © Pts (T =s5= t)-

The four-dimensional and time-zero coarse shadows satisfy the finite commuting square

TO,rpgi) = pg?n)TO,s-
On local cylinders it gives the unital *-map
(s ATS(0) — ATY(0y),  ifi(a) = aopy.
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On the compact-gauge refinement branch, the sector-projector part must agree with the separately
supplied block-multiplicity injection ]ES of the compact-gauge refinement receipt; it is not inferred
from the deterministic coarse-shadow map. The holonomy and readback parts are its declared
compatible extension. The maps preserve isotony and obey

O _ 05,0
b = Lgt Ups-

If every coarse configuration on the selected branch has a fine extension, ps- is surjective and L,QS
is injective. Without that finite extendability receipt, the C*-inductive limit quotients the common
refinement-null kernel; the extraction proof below does not assume prelimit injectivity of the full
cylinder map. That broader quotient extraction is not, by itself, the receipt-certified sector lad-
der of the refinement/fiber descent theorem in the main derivation. Write AGSV := AGSV(A,).
Choose a countable cofinal regulator sequence and a countable bounded-region exhaustion of the
four-dimensional chart. This is the cylinder family used below. For a non-countable requlator pre-
sentation, the same construction uses the full directed family and a subnet instead of this cofinal
sequence.

Proposition A.6 (Projective compact-gauge cylinder extraction). For every regulator s, let ,uff)
be the declared finite quotient-Gibbs probability measure on X§4), let

Ts 1= (7—0,5)#:“'24)

be its stationary time-zero marginal on Xgo), and put ,ugo) :=ms. Ford e {4,0}, write

S S

w‘gd) (CL) = /X(d) adu(d)a W(ill = wgd) le) L1(“L;Z)

The statements below hold for both d = 4 and d = 0; the superscript is suppressed in the displayed
proof. Then the following statements hold.

(i) The marginals of any one fine state are exactly projective: for g <r <'s,
Wslr O lgr = Ws|q-
(ii) There is a cofinal subsequence, or a cofinal subnet in the general directed case, and states

@, € S(AYSY) such that
Weplr — Wy weak-*
«

on every fixed local cylinder algebra. The limit family is projective:

wr:wtob,-t (Tjt)

(iii) The compatible local states define a state wes on the algebraic inductive limit and extend
uniquely to its local C*-completion

AGN0) = lim A7 (0.

The resulting local algebras are isotone and their union is dense in the global cylinder algebra.
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(iv) Let N,(O) be the null ideal of the limiting cylinder measure,
N,(0) :={a € AZY(0) : woo(a*a) = 0}.
Because the Fuclidean cylinder algebra is commutative, this is a closed two-sided ideal. On
AG#R(0) 1= AGS(0)INL(0)

the induced state is faithful. The local GNS spaces glue isometrically, their local cylinder
images have dense union, and their Hilbert direct limit is the GNS space (K(d),H(d), 1(d)) of
wf;i). Denote the four-dimensional Euclidean cylinder GNS space by K¥ := K% and the time-
zero repair GNS space by K := KO, Each is a faithful cyclic GNS pair on its support quotient;

the time-zero vector is identified as the physical vacuum only by the transfer/OS receipt below.

If, in addition, the finite four-dimensional quotient presentation satisfies the fiber-sum identity

stated after the Local MaxEnt and Refinement Stability axiom, then (pgﬁ))#ugll) = Im(fl). The time-

zero commuting square gives (pgg))#ws = m., so both original state families are projective. Without
that finite receipt, the bars on W, are essential: compactness extracts a projective cluster family but
does not turn the originally chosen coarse Gibbs measures into an exactly projective family. In the
continuous compact-holonomy presentation, the corresponding receipt is the pushforward identity

(pg?:))#ﬂgl) = ,u7(~4), expressed through disintegration rather than a finite sum.

Proof. Functoriality of the coarse shadows gives
(Ws O Lyrs) O lgr = W O Lgs,

which proves (i) without a continuum assumption.

For each fixed cylinder algebra, its state space is weak-* compact by Banach—Alaoglu. The
algebras in the chosen cylinder exhaustion are separable: compact metrizable G has a countable
Peter—Weyl test algebra, and only finitely many readbacks and sector projectors occur at one stage.
Their state spaces are therefore weak-* metrizable. Starting with the first cylinder, extract a
subsequence on which its marginals converge; from that subsequence extract one for the second
cylinder, and continue. Choose the k-th diagonal index beyond the k-th regulator stage. The
resulting diagonal subsequence is cofinal and converges on every cylinder. In the general directed
presentation, compactness of the product of the local state spaces gives the same conclusion with
a cofinal subnet: unresolved early coordinates may be filled by arbitrary states because every fixed
coordinate is genuinely resolved on a cofinal tail. For ¢ < r, weak-* continuity of precomposition
by tgr, together with (i), gives

Wy O lgr = hgl Wsolr © bgr = hénwsam = Wg.

This proves (ii).
If a € AYS represents an element [a], of the algebraic inductive limit, set

weo([a]y) := wr(a).

Projectivity makes this independent of the representative. Positivity and normalization hold at the
finite stage containing any given algebraic element. For every ¢t = r,

@r(@)] = [t (ere(@)] < llere(a)]l-
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Taking the infimum along the directed tail gives the C*-inductive-limit norm bound, including
when the maps are noninjective. Hence the state extends uniquely to the completion. The same
construction region by region proves isotony and density, giving (iii).

By the Riesz representation theorem, a commutative local limiting state is integration against a
Radon probability measure . Its null ideal consists precisely of the continuous functions vanishing
on the measure support, so the quotient is canonically C'(supp po) and the induced state is faithful.
If O C O and oo is the local inclusion, state compatibility gives

a <€ NW(O) <~ LOO/(CL) S NW(O/)

Thus the local inclusions descend to injective maps of the support quotients, which therefore form
an isotone faithful local net. For r < ¢, projectivity makes

Vit : K, — Kg,, Viela)r = [tre(a)]e
well defined and isometric, because
IVielal:|I* = @i(ere(a*a)) = @y (a*a).

The maps compose, preserve 1, and intertwine left multiplication. Their Hilbert direct limit is
therefore the GNS completion of the algebraic cylinder union and has dense local images. This
proves (iv). Finally, suppressing the d = 4 superscript, the finite fiber-sum identity gives

Zo=Y Y m()e ) = a7,

2€Xy ' :pr(2')=x

and hence 50()
agrmy(x)e=r\®
xT) = = xZ).
(psr)#,US( ) A Mr( )
This is equivalent to w§4) o L%) = w7(n4); the commuting time-zero square gives the corresponding
identity for d = 0. O

Remark A.7 (Two different quotients). The overlap-trivial presentation ideal in Definition A.5
is not the GNS null ideal N,(O). The overlap-trivial ideal removes data that no support-visible
readout can distinguish before a state is selected. The GNS null ideal removes directions that have
zero norm in the extracted state. Faithful finite-stage states can have a nonfaithful weak-* limit, so
quotienting only the overlap-trivial ideal would not prove faithfulness of the limiting pair.

Assumption A.8 (Renormalized four-dimensional Yang-Mills identification receipt). On the se-
lected four-dimensional cluster family, compatible renormalized holonomy cylinders obey uniform
local Cauchy and reqularity bounds. Their infinitesimal rectangle tests converge, in the declared
distributional sense, to a connection/curvature pair

Uuw(e, ) =1+ *F,(z) + O(%), F=dA+ANA.

The renormalized local actions converge to the unique reflection-even positive dimension-four pure-
gauge density on this branch, while the declared irrelevant remainders vanish. This is the requ-
larity/universality receipt that identifies the projective generalized-holonomy state with the four-
dimensional Yang—Mills cylinder state. The notation e_SE[A]DA/G below abbreviates that cylinder
family; it is not a literal infinite-dimensional Lebesgue measure.
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Theorem A.9 (Conditional OPH four-dimensional Euclidean Yang-Mills form). Under Assump-
tions A.J and A.8, on an extracted cylinder family from Proposition A.6 that lies on the declared
local four-dimensional scaling branch, the continuum gauge-sector Euclidean action is

1
SplA] = 492/R4(FW,FW> d'z, F=dA+ANA,

with compact simple structure group G. The extracted gauge-quotient cylinder family is denoted
duym(A) = Z e 52U DA/G

in the OPH support-visible GNS representation. When Assumption A.22 also holds, its support-
visible continuum transfer semigroup is the corresponding Fuclidean Yang—Mills semigroup.

Proof. The proof spine is included here to make the branch target explicit. The present Yang—
Mills branch takes compact simple G as branch data. When G is imported from OPH recon-
struction, that import is conditional on the compact-gauge refinement receipt; on that tail the
zero-obstruction transportable bosonic sector category and its faithful forgetful fiber functor recon-
struct G. At fixed cutoff, the finite gauge-register / quantum-link presentation gives support-visible
link holonomies and plaquette holonomies. In the refinement limit, the zero-obstruction gluing law
makes infinitesimal rectangle holonomies multiplicative and path-local. The regularity and Cauchy
bounds in Assumption A.8 upgrade this generalized-holonomy limit to a local connection A on the
four-dimensional scaling chart, with infinitesimal plaquette defect

Uuw(e, ) =1+ *F,(z) + O(%), F=dA+ANA.

The Euclideanized MaxEnt/local-Gibbs branch supplies a local finite-range action density built
from support-visible gauge-invariant collar data. Gauge quotienting permits only class functions of
the curvature and its covariant derivatives. Four-dimensional scaling, Euclidean rotation invariance,
locality, and reflection positivity leave one relevant dimension-four positive quadratic invariant in
the pure gauge sector:

(o Fyw).

The possible topological density (F'AF) is reflection odd and belongs to a separate topological-angle
sector; it is absent on the ordinary reflection-positive zero-obstruction vacuum branch used here.
Higher curvature powers and covariant-derivative terms are irrelevant under the declared continuum
scaling; their disappearance in the extracted state is the remainder bound in Assumption A.8.
Normalizing the unique positive quadratic invariant defines the coupling g. Definition A.5 identifies
the finite-stage sources of the gauge cylinders, and Proposition A.6 proves their projective weak-x
/ GNS extraction. Identification of its transfer generator is the separate dynamic statement in
Theorem A.23; it is not a consequence of weak-* compactness alone. ]

Prize-facing proof separation. The proof has two separate claims. Theorem A.9 conditionally
identifies the four-dimensional Euclidean Yang—Mills form on the certified support-visible compact-
gauge branch. The repair-dynamics theorem proves a spectral gap for that Hamiltonian.

Standing compact-gauge setup. Fix a compact simple gauge group G carried by an OPH
compact-gauge zero-obstruction vacuum branch on a cofinal tail satisfying the compact-gauge re-
finement receipt, realized at fixed cutoff by the declared compact-gauge patch-carrier architecture.
For each regulator r, let

(Ho Q, Hy),  Tp(t) = e,
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be the physical Euclidean Hilbert space, vacuum, Hamiltonian, and transfer semigroup. Let X, :=

XT(O) be the support-visible time-zero compact-gauge quotient configuration space, and let 7. be
the stationary time-zero measure from Proposition A.6, and set

K, := L*(X,, ).

Write wy.(a) := [y, adm, for its state functional. All statements in K, are automatically made after
the finite m,-null support reduction. Let C, be the finite family of active repair collars. For each
C € C,, use the complete repaired visible datum p¢ := pc, : X — Y¢r, and let

Ec':Kr—>KT

be conditional expectation onto the po-measurable functions. This subsection stays on the ordinary
or central zero-obstruction vacuum branch where the compact-gauge reconstruction ladder is carried
by the explicit refinement receipt used in the Standard Model gauge paper.

Proposition A.10 (Local exact repair equals conditional expectation). For each active collar
C, the exact-Markov repair map on the support-visible quotient is the m.-preserving conditional
expectation Eg.

Proof. On the exact-Markov branch, repair preserves exactly the repaired visible datum p¢, changes
only complementary invisible fiber data, and acts on the quotient-first physical algebra rather than
on representatives. Let ®c be the Heisenberg repair map and let N be the repaired local fixed
algebra. Exact repair semantics require N¢ to be exactly the po-measurable subalgebra. Then

Po(a) =a (a€ Ng), ‘PC(ATG’SV) C M, wr 0 ®o = wr,
and ®¢ is No-bimodular. Hence, for a € Ng and = € AGS,
(0" (2)) = w0 2).

Since ®c(x) € N, this characterizes its class in K, as the orthogonal projection of x onto the
pco-measurable subspace, uniquely modulo 7,-null functions. That projection is the m,.-preserving
conditional expectation F¢. O

Lemma A.11 (Fiber-homogeneous orbit condition). Fiz an active collar C' and a repaired value
y € Yo,. Let Fo(y) = palr(y), with conditional law vc,. Assume this is either a finite uniform
probability space or a standard atomless probability space, and that the primitive collar relaxation is
invariant under every vo ,-preserving automorphism. Then the complete conditional fiber, including
every holonomy coordinate actually resampled by repair, is homogeneous for the local repair receipt.

Proof. This is the complete-fiber homogeneity receipt. Quotienting removes declared implementa-
tion labels, but the proof must also check that no remaining source constraint or relaxation rate
distinguishes points in the conditional fiber. Under that check, the conditioned state and primitive
relaxation carry the stated full measure-preserving symmetry. O

Lemma A.12 (Scalar relaxation on a homogeneous conditional fiber). Let (F,v) be either a finite
uniform probability space or a standard atomless probability space. Let Er be expectation onto
constants, and let Dp be a bounded positive self-adjoint Markov relaxation generator with

ker Dp = Ran(Er)

that commutes with every measure-preserving automorphism of (F,v). Then Dp = cp(I — EF) for
a scalar cp > 0.
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Proof. For a finite uniform fiber this is the symmetric-group argument. For a standard atomless
fiber, restrict first to step functions on a partition into n equal-measure pieces. Automorphisms
within pieces and permutations of pieces force every bounded operator in the commutant to be
scalar on the mean-zero step functions. Compatibility under equal-measure refinements gives one
scalar, and such step functions are dense in L% (F,v). Thus the commutant on L% is scalar. Positivity
and the stated kernel make that scalar strictly positive. O

Assumption A.13 (Finite ground-state-transform and cross-fiber receipt). For each regulator, the
reflection-positive finite transfer matriz supplies a unitary U, : H, — K., with U8, = 1,, whose
ground-state-transformed generator decomposes as

U.H.U'= > De.
CECT

FEach D¢ is the bounded positive self-adjoint detailed-balance Markov generator acting on the com-
plete complementary conditional fiber of collar C, including every record or holonomy coordinate
changed by repair, with fized algebra exactly the pc,-measurable algebra. If the fiberwise scalar
supplied by Lemma A.12 over repaired value y is cc(y), the finite receipt also verifies the cross-
fiber equality cc(y) = cc on the support of m.. A Gibbs state alone does not imply this transfer-
matriz/decomposition receipt.

Theorem A.14 (Exact Euclidean-consensus law under homogeneous fibers). Under the fiber-
homogeneous orbit condition for every active collar and Assumption A.13, there are positive con-
stants co > 0 such that the ground-state transformed physical Euclidean generator is exactly

LEC = > ce(I - Eg),
ceC,

and therefore
Upe MHry=t = e 177 (¢ >0),
for a unitary U, : H, — K, with U.Q, = 1,.
Proof. The finite receipt supplies the ground-state transform and a decomposition into primitive

local pieces D¢e. Each such piece is supported on collar C, preserves the repaired visible datum
pc,r, and relaxes the complete complementary conditional fiber. Thus

ker D¢ = Ran(E¢).

Lemma A.11 gives full hidden-fiber permutation symmetry. Applying Lemma A.12 fiberwise gives
D¢,y = cc(y)(I — Ecy). The cross-fiber part of the finite receipt makes cc(y) = cc, so

D¢ = co(I - Ec)

for a collar-type constant cc > 0. Summing over the active collars gives the displayed generator.
Positivity and self-adjointness give the transfer-semigroup identity. O

Definition A.15 (Source-defined admissible atomic collar tower). For every requlator and allowed
boundary condition b, suppose the finite source presentation gives an atomic register set V, with
finite local alphabets, a finite-range Gibbs law .y, and, for each v € V;., a rooted active collar C(v)
and the heat-bath projection

Pv,r,bf = Eﬂ'hb[f | J:Vr\{v}]'
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The source type of C(v) is the isomorphism class of the finite tuple consisting of its rooted
interaction-radius neighbourhood, boundary/sector flags, local register alphabets, nonzero Gibbs-
potential templates, complete repaired readback, conditional kernel, and normalized rate. The tower
1s admissible when the following data are printed by the source rather than inferred from the target

gap:
(G1) one finite set Tacr contains every active source type at every location, size, allowed boundary

condition, and stage of the selected cofinal refinement tail;

(G2) the active family is evactly C, = {C(v) : v € V;.}, with Ecy = Pyrp; type-equivalent collars
have the same exact heat-bath kernel and rate, every atomic register has one active rooted
collar, and ¢, ,p = Cr(v) = €« > 0

(G3) for the one-site conditional kernels, let al’? be the supremum total-variation change at root v
when two exterior configurations differ only at u. Outward-rounded rational interval bounds
printed in the finite type table prove

sup Z art <n, < 1. (INF)

r,bv uv

The Dobrushin Poincaré comparison then derives, rather than assumes,

1

Varr, ,(f) < > T = Pors) I3, (AT)

* UGVT
uniformly over the family [82];

(G4) coarse shadow sends each rooted fine collar to a rooted collar of the same declared type or
to an explicitly listed type transition, preserves the conditional kernels on pulled-back coarse
functions, and introduces no type outside T,y .

Collar CMI decay and qualitative finite-range Gibbs mixing are not item (G3).

Proposition A.16 (Finite classification and uniform local-rate floor). For an admissible atomic
collar tower, two active collars have the same source type exactly when their tuples in Defini-
tion A.15 are isomorphic. Thus the admissible active collar classes are precisely the nonempty
fibers of T : |, Vi — Tact; in particular there are at most |Tact| classes. Their rates obey

Corp = Cy 1= tIEnTth ce >0
ac

uniformly in location, boundary condition, system size, and cofinal refinement.

Proof. The tuple is a complete source signature, so equality of types is exactly rooted signature-
isomorphism. Item (G1) makes its image finite. Item (G2) makes the rate a positive function on
that finite image, and item (G4) prevents refinement from creating an unlisted or rate-degenerate
signature. The displayed finite minimum is therefore positive and has all four stated uniformities.

O

Theorem A.17 (Uniform collar-projection and transfer gap). On an admissible atomic collar
tower satisfying the finite ground-state-transform receipt, define

Li?bl = Z Cv,r,b(l - P’U,T‘,b)) PO,r,bf = ﬂ'r’b(f)]_.
'UGV’V‘
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Then, with the single explicit modulus
dx == (1 —my) >0, (GAP)

one has, simultaneously for all locations, allowed boundary conditions, system sizes, and stages of
the cofinal refinement tower,

__ 47 col _
Lfﬁ} > 0L — Porp), le b — Pyppllase < et

Consequently the collar transfer operator has a positive projection/transfer gap at least 0.. Under
item (G2), LG = LEC.

Proof. Conditional expectation is an orthogonal projection, hence

(f,I - Pv,r,b)f> = (I - Pv,r,b)fH%-
For f 1 1, item (G3) gives (AT), and item (G2) gives

L) = e TN = P F13 = (1= 0113

This is the operator inequality. The spectral theorem gives the semigroup estimate. All constants
are source-type constants and item (G4) carries the same table and receipt up the cofinal tower, so
none depends on 7, b, |V,|, or the collar location. O

Proposition A.18 (Sharp hypothesis countermodels). Neither locality nor mizing may be deleted
from the preceding theorem.

(i) Without uniform mizing, take the faithful two-site law

7 (00) = 7 (11) = * 5 S m(01) = m.(10) = g

The exact spectrum of the two single-site heat-bath generator is {0,2e,2(1 — €),2}, so its gap
is 2¢ — 0. The limiting zero-gap example is therefore not doing any work hidden by a loss of
faithfulness.

(7i) Without source locality, put the product fair-bit law on {0,1}™, list its N = 2™ states in
cyclic Gray-code order, and let Eg, E1 average over the two alternating perfect matchings of
that cycle. The law has exact product mixing and zero separated CMI, but selecting which
bit to change uses the entire configuration. For L,, = (I — Ey) + (I — Ey), exact Fourier
diagonalization of the cycle gives

gap(Ly,) =1 — cos(2m/2™) — 0.

Both examples are finite at every displayed m; the second is a finite family with an explicit vanishing
gap.

Remark A.19 (Claim boundary). Finite-range Gibbs form and collar-CMI decay alone do not
prove (AT), do not classify the kernel/rate signatures, and do not bound the Friedrichs angles
between collar projections. Accordingly they do mot imply a uniform repair gap. A numerical
receipt is admissible only when outward-rounded intervals certify cl® > 0 and nt < 1, in which case
oo = clo(1 — nhi); a point estimate is not a certificate.
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Proposition A.20 (Executable finite calibration, not a physical receipt). The exact-rational four-
dimensional Ising calibration table has 244 active collar types on the declared four-dimensional
cofinal family N, = 3 - 2", for periodic, free, fixed-plus, and fixed-minus boundary conditions. Its
complete deterministic table has

1
C*:17 n*gia A*§27 5*2

Thus its declared finite generator obeys

1 _ _
L,y > 5(1 — Porp), et — Py rpllase < e t2,

The bundled verifier recomputes every rational conditional-row variation and the receipt hash, and
rejects binary floating-point inputs, nonpositive rate floors, and noncontractive influence rows.

Remark A.21 (Physical interpretation boundary). Proposition A.20 validates the finite data model
and the stated implication for a declared calibration family. It does not identify that Ising family
with the compact-simple-gauge OPH tower. The intentionally uninstantiated physical manifest fails
closed until quotient-first gauge collar types, source conditional kernels, rate floors, refinement clo-
sure, gauge and topological zero-mode handling, an independent ground-state-transform receipt, and
the separate continuum/transfer/OS-noncollapse receipts are supplied.

Assumption A.22 (Finite transfer and vacuum compatibility receipt). On the cofinal family
selected in Proposition A.6, suppose the following finite-stage identities are certified.

(T1) The quotient ensembles obey the finite fiber-sum identity, or its continuous push-
Ay @

forward/disintegration analogue, so (ps’)ufhs

(pg?n))#ﬂs = 7,. Hence pullback gives coherent isometries

,u£4) and, by time-zero restriction,

JK K, s K, JEf=fop.

(T2) There are coherent physical refinement isometries JIt : H, — Hs satisfying

Jr{glr = 1, Jq?-leT = QSa USJr?-s[ = JgUT

(T3) With one refinement-independent physical Euclidean-time normalization, the finite semigroups
are coherent:

K _—tLEC _  —+tLFC ;K
Jrse To=e s J?"S’

JHemtHr — o7t JH1 (1 > ).

(T4) Let 1o, pull a time-zero observable into the four-dimensional cylinder algebra and let Ttr) be
finite Euclidean time translation. The finite time-zero Markov/transfer identity holds on the
cylinder core:

o (0 )7 0009)) = (oo™ )k, = (U e U gy,

The reflection-positive finite OS time-zero quotient is therefore the same finite (H,, 2y, Hy),
through U,., rather than an unrelated Hilbert space.

These are finite commuting-diagram receipts. They are not consequences of the sector-category
refinement functors or of weak-* state compactness.
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Theorem A.23 (Continuum exact transfer identification). Under Assumption A.22, the finite
repair and physical Hilbert spaces have Hilbert direct limits K and H. Their semigroups induce
strongly continuous self-adjoint contraction semigroups with nonnegative generators L™P and H,
and the finite unitaries induce a unitary U : H — K such that

Ue =t =" (¢t >0),

and hence
UHU ' = ",

The constant vectors and physical vacua define limit vectors 1 € K and Q € H, with
uQ=1, PE=1)(1|, PI=|01Q, UPIU'=PE.
If LEC > 6.(I — Py, for one 8, > 0, then
L'*? > §,(I — PKY,  H>s.(1-PJ).

Proof. The fiber-sum identity makes JX isometric, since
0) (12 2 0 2
17 0o, = [ P = 151
It also makes wﬁo) = wﬁo), so these JX are exactly the time-zero GNS isometries V,n(s0 ) in Proposi-
tion A.6. Thus their Hilbert direct limit is canonically the support-visible GNS space K constructed

there, not a second continuum repair space. Take the Hilbert direct limits under Jrlg and J%. On
the dense finite-stage images define

SE@W)IE f o= gEe B SR )Ty = ey,

The finite coherence identities make these definitions independent of the representative. They
are contraction semigroups. Strong continuity holds on every finite-stage image and therefore, by
density and uniform contractivity, on the whole direct limits. For each fixed ¢, the finite-stage inner-
product identity makes the bounded extension symmetric on a dense union and hence symmetric
everywhere; a bounded everywhere-defined symmetric operator is self-adjoint. Positivity also passes
from the finite semigroups. Thus the spectral theorem gives nonnegative self-adjoint generators L"P
and H.

Define UJM := JKU,xp. The finite unitary square makes this well defined and isometric;
the same construction with U-! shows that its range is dense and closed, so it is unitary. The
finite transfer identity of Theorem A.14 gives US™(t)U~! = SK(t) on a dense union and hence
everywhere. Uniqueness of self-adjoint semigroup generators gives UHU ™1 = L*P.

Unitality and the physical refinement identity make the constant and vacuum vectors coherent.
For f € K.,

PosJisf = (Lo, I /) 1s = T Pos f,

so the rank-one vacuum projections induce the displayed limit projections; the same holds on the
physical side and the unitary identifies them.
The finite operator inequality implies

_¢+LEC —
e~ (1 = Po)l < €70,

Passing this norm bound through the direct-limit definition gives [|e=**"" (I — PX)|| < e7%t. The
spectral theorem is equivalent to L'P > §,(I — POK ), and conjugation by U~! gives the physical
bound. 0
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Remark A.24 (Asymptotic alternative). If the exact semigroup identities in Assumption A.22 are
not available, the valid replacement is generalized Mosco convergence of both finite transfer forms,
strong cylinder-core convergence of U, and Ut and strong convergence of the vacuum projections.
The Mosco theorem then supplies the two limit semigroups and the same intertwining conclusion.
Weak-* convergence of cylinder states by itself supplies none of those dynamic statements.

Assumption A.25 (OS regularity and noncollapse receipt). The selected finite cylinder family
carries reflection-compatible refinement maps and exact finite reflection positivity. Its renormalized
local Schwinger functions have uniform bounds sufficient to pass Euclidean covariance, locality, OS
reqularity, and clustering to the extracted family. There are gauge-invariant local cylinders A,
transported from one fixed cylinder test, such that

irrlf Varg, (4;,) > 0, sup(4,1,, L]TECATL) < o0.
'

The centered vectors Ay1, —w,(A;)1, converge under the same cylinder/Hilbert identifications used
in the extraction and transfer receipts. This is the separate OS/nontriviality receipt. It is not part
of the weak-* extraction theorem.

Theorem A.26 (Osterwalder—Schrader reconstruction on the compact-gauge branch). Under As-
sumptions A.4, A.8, A.22, and A.25, with the extraction of Proposition A.6, the continuum support-
visible compact-gauge cylinder family is Euclidean invariant, reflection positive, reqular on gauge-
tnwariant local cylinder observables, and cyclic for the vacuum sector. Thus Osterwalder—Schrader
reconstruction gives a four-dimensional quantum Yang—Mills theory (H, 2, H, AIGOC) on the support-
visible gauge-invariant local algebra, with H > 0 and e~ equal to the Euclidean transfer semigroup

of Theorem A.9.

Proof. For every finite list of positive-time cylinders, finite reflection positivity says that the as-
sociated reflected Gram matrix is positive semidefinite. Its entries converge along the extraction
subnet, and the cone of positive semidefinite matrices is closed, so reflection positivity passes to the
limit. Euclidean covariance, locality, regularity, and clustering pass by the compatible transforma-
tion maps and uniform bounds in Assumption A.25; weak-* compactness alone would not supply
those bounds. The vacuum vector is cyclic for the GNS closure of the gauge-invariant local cylinder
algebra. The finite time-zero identity (T4) passes to the limit on the dense cylinder core: the left
side converges by four-dimensional cylinder extraction and the right side by the coherent semigroup
limit. Consequently the OS time-zero inner product and translation semigroup are unitarily identi-
cal to the direct-limit (H, 2, e~**) of Theorem A.23; the notation does not identify two unrelated
Hamiltonians. The Osterwalder—Schrader reconstruction theorem then produces the Hilbert space,
vacuum, local algebra, positive Hamiltonian, and Euclidean transfer semigroup [83, 84]. ]

Remark A.27 (Scope of the compact-gauge OS theorem). The preceding reconstruction is re-
stricted to the support-visible bosonic compact-gauge cylinder algebra on its declared branch. It falls
short of the full chiral Gg exact finite quantization, does not by itself instantiate the Standard-Model
continuum observable sector, and supplies no resonance-sheet continuation. Those are separate
typed inputs and implications in Appendix A.

Proposition A.28 (Nontriviality of the support-visible compact-gauge theory). Under Assump-
tions A.22 and A.25, The support-visible compact-gauge local algebra on the zero-obstruction vac-
uum branch strictly contains the vacuum scalars and admits a non-vacuum finite-energy local exci-
tation.
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Proof. The compact-gauge witness and physical-UV landing theorem supplies finite support-visible
gauge-invariant local observables, for example nonconstant Wilson/plaquette cylinders. The uni-
form positive variance in Assumption A.25 says that the chosen centered cylinder does not enter the
GNS null ideal in the limit, so it gives a nonzero vector orthogonal to the vacuum. The uniform form
bound and lower-semicontinuity of the certified transfer-form limit give this vector finite continuum
energy. Thus the support quotient has not erased the excitation that proves nontriviality. O

Theorem A.29 (Conditional positive compact-gauge Yang—Mills mass gap from OPH repair dy-
namics). Let G be a compact simple gauge group carried by a support-visible compact-gauge OPH
vacuum branch satisfying the standing setup, Assumptions A.22 and A.25, the renormalized Yang—
Mills identification receipt of Assumption A.8, the finite ground-state-transform and cross-fiber re-
ceipt of Assumption A.13, and all hypotheses of Theorem A.14, Lemma A.16, and Proposition A.17.
The theory reconstructed in Theorem A.26 is nontrivial by Proposition A.28, and its continuum
support-visible Hamiltonian H satisfies

H > 6,(I - P,
where PJ' projects onto the physical vacuum. Therefore
Spec(H) N (0, (5*) =, Avyy > 0, > 0.

The Yang—Mills gap is the repair gap:
AYM = Arep-

Proof. Proposition A.17 gives
LEC > 5.1 - Ry,)

at every finite stage. Theorem A.23, using the explicit finite transfer/vacuum receipt, transports
the bound to the support-visible continuum:

L' > §,(I — PK).

Using UHU ~! = L*®P, conjugation by U~! gives the Hamiltonian lower bound. The spectral-gap
statement follows immediately. Since U is unitary and maps the vacuum to the constant sector, it
preserves the nonzero spectrum, so the Yang—Mills gap and repair gap are equal. ]

Exact gap accounting. The theorem gives an identity stronger than a phenomenological esti-
mate:

Spec(H) \ {0} = Spec(L**) \ {0}.
Thus
Ayn = inf (Spec(H) \ {0}) = inf(Spec(L"P) \ {0}) = Ayep.

The finite-stage projection argument proves positivity of that same quantity.

Relation to the Clay/Jaffe-Witten statement. The Clay problem asks for a nontrivial quan-
tum Yang-Mills theory on R*, for each compact simple G, satisfying axiomatic properties at least
as strong as the stated Wightman or Osterwalder—Schrader references and possessing a positive
mass gap [81, 80]. Theorem A.9 supplies the four-dimensional Euclidean Yang—Mills form on the
OPH support-visible compact-gauge branch, and Theorem A.26 supplies the support-visible OS
reconstruction on the gauge-invariant local algebra. Proposition A.28 supplies nontriviality. Theo-
rem A.29 supplies the exact spectral gap accounting on that same branch. Proposition A.6 proves
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the algebra/state/GNS extraction only. Full Clay admissibility additionally requires the finite
transfer /vacuum and OS/noncollapse receipts in Assumptions A.22 and A.25, together with the
renormalized Yang—Mills identification, finite ground-state-transform/cross-fiber, and uniform-gap
receipts; weak-* compactness is not a substitute for those inputs. A focused Clay presentation uses
the same premises and conclusions.

A.5 A local gauge-covariant action on the declared matter grammar

Fix an oriented flat Lorentzian chart with metric n = diag(1,—1,—1, —1), its two-component Spin
convention, and smooth compactly supported variations. These geometric and Spin data are inputs.
Take the declared algebra su(3) & su(2) @ u(1) on its fundamental, dual and trivial carriers. The
exterior grammar supplies

Q: (3a2)1/6a u®: (3, 1)—2/3a d°: (?% 1)1/37 L: (1>2)—1/27 e (1, 1.

The Higgs choice H : (1,2) /o, family multiplicity, minimal first-derivative kinetic law, scalar poly-
nomial truncation and Yukawa intertwiners are declared. No coupling, mass or Yukawa entry is
selected.
Use anti-Hermitian connections, with coupling normalization absorbed into their coordinates,
and set
Dy = 0, + p(Ap), Fuy = 0pAy — 0, A, + [Ay, Ay (1)

Fermion values and first derivatives generate a complex exterior algebra. Conjugation is the antilin-
ear anti-automorphism exchanging fermions with independent conjugate generators and reversing
products. Scalar and connection coefficients are even. Write 6 = (1, —o!, —02, —03) and ¢y = 1.

With color index ¢, weak indices a, b, spin indices «, 8 and family indices r, s, define

T = enpea@iHO (u )sz, T = €,5Qi%H o (d°)” TS = eapgLOH ()2, (2)

SZ’

The superscript ¢ denotes charge conjugation. These are all-left-Weyl expressions, not four-
component barred expressions with unchanged charges.

Theorem A.30 (Conditional local action composition). Under the stated representation, Spin and
kinetic assumptions, the density

1 S v — —
£=3 3 mTULA T35 [vio" Dy — (D)o,
5=3,2,1
+ (D, H)'D"H — m2HTH SAMHTH? =S (VAT + VAT (3)

r,8,X=u,d,e

is Grassmann even, Hermitian and invariant under arbitrary infinitesimal local gauge transfor-
mations. The real m?,\, positive ks and complex Y,X remain free coefficients. The construction
composes varying-field gauge, scalar and fermion kinetic terms and all three Yukawa channels.

Proof. For an anti-Hermitian local parameter 6, set 6y = p(0)y, 6H = py(0)H and 64, =
—0u0 + [0, A,]. The product rule gives

S(Du) = p(8) D1, 0F,, =10, Fu).

The first identity cancels the two opposite (9,0)1 terms. The second uses symmetry of the sec-
ond parameter jet and cancels the first-derivative terms against the connection commutators. No
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equation of motion is used. Cyclic trace proves gauge-kinetic invariance; anti-Hermiticity and com-
mutation of internal generators with 6# prove kinetic invariance. The trace forms are ad-invariant,
with the free normalizations permitted by the invariant-form classification.

The color fundamental-dual pairing and weak determinant tensor are invariant. The hyper-
charge sums are 1/6 +1/2—-2/3=0,1/6 —-1/2+1/3 =0 and —1/2—1/2+4 1 = 0. The supplied
Spin epsilon contracts anticommuting Weyl components. Each T)X and its adjoint are gauge neu-
tral, separately for every family pair. Every term has even Grassmann degree and the displayed
conjugate combinations are Hermitian. The symmetrized kinetic expression differs from MN&“DMZ;
by a total derivative. ]

Proposition A.31 (Matter current of the same local action). For an anti-Hermitian basis element
T,, define §Lmatter = jé‘éAZ with matter jets fixed. Then

i =1 et py(Ta)hr + (pu(Ta)H)'DMH + (D*H) ' py (T,) H. (4)
Y

Its covariant divergence vanishes on the matter Euler—Lagrange equations, using the dual adjoint
connection on the current index.

Proof. Differentiate the two covariant kinetic terms. Anti-Hermiticity doubles the fermion con-
tribution in the symmetrized expression; the potential and Yukawa tensors have no connection
dependence. For a compactly supported gauge variation, the matter equations remove matter vari-
ations from the first variation of the action. Substituting 64, = —0,0 + [0, A,] and integrating by
parts gives the dual covariant-divergence identity. O

Exact local checks and scope. The executable fixture retains three families, 900 independent
Grassmann value, derivative and conjugate generators, and all 27 complex Yukawa slots. Con-
nection and scalar jets are exact Gaussian-rational test values, not physical coupling constants or
measurements. Independent arithmetic checks reconstruct the density, retain first and symmetric
second jets of the gauge parameter, and reject omitted inhomogeneous connection terms, omitted
curvature commutators, wrong dual color action and mixed Yukawa charges. Grassmann anti-
commutation is checked separately from neutrality. Lean proves the noncommutative first- and
second-jet identities, the cyclic-trace Ward identity and the spin-sign control. The full action and
on-shell current argument are analytic, not full Lean formalizations.

The flat chart, Spin interpretation, kinetic choice, Higgs/Yukawa content, relative normaliza-
tions, family multiplicity and local connection remain declared. Identifying the connection with
one reconstructed from source response histories is separate. There is no source-produced Standard
Model action or current, broken-vacuum selection, gauge fixing or ghost construction, quantum
anomaly cancellation from a fermionic measure, renormalization, continuum quantum-field exis-
tence theorem or numerical particle prediction. Global gauge quotient and physical line-spectrum
attachments remain separate. The local action admits a consistent classical charged-scalar slice,
with both Cartan gauge equations and their variational current retained. Its finite source-address
execution uses a declared logarithmic plaquette action and model clock, as follows.

A.6 A consistent local Cartan—scalar reduction and current response

Work on the flat Spin chart and local classical action of Theorem A.30. All kinetic coefficients are
positive constants; the mass, quartic and Yukawa coefficients remain declared. Use the standard
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weak Cartan generator ios/2 and central generator i. Writing the two real Cartan connection
coordinates as a = (ag,ay) gives

qg=(1/2, 1/2)T, K = diag(ka, 2K1), d=q" K™, w = K_lq/d.

Here the gauge density is —% fT K f: the fundamental traces are Tr((io3/2)?) = —1/2 and Tr(i?) =
—1. The executable weak basis uses io3, in which ¢ = (1,1/2)7 and K = diag(4ka, 2k1); d agrees.

Theorem A.32 (Local classical solution embedding). Set all fermions and their independent con-
Jugates, color connections and off-diagonal weak connections to zero. Let H = (p,0) and a = wA.
Every smooth solution, including the temporal gauge equation, of

F Frv

g 1O+ Al = m?lef* = Al (5)

Ered = -
lifts to a solution of the full local classical equations, with ansatz-compatible initial and boundary
data. All complex Yukawa entries remain unrestricted.

Proof. The identities ¢’w = 1, Kw = ¢q/d and w? Kw = 1/d give the density and both Cartan
equations. In the current convention 6 Lmatter = j#0A,, these equations are g, [d_l&,F VE 4 M = 0.
If ¢"n = 0, the decomposition ¢ = wA + nB has no scalar coupling to B and no kinetic cross
term, since w! Kn = 0; B = 0 solves its free equation. The Higgs and its covariant derivative lie
in the upper weak line, so both off-diagonal weak currents vanish. The gauge covariant divergence
of a Cartan curvature is Cartan. Color curvature and sources vanish. The diagonal connection
preserves the lower Higgs line, whose potential derivative vanishes at zero. Every fermion equation
contains a fermion factor; every Yukawa contribution to a Higgs equation contains two. Thus all
discarded variations vanish without setting any Yukawa coefficient to zero. The temporal Cartan
equation is included, so Gauss’s law is retained. O

This is a local real-connection statement. Generic kinetic coefficients give a direction incom-
mensurate with the full charge lattice. No compact subgroup, global quotient, large-gauge identi-
fication, electromagnetic vacuum, perturbative stability or quantum truncation follows. Retaining
a real unwrapped connection is essential: its exponential alone need not determine the embedded
connections in every representation.

A compatible spatial discretization. The same reduction holds for a declared semidiscrete
gauge—scalar action with covariant link differences, invariant electric metric, and the local logarith-
mic plaquette energy. For the weak holonomy use its principal matrix logarithm on the smooth
identity chart. On the Cartan slice, logU; = iozwy(dA);/2 when |wy(dA)f| < 2w, where wy
is the weak component of w. The hypercharge curl is real and unwrapped. Consequently the
plaquette energy restricts to the quadratic Maxwell curl with coefficient 1/d. The first variation
of Tr(logU)? is 2 Tr(log U U~16U); discarded weak variations are off-diagonal and have zero trace
pairing. Scalar link currents also have zero off-diagonal component. Electric transport along the
Cartan line is geodesic for the invariant metric. These facts give the same omitted equations and
weighted Cartan square. This statement requires the logarithm chart throughout the history. A
Wilson cosine plaquette does not supply this quadratic reduction for arbitrary w.

On the prepared golden ¢ = 5 tensor family use dimensionless positions z/L, L = 2/\/¢ + 2.
The ordered one-dimensional nodes are 0,2¢ —3,4¢ —6,¢ —1,3¢ —4, 1. The 4% interior nodes have
lumped masses v;; an internal edge has conductance c. equal to its transverse dual area divided
by its gap. The fixed zero scalar boundary contributes the usual nonnegative onsite stiffness b;.
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Declare k1 = kg = m? = 1, A = 1/4, so d = 3/8. For each internal plaquette set its Maxwell
weight v to 1/d times normal dual length divided by area, and set e, = c./d. These are action
quadratures, not causal counting weights.

With m; = v;Dgv); and canonical real link momentum II., the Hamiltonian is

o |7Ti‘2 Hg e, . 1.2
RS S8 LN SR
i (2 e e

e=i—jJ

+ ) [(vi + b [il* + il /4] + 5 Y vp(da). (6)
i f

The complex scalar symplectic form is 2 Re(d7; A di);). Differentiating this same energy gives
Jinsj = —2¢e Im (€' 4;), pi = 2Tm(¢;m;), Gi = pi + (divID);.
Here divergence is outward; p+ divJ = 0 and II = J — d”~vda imply G = 0.

Proposition A.33 (Local split evolution preserves Gauss constraints). Scalar kinetic drift, electric
kinetic drift and every individual edge, onsite and plaquette potential kick preserve each G; in ideal
arithmetic. Their symmetric composition is symplectic and preserves the initial Gauss constraints.
Disjoint local subflows commute.

Proof. Scalar drift adds a real multiple of 7; to 9;, leaving p; unchanged; electric drift changes only
a. An edge kick changes the two charges by —hJ., +hJ. and Il by hJ.. Onsite kicks add a real
multiple of ¥; to m;. A plaquette kick adds a curl transpose to I, whose divergence vanishes. Each
map is its Hamiltonian subflow; disjoint subflows have disjoint dynamical variables. The potential
kicks also commute because their coordinates are fixed during the kicks. O

Finite current and feedback control. The executable packet uses 64 scalar sites, 144 inter-
nal links and 108 plaquettes, with two steps of declared model duration 1/200. It compares the
real preparation ¢; = 1/5, m; = a. = Il = 0 with a local phase intervention (3 4+ 47)/5 and a
genuine gauge copy, which also changes the incident unwrapped connections. The intervention
leaves charge and Gauss constraints unchanged but changes the edge current. At the selected
edge c. = 1/4 exactly, so J. = 2/125 and its first electric half-kick is 1/25000. The gauge copy
preserves invariant readouts. Complete operation records bind every dynamic read to its ver-
sion’s actual writer; decoded checkpoints contain scalar intensity, charge, edge current and electric
feedback. Independent high-precision replay checks these binary64 records, including a nonempty
off-influence control. This numerical agreement is separate from the exact local identities and gives
no continuous-history error enclosure. The prepared addresses, local execution law, action, bound-
ary and model tick remain supplied. No causal-count clock attachment, inherited fine-grid detector
error, selected physical current or full Standard Model quantum evolution is asserted.

A.7 A continuous charged-current and separated-detector bound

The same finite Hamiltonian admits a useful continuous-time comparison without increasing the
charged execution. Work with its exact golden weights and exact initial scalar magnitude sy = 1/5,
zero scalar and electric momenta, and zero initial connections. Compare the baseline with the
phase intervention (3 +4:¢)/5 at site 21. The distinct detector site 37 is joined to it by the oriented
edge of conductance ¢ = 1/4. The reference gauge copy is the exact gauge transform of the baseline.
Times are the declared dimensionless action parameter.
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Theorem A.34 (Resolved nonlinear charged readout). The exact classical solutions exist on 0 <
t < T = 1/100 within the principal-log chart. On the selected edge their intervention current
satisfies

J(t) > 0.015110268, II(T) > 0.0001543.

Writing I; = |;|?, the spatially distinct detector obeys
. . . 9
Imterventlon 1) — Ibasellne 1) < _7t2 0<t<T).
fperenton ) _ phaseine(y) < 22 (0 <t <)

Thus the response magnitude is at least 0.000045 at T and at least 0.00001125 throughout
[1/200,1/100].  For the nine initial/completed decoded intensity checkpoints across all three
preparations, the exact continuous-reference error is less than 0.000006 per checkpoint.

Proof. Set S = 1/4, A, = 107®, B = 88, and D = 13/250. On the box |¢;| < S, |ac| < A,
differentiation of the Hamiltonian gives
283 oice+ (v + b + v;5%/2)8
(%
2c.52 + 44, Zfae Vf -
€e

] < < B,

|de| < D.
Exact rational enclosures of the golden weights verify every inequality and > ;5. vy < 78. Since the
initial velocities vanish, |1;(t) —;(0)| < Bt?/2 and |a.(t)| < Dt?/2. Both bounds lie strictly inside
the box through T'; a first-exit argument and local ODE continuation prove existence there. Also
|(4/3)(da)¢| < (16/3)A, < 1 < 27, preserving the chart. Gauge covariance transfers the invariant
bounds to the ideal gauge copy.

The current product estimate gives

| J(t) — 2/125] < Cot® + Cut?,  Cy = L(250B + s{D) = 8.80052, Cy = B?/8 = 968.

The magnetic force is at most 2D(78)t%. Integrating I = J — d”~da therefore bounds |TI(t) —
(2/125)t| by (Co + 156 D)t3/3 + Cyt® /5, yielding the stated current and feedback.

For the detector, let u = Y537 ¢e/v37; its boundary stiffness vanishes. The cubic map z + |2|2
is 352-Lipschitz on the complex disk. The phase estimate |e!® — 1| < |a| consequently gives

W37 (t) — d37(0)| < Et?/2,  E =u(2B 4+ soD) + (1 + 35%/2) B < 30759.
The quadratic Taylor remainder is at most r = 30759t*/24. Put v = v3; and
ap = —51/250, a; = ag — 1/(50v) +1i/(25v).

These are the exact initial accelerations of the two preparations. Each intensity differs from |sg +
a;t?/2* by at most 2(sg + Bt?/2)r + r?. Subtraction gives a quadratic coefficient so Re(a; — ag)
and quartic coefficient (|a1|? — |ag|?)/4. Exact rational bounds on v show that their sum with both
remainders is at most —(9/20)t? for 0 <t < T.

Finally, decode 37 from the actual versioned reads at each initial or completed checkpoint.
Interpret every stored binary64 component as its exact dyadic value. Its intensity discrepancy from
the appropriate quadratic Taylor expression, plus the preceding analytic remainder, is an exact
bound against the continuous IVP. The independent consumer checks all nine values, each below
6 x 1076, and excludes the intermediate split kick. It replays the parent custody and operations;
copied public frames cannot replace the read events. O
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This is a nonlinear classical current and readout result on the supplied family. The checkpoint
bound does not enclose every state component or every intermediate observer operation. The
exact reference preparation is distinct from its binary64 encoding. Quantum evolution, full fermion
generation, a physical clock and native selection of the action or population are not supplied by
this estimate.
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