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Abstract

The consensus layer of Observer-Patch Holography (OPH) models a universe as a finite
network of observer patches. Patches can disagree on their overlaps. Repair moves reduce those
disagreements until the public state settles. The computation selects a public normal form,
while authenticated read-from provenance generates a finite informational poset. Identifying
that order with physical causality, cosmic history, or a clock requires additional bridge data.

The paper proves the finite mechanics used by the companion results: validated repair,
exact descent, eventual constancy of canonical adaptive repair attempts, normality under path-
wise weak fairness, schedule-independent public endpoints under the remaining completeness
and confluence hypotheses, a cumulative attempt-capacity classification with a bounded-waste
upper horizon and an exact work-conserving threshold, an input-independent compiler execu-
tion classification in which emission-order round robin reaches the exact output in a linear
node-count horizon while every accepted path is quadratically bounded, a same-metric worst-
case family makes that bound order-sharp, and weak fairness alone has no uniform attempt
horizon, an informational event precedence generated from certified read-from provenance with
exact adapters reduced to verifiers, loop obstructions, stable records, refinement control, and a
fair-block theorem for noisy consensus.

The paper’s no-go result sets the scope of the title: the bare consensus reduct does not
determine a Lorentzian metric or the Einstein equation, so “implements physics” names the
substrate role of the fixed-point computation, and all geometric and dynamical content enters
through the separately declared branch structure of the companion papers.

Scope of physical interpretation

The fixed-cutoff consensus theorem supplies a finite observer-like self-reading system only on the
declared recovery, record, feedback, selected-fiber, and implementation-invariance packet. It does
not select the physical twelve-port carrier based on the alternating group As on five letters, attach
a canonical rank-three screen band to matter, construct a chiral quantum field theory, or determine
a W/Z pole. Those claims require separately typed physical producers. In the companion paper,
complete reversible response and endogenous transport force the local Standard Model gauge Lie
algebra. The declared matrix-current and rank-15 matter contracts, anomaly balance, and tensor
descent give the conditional charge lattice and maximal faithful matter image. Physical source
binding of those contracts, laboratory current identification, family attachment, scalar multiplicity
and dynamics, and quantum field theory are separate. No OPH-native W/Z pole follows.



This boundary does not make consensus carrier-neutral. The repair theorem is invariant under
hidden presentation changes preserving the complete visible observer contract. Port incidence,
orientation, accessible algebra, response, repair law, record process, clock, and refinement lineage
belong to that contract and may constrain physical conclusions. On the unified Echosahedral
branch, microphysics supplies the candidate carrier, this paper supplies its public normal form, and
the spacetime/Einstein and Standard Model gauge papers supply geometry and current projections
under their own named premises.

One typed construction and its source assumptions

The finite carrier, accepted repair, support geometry, gravity, abstract compact current, and con-
ditional matter belong to one typed construction. Accepted repair produces the quotient-visible
normal form. Al’s complete twelve-port response and A2’s endogenous holonomy force the ab-
stract local Standard Model gauge Lie algebra. A declared matrix current and matter packet
provide conditional realizations, while the source producer derives only the inverse-port response.
Each composition uses the objects and premises displayed here.

Three meanings of screen

The word “screen” is used for three related objects that must not be identified without a receipt.

1. The local carrier boundary is the twelve-port oriented interface of one Echosahedral carrier on
the declared branch. Its incidence has (V, E, F) = (12, 30, 20).

2. The federation screen is the routed system of interfaces, records, repairs, and checkpoints of
many carriers at finite cutoff.

3. The support screen is the observer-facing geometric chart. On the spherical branch it is the
refined conformal S? used for caps, collars, modular flow, and Lorentz reconstruction.

Local icosahedral incidence does not determine the topology of the federation nerve. A fed-
eration of identical local carriers can be routed as a path, a cycle, a higher-genus complex, or a
spherical complex. The map from routed carriers to a support-visible spherical nerve is therefore a
physical bridge, not a change of notation.

Structure-sensitive, presentation-invariant physics

OPH is not neutral under arbitrary changes of substrate. It is invariant under changes of presen-
tation that preserve the complete observer-visible carrier signature. On the Echosahedral branch
that signature contains
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where P; ;. is the port set, IZOI;, is oriented incidence, R;, is the record algebra, U;, is the repair
or feedback interface, Resp; , is the visible response law, and ¢, is the refinement lineage. Hidden
coordinates, port names, worker partitions, materials, and wiring presentations are silent when an
isomorphism preserves this whole tuple and its error model. A change in port number, incidence,
orientation, accessible algebra, response, repair law, clock, or refinement lineage need not be silent.
A cube and an icosahedron are therefore different carrier contracts even when both are built from
the same material.



A carrier body is not automatically an observer. It realizes an observer only when it supplies
bounded access, self-readback, durable records, record-conditioned feedback, boundary prediction
against controls, and checkpoint continuation. One carrier may pass that test. A connected sub-
federation may pass it instead. No theorem fixes primitive observer size by counting carrier bodies.

The common finite computation

At cutoff r, source-bound carrier data are routed into an observer-patch federation. Accepted repair
then acts on the physical quotient:

realize/route

SourceCarrier Tower, ObserverFederation,.

. . . Rep, _
LN PhysicalQuotient, P, PublicNormalForm,..

The last arrow is the consensus result only under semantic-dependency-complete transactions,
coherent union-collar payloads, repair completeness, local diamonds, protected records, and the
stated endpoint conditions. A collection of oscillators with equal frequency does not supply those
clauses.

Physical phase locking can instantiate one synchronization layer. For a routed edge e =
((,a),(4,0)), a source-produced phase record may certify frequency entrainment and a stable rela-
tive phase,

Oia—0;p — 0, dg1(0ia —0jp,0c) < e.

)

That certificate becomes a consensus parent only when the phase record fixes a commensura-
bility map for the exposed packets and is tied to the accepted repair ledger, semantic records, an
independently calibrated clock, and the confluence premises. Phase locking can synchronize an
interface. It does not by itself make the interface an observer, settle semantic disagreement, or
produce physical time.

Two projections of one source

The public normal form has two separately typed projections:

AuthenticatedSemanticHistory, — (FinitelnformationalCauset,., CanonicalSourceHeight,.),

ExactPortResponse, —+ (RankThreeCarrier,., UnitDirections, ~ S* ~ FutureNullRays),

. carrier-to-support
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FiniteStrictPoset, — ExactAuthenticatedCausetlLog,,
FinitelnformationalCauset,
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RankThreeCarrier,
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AmbientLorentzCarrier;y3 ,
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source refinement+count-volume,
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The dashed arrow denotes source and laboratory maps not constructed here.

The finite carrier-to-support leg is constructed from one oriented icosahedral incidence nerve:
twelve carrier charts, thirty seam algebras, and twenty nonvacuous triple restrictions. The
same bound artifact supplies confluent seam repairs, an operational observer receipt, and a
refinement-natural oriented S? support limit. The separate geometric 27-KMS comparison and
FiniteCapBW(Certificate are not outputs of that finite bridge. The state tower, common-comparison
maps, compatible state/vector data, modular controls, and cofinal modulus form an independent
compatible modular-state tower. The BW theorem consumes both inputs on the same refinement
tower. Independently, authenticated read-from provenance supplies the finite event carrier and
generated order. Every finite strict partial order also compiles exactly into an abstract authenti-
cated log; the supplied relation and unthreaded snapshots make this grammar expressivity, not
OPH dynamics or physical selection. Its canonical source height is zero at roots and one plus the
maximum direct-parent height otherwise, equals the attained longest authenticated-parent-chain
length, and strictly increases on generated ancestry. The exact source Gram quotient supplies a
positive rank-three carrier. Its direct sum with an independent real axis,
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is a four-dimensional ambient target carrier with Lorentz inertia (1,3), and source-unit directions
are exactly its future-null rays. Canonical source height enters only through a scaled event place-



ment. This finite construction removes the free event order, supplied placement rank, rank-four
chart, and fitted signature. Once the support leg produces a conformal S2, the independent classi-
cal identity Conf™(S%) = SO™ (3, 1) gives the same celestial Lorentz cone and the three-dimensional
observer-frame fiber H? = SO™(3,1)/S0(3).

Every finite event log admits an auxiliary injective one-way realization: enumerate its events
along one source axis and take a height scale larger than the enumeration diameter. Distinct
same-height events are then spacelike. The enumeration is arbitrary and generally creates unsup-
ported cone comparisons, so it supplies neither source selection nor faithful physical coordinates.
A supplied event-local spatial readback and edge speed bound send generated precedence into the
future cone. Equal-height spatial separation and a strict spacelike inequality for every increasing-
height pair unsupported by ancestry derive converse cone support and exact two-way order—cone
equivalence. Event separation follows from antisymmetry, and the two-way equivalence gives exact
interval preservation. The exact-embedding route requires one source-selected refinement family
preserving order, placement, and source directions, with dense and isotropic physical links on S2,
calibrated #I/p — Vol(I), independent dimension and manifoldlikeness tests, stable thickened-
antichain topology, and convergence to a unique distinguishing Lorentzian limit. Event count is
not public capacity N.

A controlled effective route uses vanishing causal discrepancy and compatible count-volume
convergence. Conservative Fibonacci-record populations with a specified complete-neighbour read
law have such a flat 1 + 3 limit when their fill error is small relative to the shrinking read radius.
Equal-mass assignments with vanishing displacement error give normalized event counts converg-
ing to volume. On fixed interior timelike diamonds, fourth roots of interval-count ratios recover
proper-time ratios, with a reference interval fixing the unit and complete ancestry access supplying
the readout. Within the class of nonzero closed convex pointed displacement cones, operational
invariance under source rotations and every boost along one axis forces the Lorentz cone up to time
orientation. The covariance is an assumption about actual influences and readouts. Physical selec-
tion of the population, read law and common matter realization is separate from these conditional
results.

On the same finite event type, the source-order Einstein theorem replaces all-null balance by
nine supplied balances on fixed algebraic source-direction representatives and, with symmetric
fields, an algebraic coupling, four step maps, Ward/Bianchi identities, and connectedness, derives
the all-null and Einstein-form tensor relations. The directions are algebraic rather than observed
signals; the informational order does not select a field, step, or balance. The matrix fields and steps
remain supplied. Reading them as smooth curvature and physical stress requires a same-family
tensor-curvature reconstruction converging to the smooth Einstein tensor, or the separately stated
continuum small-ball /null-balance identification, together with same-source stress, Ward/Bianchi,
coupling, scale, and remainder data on the physical continuum family. Scalar-curvature convergence
is only a diagnostic. The separate composedEinsteinBranch returns the conditional Einstein-form
composition under those typed inputs; it does not supply them. Any admitted continuum spacetime
is an emergent effective description, not a fundamental object inserted into the finite carrier.

The second projection begins with an exact finite result on the certified Echosahedral lineage.
The twelve-port module decomposes as

P>y, 19333 @5.

The declared integer counting and normalized central-readback cost realization gives the twelve
unit lines and exact gap. An append-only signed-event machine generates those integer loads. Con-
servative whole-unit seam repairs preserve total load and strictly decrease V(N) = 3, NZ; mini-



mum move count is natural under every carrier rotation and the declared refinements. Divisibility
of total load by twelve is necessary for consensus, while an explicit eighteen-move path settles the
declared full-pile packet. A half-unit display rescales event values and the repair threshold together,
S0 it is a units convention on the same move graph. Oriented incidence independently gives the
antipodal pairing, proper As action, and rank-three Gram frame, and determines the antipode J.
Complete reversible response and endogenous overlap transport force the abstract local Standard
Model gauge Lie algebra. Under the explicit inverse-port contract, the signed central involutive
responses are exactly +J, with common sign conventional. Conditional also on the matrix current
and rank-15 matter contract with its unique charge-conjugate projector pair, anomaly and tensor-
descent certificates give the hypercharge lattice, common Zg kernel, and maximal faithful matter
image. The scalar scan fixes compatible charges and Yukawa channels, not scalar multiplicity.
The target-blind producer derives the inverse-port response, without selecting the matrix current.
Separate band premises select the rank-three response. Tensoring it with the declared generation
table gives a conditional rank-45 candidate whose chirality and diagonal Zg action come from that
table. A distinct local-domain receipt checks the declared tensor-identity operator and conditional
gap inheritance without source-selecting the matter action or transporting the twelve-port Spin
packet. Laboratory identification of the finite matter carriers, current, and line sectors, exclusion
of extra light sectors, physical matter-pole and continuum family identification, scalar attachment
and dynamics, and quantum-field construction require separate maps.

The compact sector-category/Tannaka route conditionally reconstructs a compact group by
a logically independent route. Physical family identification and extra-sector exclusion require
separate identifications; they do not enter the contract-conditional finite gauge implication. Phys-
ical family identification requires an additional map on the charged-lepton and quantitative selec-
tor/gap branches. Physical unification requires a source-bound commuting square identifying its
reconstructed compact group with the group acting through the Echosahedral current response:

A5PortResponse,. — (Gereen

i 1~

TransportableSectorCategory, — GPR.

On those premises the abstract Lie-type agreement is exact. The construction supplies neither
the physical vertical maps nor an identification of the two group actions. In the same way, the rank-
three response band and declared generation table form a conditional complex rank-45 candidate,
while three physical generations require matter-pole, continuum, seam-selection, persistence, and
complement-complete refinement receipts. The rank-three result depends on the complete-band
and cost-order premises; it is not a consequence of the icosahedral graph alone.

Finite controls and scope

The finite A5 evaluator control has 60 reachable correctable public records on Hy, = £2(As) ® CF:

My =60, Dy =60k,  Apaw =60(k —1).

Raw equality occurs only at £ = 1. Publicly inert multiplicity makes D,y implementation-
dependent, so the result is an evaluator control rather than physical capacity closure.

The unified claim has a precise scope. Consensus and geometry /gravity are composable branches
of one source-bound self-reading carrier tower. The finite gauge branch uses the same carrier
architecture, and A1-A2 force its abstract local Standard Model gauge Lie algebra. The matrix
current and matter action are conditional realizations and are not joined to that tower by a common



source construction. Local icosahedral incidence by itself constrains only the carrier module. The
physical maps that turn these constraints into one inhabited universe are additional assumptions.
Matching dimensions or symmetry labels does not supply them.

What This Paper Contributes

The mathematics of repair is old in the right places. Constraint satisfaction, rewriting systems,
well-founded descent, local-diamond confluence, inverse limits, and recovery channels all enter this
paper with their standard meanings. OPH adds the physical reading: each variable is an observer
patch, each constraint is an overlap-visible record check, and each accepted rewrite is a local repair
move that must descend to the quotient seen by neighboring observers.

That turns consensus into the implementation layer of the theory. The paper distinguishes
accepted-step termination from scheduler attempts that may stutter, proves that every canoni-
cal adaptive attempt stream is eventually constant, isolates pathwise weak fairness as sufficient
for normality, proves that no single mismatch-only finite attempt horizon uniformly bounds all
normalizing schedulers, gives a (¢+ 1)-scaled upper horizon under bounded waste with exact sharp-
ness in the work-conserving case, and identifies completeness and confluence as the remaining
hypotheses for one canonical public endpoint. It derives event precedence from versioned mis-
match provenance: certified read-from parenthood generates the strict informational order, any
exact precedence adapter reduces to a verifier of that order, and a writer-blind static mismatch
score determines no causal arrow. It also proves how boundary data control uniqueness and how
cycle holonomy records the exact obstruction to global agreement. Its finite results support the
framework’s mathematical core. The paper also explains why a bare overlap graph is only a fi-
nite constraint code. Stronger language such as quantum error correction, min-cut distance, BFT
liveness, or hardware speedup needs its own certificate.

Synchronization and consensus are distinct. A physical phase-lock process may establish a
stable relative phase and a commensurability map between two exposed ports. It enters this
theorem only after its phase records are tied to the accepted transaction ledger, an independent
clock, the semantic record surface, and the confluence premises. Frequency entrainment alone can
coexist with conflicting records.

1 Introduction

This paper writes the OPH consensus picture in the simplest concrete form. A universe is rep-
resented as a finite graph of observer patches. Each patch carries local state data, neighboring
patches compare those data on overlaps, and local repair moves try to reconcile any mismatch.
The central mathematical question is whether this repair dynamics converges to one shared world
and how the unavoidable obstructions are encoded when it does not.

The word “dynamics” is used here in the rewriting-system sense. The repair schedule selects
terminal normal forms and proves schedule independence under the stated hypotheses. The se-
lected observer-facing structure can carry an internal record order, which is read as history. A
conventional simulation computes a surrogate history. OPH computes the fixed point and its
quotient-visible records. A physical-clock interpretation additionally requires an observer-readable
transition process, event correspondence, and affine clock calibration. The patch-net algorithm is a
theorem device for fixed-point selection. The fundamental description contains no global timeline
on which spacetime contents are rendered.



A bare fixed point is not called an OPH simulation below. Definition 8.1 requires recovery-
derived endogenous update, nontrivial quotient-readable records, overlap repair with schedule-
independent normal form, elimination of a proper candidate basin in the selected boundary/sector
fiber, and implementation-projection identities separating quotient-record order from any physi-
cal clock. Theorem 8.2 proves those clauses on the named finite branch and supplies a generic
fixed-point and variational counterexample.

The resulting theorem package has two layers, bounded by the constraint-code firewall stated
once in the summary list below. The first core consensus layer concerns convergence: primi-
tive recovery proposals are eligible only when they satisfy the touched-overlap local-fit contract,
but a proposal becomes physical only through transactional acceptance with snapshot validation,
protected-boundary preservation, and exact well-founded descent. This accepted finite relation
induces a total, idempotent, boundary-preserving quotient normal-form map

Rep, : @ — Q.

Connected conflict components commit atomically through coherent canonical union-collar pay-
loads. Semantic-dependency-complete read sets, conflict components, snapshot-determined pay-
loads, and revalidation prove the local diamond on the physical quotient. A schedule-independent
normal form follows when these premises and repair completeness hold. The concrete receipt
checks those premises and the resulting finite peaks. The stronger claim that all interiors with the
same boundary data settle to the same state requires preservation of that boundary data plus a
unique consistent extension in the corresponding fiber; the layered functional carrier proves a fi-
nite multi-edge witness for this condition, and the functional selected-fiber branch gives the rooted
obstruction-check form. The second concerns obstructions: pairwise overlap agreement does not
ensure a global solution, and the obstruction is holonomic. On the abelian branch it is the cycle
sum of edge data; on the genuinely noncentral branch it is a crossed-module Cech class.

Gauge symmetry enters as invariance under changes of hidden local representation that preserve
overlap data. When the repair step is read only on that overlap-invariant quotient, the normal-
form map descends to the gauge quotient, so physical uniqueness is a quotient statement. On the
quantum lift, the same quotient-local carrier determines a unique terminal state on every declared
physical observable algebra, even when microscopic representative lifts differ by gauge or sector
relabelings inside one quotient-local glued state. The observation layer is carried by finite observer-
accessible record algebras generated by central or quantitatively stable approximately commuting
projectors. These results form the patch-net formulation used in the broader OPH literature,
including the fixed-cutoff Bell/CHSH package on the companion microphysics surface.

This paper proves a constraint-code firewall and nine core consensus results:

1. Constraint-code firewall. A finite overlap net defines a finite constraint code: its codewords
are exactly the globally consistent states, and C = ®~1(0) (Proposition 2.3). This is the
default meaning of “the overlap network is a code.” It is not, by itself, a quantum error-
correcting code and does not imply a graph min-cut formula for distance (Theorem C.10).
The same firewall blocks semantic upgrade by relabeling: a finite constraint, archive, repair
spectrum, or reconstruction threshold is a finite diagnostic; only a source-separated physical
bridge supplying the relevant readout, residual ledger, controls, and frozen validation target
changes that type.

2. Asynchronous confluence. For the declared accepted repair law, primitive recovery
proposals pass through transactional snapshot/read/write validation, semantic-dependency-
complete boundary, sector, history, and checkpoint preservation, and exact descent. The



accepted relation induces a total local quotient repair map locRep, : @ — @ and a total
idempotent global repair map Rep, = nfy : @ — Q. A coherent canonical aggregate per
conflict component and semantic-complete revalidation prove the quotient local diamond.
The implementation receipt checks these premises and the concrete finite peaks. With repair
completeness, every fixed initial quotient state has a unique normal form, independent of
update schedule (Proposition 3.7, Proposition 3.23, and Theorems 3.9 and 3.25).

. Cycle obstruction. For affine overlap constraints over an abelian group, global consistency
holds if and only if the holonomy vanishes on every cycle (Theorem 4.1). The parity triangle
gives the minimal frustrated example, and Theorem 4.4 extends the same logic to the crossed-
module higher-gauge defect hierarchy used later in the framework.

. Gauge quotient, selected fibers, and observable-level confluence. When local re-
pair is induced on the overlap-invariant quotient, the normal-form map descends to that
quotient, Rep) og is invariant under gauge/implementation hiding, and the induced terminal
state on every declared physical observable algebra is unique there even when microscopic
representatives differ by gauge or sector relabelings inside one quotient-local glued state. If a
boundary/sector map is preserved and each consistent boundary fiber has at most one quo-
tient extension, then all initial states with that boundary value settle to the same quotient
normal form; the layered functional carrier proves Hp A Hgp, on a finite multi-edge, multi-
step carrier, while the functional selected-fiber branch proves a nontrivial rooted case where
multiple same-boundary interiors exist, inconsistent candidates are eliminated, and surviving
candidates share one quotient normal form (Theorems 5.2, 5.4, 5.7, 5.9, Corollaries 5.3, 5.8,
5.11, and Theorem 5.16).

. Refinement-limit consensus classes. On a separated cofinal refinement system whose
restriction maps commute with the finite-stage normal-form and holonomy maps, the quotient
normal forms and holonomy obstructions assemble into unique inverse-limit classes with finite-
stage visibility (Theorem 6.2).

. Coarse-graining compatibility. On any refinement system whose coarse-graining maps
shadow finite-stage normal forms and holonomy maps with declared errors, reconciling first
and then coarse-graining gives the same macroscopic law data as coarse-graining first and
then reconciling, up to those errors; in the exact natural case the error is zero (Theorem 6.9).

. Record algebra and stability. On the fixed-cutoff observer-accessible surface, a supplied
density-state valuation and a declared Liiders instrument give Born/Liiders formulas on the
central record projectors; the projectors alone do not select the instrument. Approximate
record projectors inherit explicit (e, dyec) stability bounds on the same event surface (Theo-
rem 7.2).

. OPH simulation firewall. On a selected boundary/sector fiber, “simulation” requires
recovery-derived endogenous update, nontrivial quotient-readable records, strict overlap-
repair descent with a schedule-independent normal form, collapse of a proper candidate
basin to one consistent quotient state, and implementation-projection identities separating
quotient-record order from any physical clock. Under the stated selected-fiber and record
hypotheses, the finite OPH packet has this certificate; a generic identity fixed point or
constant variational functional does not (Definition 8.1, Theorem 8.2, and Remark 8.3).

. Distributed one-universe realization. A worker implementation is a presentation of one
finite OPH universe only when the run starts from one global carrier and every distributed



event projects to a legal monolithic repair path, a physical stutter, or a certified rollback to
an earlier committed projection. Under those hypotheses, partition, worker count, schedule,
restart history, and repartition metadata do not change quotient observables or observer
readouts that factor through the monolithic normal form (Theorem 9.5 and Corollary 9.6).

10. Conditional noisy fair-block consensus. If a noisy asynchronous implementation admits
fair repair blocks, a uniform expected contraction toward the exact quotient normal-form
set, and controlled within-block excursions, then all long runs stay in a controlled expected
tube around that exact normal-form set. In singleton boundary/sector fibers, Lipschitz ob-
server readouts are approximately schedule-independent, and a finite Markov-kernel certificate
checks the block contraction on finite exported nets (Theorem 11.1, Corollaries 11.2-11.3, and
Proposition 11.4).

The repair step itself is a concrete recovery move, not a free rewrite primitive. On the fixed-cutoff
collar branch, a local update is obtained from exact Markov splice or from a declared Petz/Fawzi—
Renner recovery channel and then read on overlap-invariant physical data. The fixed-point theorem
below isolates the separate branch conditions cleanly: the declared repair law includes the touched-
overlap local-fit contract for primitive proposals, while transactional acceptance validates snapshots,
protected data, unchanged registers, and exact descent. The fixed-cutoff gluing package carries a
parenthesization-independent union-collar payload only on a branch with an exact aligned Markov
construction, a coherent canonical recovery construction, or a primitive aggregate-payload receipt.
Repair completeness, the quotient-level local diamond, and, on the Petz branch, the support/CPTP
clause are separate conditions stated in Proposition C.5. A nontrivial exported rooted-tree packet
domain where these clauses are proved is recorded in Definition 3.13 and Theorem 3.14; the separate
layered functional carrier records the finite multi-edge boundary-reconstruction witness.

We also define a fitness functional over a finite candidate space of reconciliation laws and
prove that replicator dynamics monotonically increases mean fitness (Theorem 12.4). This gives a
clean mathematical model for finite-candidate law selection, not a universality theorem or a literal
cosmological dynamics claim.

The results here are exact theorems about a computational model. The companion OPH
manuscript uses separate support levels for structural theorems, scaling limits, quantitative particle
outputs, and phenomenological continuations [16].

2 Patch Nets, Overlaps, and Global Consistency

Definition 2.1 (Patch net). Let G = (V, E) be a finite connected graph. Each vertex i € V is an
observer patch with finite local state space S;. The global state space is

eV
For each edge e = {i,j} € E, let I, be an interface alphabet and let
Ti.e Si — I, Tje - Sj — Ie
be the interface projection maps. A global state s = (s;)icv € X is consistent on edge e = {i,j}
if
7T7/7E(SZ) = 7Tj7e(8j).
The global consistency set is

C:={seX:Ve={i,j} € E, me(s;) =mje(s;)}
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For exposition we use a finite pairwise-overlap graph. The hypergraph version is straightforward:
replace edges by hyperedges and pairwise equality by a common interface label on each hyperedge.
Nothing in the proofs depends on the pairwise restriction.

The picture: each observer holds a local state, and neighboring observers share an interface
through which they can compare notes. A universe-state is physically admissible exactly when all
neighbors agree on their shared data. This is a constraint satisfaction problem (CSP), and the
consistent states are the codewords.

Definition 2.2 (Inconsistency potential). For each edge e, choose a weight we > 0 and a function
de : Io x I. = R>g with de(a,b) =0 <= a =b. On the declared fized-cutoff branch, d. is the
overlap score used by the local acceptance contract on that interface. Define

@(8) = Z We de(ﬂi,e(si%ﬂj,e(sj))'

e={i,j}€FE
Then s € C <= ®(s) =0.

Proposition 2.3 (Bare overlap nets are finite constraint codes). For every finite patch net of
Definition 2.1, the consistency set C' C 3 is a finite constraint code whose codewords are exactly
the globally overlap-consistent states. With the mismatch potential of Definition 2.2,

C =aY0).

This proposition is the theorem-grade content of the unqualified phrase “the overlap network is a
code.” It supplies a finite constraint code, not a quantum error-correcting code, not a topological
code, not a graph-theoretic formula for code distance, and not a Lorentzian or Finstein-geometry
theorem.

Proof. Finiteness follows from ¥ = [],; S; with finite S;. The definition of C is a finite family of
interface-equality constraints, so C' is the set of satisfying assignments. Since each w, > 0 and
de(a,b) = 0 exactly when a = b, every term in ® is nonnegative and vanishes exactly on a satisfied
edge constraint. Therefore all edge constraints hold if and only if ®(s) = 0. O

Remark 2.4 (Bare consensus does not supply the cap-normal H? chart). Bare finite consensus
supplies quotient normal forms, boundary data, and obstruction classes. It does not itself supply
the future null cone, a round-cap support chart, conformal transport, a time orientation, or the
H? observer-frame homogeneous space. The cap-normal theorem in the spacetime and Einstein
paper applies only after the separate geometric-readout Bisognano—Wichmann (BW) branch has
emitted an oriented conformal S2, nondegenerate oriented round caps, and proper-orthochronous
conformal transport. This is why the finite-consensus to Einstein branch-entry arrow is a separate
implication with its own premises.

Definition 2.5 (Bare finite consensus reduct). A bare finite consensus reduct at regulator r is
Cons, = (X, 'y, Qr, ©1, ¢, 1y, Cr, By,

where ¥, is the finite presentation space, 'y is the presentation-redundancy groupoid, Q, = 3, /I,
1s the physical quotient, ®, is the mismatch functional, —, is the accepted repair relation, n, is the
quotient normal-form map, and

Cr = ‘I)r_l(o)

1s the globally overlap-consistent set, and B, is its boundary-data readout.
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Theorem 2.6 (Bare finite consensus is not Einstein-complete). The bare finite consensus reduct
Cons, does not determine a Lorentzian metric g, stress tensor Typ, Newton coupling G, area/edge
operator L, generalized entropy Sgen, modular geometric flow, or the equation

Gap + Agap = 871G Ty
Consequently, Finstein geometry is not a theorem of the bare finite consensus language.

Proof. The symbols of Cons, describe finite states, quotienting, mismatch, accepted repair, normal
forms, and consistency. They do not include a metric, curvature tensor, stress tensor, cap modular
automorphism, area operator, or entropy-area normalization. Hence two model extensions can
share the same Cons, while assigning different geometry/stress data. One extension may attach
Minkowski metric, T, = 0, and A = 0, so Einstein holds. Another may attach a Lorentzian metric
g., and stress tensor 17, for which

Gy + N gy, # 87G'T,

somewhere. All bare consensus statements have the same truth value in the two extensions, while
the Einstein equation has different truth values. Therefore the Einstein equation is not entailed by
the bare reduct. ]

The theorem excludes definability of the Einstein equation from free decorations of Cons,: the
two extensions attach geometry with no arrow from the quotient. The machine-checked form
(bare_consensus_not_einstein_complete in Lean/ObserverPatchHolography/EinsteinBra
nch/Consensus.lean) covers the integer scalar Einstein identity on a constant demonstration
tower; the metric, stress, coupling, area-operator, entropy, and modular-flow clauses rest on the
prose model extension above. Extensions whose geometry is a computable function of the quotient
normal forms, such as the support-visible incidence complex of the geometry-producer packet, are
the object of the producer and composition theorems and are outside this exclusion.

Cons, = quotient normal forms and computable functions of them.

The gravity theorem used elsewhere in OPH has a separate typed dependency spine:

RecoveredCoresax + GeomRead + BW'g; + NullStress
+BoundedInterval 4+ FixedCapStat + SmallBallArea
+RemainderControl 4+ TimelikeCoverage

-+CommonSource + PhysicallDs

+TensorUpgrade = Einstein.

The implication requires one source-derived common-domain tower, certified asymptotic tails, uni-
versal coupling, a source-derived vacuum reference, and independent physical scale readouts. Such
a tower enters as a premise; this paper does not construct it. That branch is carried by the
spacetime/Einstein and microphysics papers, not by the bare constraint-code theorem above.

So @ is the total disagreement energy of the universe. Consistent states have zero energy.
Everything else is frustrated.

12



3 Asynchronous Reconciliation and the Main Fixed-Point Theo-
rem

Definition 3.1 (Recovery-derived local repair law). Fiz for each patch i a finite collar chart
A;—B;—D; around the overlaps touched by i, together with a fized local decoder from repaired collar
data back to the finite patch label at i. A law X\ is a family of local repair maps

2%  (ieV)

such that T{\ changes only the state of patch i (or, more generally, only a bounded neighborhood of
i), and the local update is induced by one of the declared OPH recovery moves on that collar, where
wa,B,(s) denotes the A; U B; marginal of the input collar state encoded by s:

(i) exact Markov splice on the collar, using Theorem A.1 when I(A; : D; | B;) = 0; or

(ii) a declared recoverability channel
(idAi ® Ri)(wAiBi(S))7 R; = Rdi,Ma
with R; in the Petz/Fawzi—Renner class of Definition C.3 and Theorem A.1.

The decoder back to S; is bookkeeping for the finite patch presentation; the physical content is the
repaired collar state on the declared fixed-cutoff branch. Write s ~»; t iff t = Ti)‘(s) # s. These are
primitive proposals, not accepted physical rewrite steps. A proposal is committed only through the
transactional acceptance layer below.

Definition 3.2 (Touched-overlap potential and accepted local-fit contract). For each repair site 1,

let

Efouch .— {e € E : the interface data on e may change under Tl)‘}

Define the touched-overlap potential

@1(8) = Z We de('ffu,e(su);ﬂ—v,e(sv))'

e={up}eEtouch

On the declared fized-cutoff branch, a recovery-derived primitive candidate is eligible for transac-
tional commitment only if it strictly lowers this touched-overlap score:

S~ T = (I)i(t) < @i(s).

This is the patch-net form of the regulator-side monotone local-fit contract carried by the declared
repair package.

Definition 3.3 (Overlap-associative union-collar gluing). Fiz s € ¥ and two enabled primitive
proposals s ~; t, s ~; u. Write

h h h
E;;;)uc = E;couc UE;OHC .
The declared repair branch is overlap-associative if the following hold.

(i) If E}OUChﬂE;OUCh = @, the two local proposals have disjoint support on the declared branch and
therefore commute if they are committed as separate transactions.

13



(ii) If El-touCh N E}OUCh # &, there is a finite union collar U;; covering the interfaces in El-t;?uCh such
that the physical glued state on U;j is parenthesization-independent on the quotient, in the sense
of Proposition B.8, and the local decoders/lifts of Definition 3.1 are restriction-compatible on
nested collars.

This is the concrete compatibility package used below to build canonical aggregate payloads for con-
flicting repair components.

Definition 3.4 (Transactional acceptance layer). Let X denote the finite physical presentation on
which a repair step is being checked: before quotienting one may take X = X, and on the physical
branch X is the quotient by hidden representatives. Registers are the finite patch, interface, sector,
and record coordinates. Fix a boundary/sector/holonomy record map

B: X —B

and a well-founded exact measure
pe X = (W, <),

for example a lexicographic integer vector (Nhard, ®, Nunresolved ) -
A prepared transaction is a tuple

T = (RT? WT7 UT7pT)

with read set, write set, read snapshot, and payload. It commits at x € X only if all of the following
hold:

(i) the snapshot is current: x|g, = o;;
(ii) the payload changes no register outside Wy ;
(iii) boundary, sector, holonomy, and protected record data are preserved: B(Apply.(x)) = B(x);

(iv) exact descent holds:
u(Apply, (z)) < p(x).

A stale, aborted, ambiguous, or obstructed transaction is not a rewrite step. The read set is
semantic-dependency-complete as follows. Let F contain every finite-support functional whose
value enters acceptance: the supported terms of u, the protected boundary/sector/holonomy func-
tions, enablement predicates, semantic-history and event-parent functions, observer-registry updates,
and checkpoint-continuation functions. For a write set W, define

DrW):= |J  supp(/).
fer
supp(f)NW#2

Every prepared transaction satisfies Ry O Dz(W.); its enablement and payload are functions of the
read snapshot, and every acceptance functional affected by its write is revalidated at commit. For
seam potentials this reads both endpoints of every seam whose score can change. Protected-support
completeness and protected-conflict completeness are the restrictions of this condition to protected
functionals; they are not substitutes for the full semantic closure.

At a state x, form the conflict graph of enabled primitive repair proposals, with

THo <— W N(R,UW,)# 2 or WoN (R UW;) # 2.
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Each connected conflict component K is replaced by exactly one canonical aggregate transaction Tg,
computed on the union-collar or conflict-component support, with final declared supports Ry, Wi
satisfying Rx 2 Dr(Wk). If aggregation or collar completion expands either support, conflicts
are recomputed on the final aggregate supports and components are merged again until a fized point
is reached; distinct fized-point aggregates are pairwise nonconflicting. These fixed-point compo-
nents form a prepared source batch. After one component commits, another source-batch aggregate
whose snapshot remains current and whose acceptance functionals revalidate remains admissible
before later-enabled proposals are batched. Equivalently, an implementation may recompute imme-
diately only if it certifies this surviving-component property. Primitive members of K never commit
separately. Write x — y for a successful aggregate transaction commit, and let —* be its reflexive-
transitive closure. A state is a normal form when no aggregate transaction is enabled.

3.1 The quotient repair operator

The transactional layer above defines the physically accepted one-step relation. The object used
as law is the induced finite normal-form map on the physical quotient, not a hidden-representative
rewrite.

Definition 3.5 (Finite quotient repair presentation). A finite quotient repair presentation is
a tuple
P - (E7F7q7QachBvu7A7 _<A>

where
Q=3/T, q:X—Q
is the physical quotient by hidden representative data, Cg C Q is the quotient-level consistency set,
B:Q—B
is the protected boundary, sector, root-packet, charge, or holonomy-sector map, and

peQ— (W, <)

is a well-founded exact descent measure whose image on Q is finite. The finite set A consists of
accepted aggregate repair transactions, equipped with o fized total order <ap. Fach a € A has a
domain D, C Q and a map

a:Dg,— Q.

The accepted one-step relation is
x—=py <= da€A z€D, y=ax).
The presentation is OPH-admissible when:
(Hp) = —py = B(y) = B(z),

(Hy)  z—=py = uy) =< ue),
(H,) —p s locally confluent on Q,

and
(Heomp) x€Cg <= no accepted aggregate transaction is enabled at x.
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Definition 3.6 (Local quotient repair operator). For x € Q, let
A(z) :={acA:zeD,}
be the enabled aggregate transaction set. Define

amin(z), A(z) #

locRep, () := {a: A(z) =

where amin 15 the <a-least enabled aggregate transaction.

Proposition 3.7 (Local quotient repair is total, protected, and descending). For every OPH-
admissible finite quotient repair presentation,

locRep, : Q@ — Q

s a total map. For every x € @,

B(locRep, (z)) = B(x),
and either locRep,(z) = x or

p(locRepy (z)) < p(z).

Finally,
locRepy(z) =2 <<= € Cq.

Proof. The set A is finite and totally ordered, so a least enabled transaction exists whenever A(z) #
@. If no transaction is enabled, the definition returns x. Hence locRep, is total.

If no transaction is enabled, boundary preservation is immediate. If ap,;, is enabled, (Hp) gives
B(amin(z)) = B(z). The descent statement is immediate from (H|). Since strict descent excludes
amin() = x, the local operator fixes exactly those states with no enabled aggregate transaction.
By (Hcomp), these are exactly the elements of Cg. O

Definition 3.8 (Global quotient repair operator). For z € @, define the canonical local-repair
iterates by
x0 =z, Tpy1 = locRepy (25,).

By Proposition 3.7, the sequence either stops or strictly descends inside the finite value set pu(Q).
Hence there is a least N(x) such that

IN(z)+1 = TN(x)-

The global quotient repair operator is

Rep, (7) := Ty (g)-

Theorem 3.9 (Global Repair is the finite quotient normal-form map). For every OPH-admissible
finite quotient repair presentation,

Repy: Q@ — @

is total and satisfies
Rep,(z) € Cg, B(Rep,(x)) = B(x),

Rep) (Rep,(z)) = Rep, (),
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and
Repy(z) =2 <+ z¢€Cq.
If x =% y and y is terminal, then
y = Rep, ().
Thus
Rep, =nfy: Q — Q

s independent of the accepted asynchronous repair schedule.

Proof. Totality follows from finite descent. If x,,11 # =, then Proposition 3.7 gives

(Tn1) < p(@n).

Since p(Q) is finite and well founded, no infinite strictly descending sequence exists. Thus the
canonical iteration reaches a fixed point xy. By Proposition 3.7,

zy =locRepy(zn) <= 2y € Cg,

so Rep,(z) € Cq. Boundary preservation follows by induction from (Hpg), hence B(Repy(z)) =
B(z). Idempotence follows because every point of Cq is fixed by Proposition 3.7.

For schedule independence, (H|) gives termination of —p, and (H,) gives local confluence.
Newman’s lemma gives confluence. A terminating confluent rewrite system has a unique terminal
normal form reachable from each initial state. The canonical iteration defining Rep, is one accepted
repair execution, so it reaches that unique terminal normal form. Therefore every other maximal

accepted repair execution from z reaches the same value. ]

Closure item Paper object Result

physical one-step repair locRep, : @ — @ Proposition 3.7

physical global repair Rep, = nf, Theorem 3.9

protected data boundary /sector map B preserved by accepted Theorem 3.9
transactions

quotient normal form terminal point in Cg, idempotent and schedule- Theorem 3.9
independent

Proposition 3.10 (Validation support for local mismatch measures). Suppose the exact repair
measure has finite local supports,

w(x) = palzls,).

acA

If a transaction writes W, then only terms with S, "W #£ & can change. Consequently, the descent
validation is snapshot-local once the read set contains

RFW):= |J S

For the OPH overlap potential

(I)(CC) = Z We de(wi,e(l'i)awj,e(l‘j))’
e={i,j}

this means reading both endpoints of every overlap whose score may change when a written register
changes.
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Proof. If S, "W = &, the transaction leaves every register read by u, unchanged, so that term
cancels between the pre- and post-state. Every remaining term is determined by the payload
together with the restriction to R*(W'). The displayed edge-potential formula has one two-endpoint
support for each overlap term, giving the stated seam rule. O

Remark 3.11 (Inputs and branch conditions). The repair step is therefore not an abstract rewrite
primitive. Its declared inputs are the fixed-cutoff collar chart, either exact Markov splice or a chosen
Petz/Fawzi-Renner recovery channel, a local decoder/lift back to the finite patch presentation, and
the touched-overlap local-fit contract of Definition 3.2, together with the support-local disjoint-
commutation clause and the restriction-compatible union-collar package of Definition 3.3. The
parenthesization-independent quotient-local glue used there is supplied by Proposition B.8 from the
fixed-cutoff center-sector / higher-gauge gluing package. The actual accepted step is the validated
aggregate transaction of Definition 3.4. The theorem package takes repair completeness as an
explicit branch condition. On the Petz branch, full CPTP action on all inputs also requires the
support clause recorded in Proposition C.5. On broader branches one must also prove that the
declared union-collar compatibility is preserved under refinement or branch change.

The theorem package separates the imported repair-law data from the theorem-local inputs

cleanly:

Assumption 3.12 (Repair completeness). For the accepted transactional relation —, s € C if and
only if no aggregate repair transaction is enabled at s.

Normal forms are exactly the globally consistent states. The dynamics is neither too weak
(missing some inconsistencies) nor too strong (repairing things that were fine).

Definition 3.13 (Verified rooted-tree packet-net domain). Fiz a finite rooted tree T = (V, E,r).
For each non-root vertez i, write p(i) for its parent and write w; > 0 for the weight of the edge
{p(i),i}. Let A be a finite packet alphabet with |A| > 2, and let K; be a finite hidden-label set. The
patch state space is

Si = A X Ki, S; = (l‘l,k‘l)

For every edge e = {i,j}, the interface alphabet is I. = A, and both endpoint projections read the
packet component:
Wi,e(xiy kz) = Ty, Wj,e(-fj, k]) = x;.

Thus e is consistent exactly when x; = xj. Choose the weights so that
w; > Z w; for every non-root 1,
Jp(d)=i
with an empty sum equal to 0. Define
(I)(S) = Z w; 1[$i 75 xp(l)]
{p(i),i}eE

The repair map at a non-root vertexr i s

with all other vertices unchanged; if x; = xp;), the map is a no-op. The root repair map is the
identity. The hidden labels k; are acted on by arbitrary finite gauge relabelings and are not read by
any interface projection.
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Theorem 3.14 (Rooted-tree packet repair completeness and quotient closure). On the domain of
Definition 3.13, Assumption 3.12 is a theorem. FEvery enabled repair strictly decreases ®. FEvery
mazimal asynchronous repair run terminates at the unique state

x; =x forallieV,

with all hidden labels k; unchanged. The normal-form map descends to the quotient by hidden gauge
relabeling. If several tree repairs lie in one conflict component, the canonical aggregate transaction
applies them in increasing tree depth and is the same as the corresponding serial tree repair path.
The four-vertex instance with edges r—a, a—b, a—c, alphabet A = Zs, hidden labels K; = Zs, and
weights 5,1,1 is exported as a verified domain record with the cited consensus code.

Proof. First, repair completeness is immediate from the rooted tree. If s € C, every edge has
T = Tp(;), SO every non-root repair is a no-op. Conversely, if every repair is a no-op, then z; = z
for every non-root vertex, hence every edge is consistent and s € C.

Let ¢ # r be enabled. Only the parent edge {p(i),7} and child edges {i,j} with p(j) = ¢
can change their contribution to ®. The parent edge changes from inconsistent to consistent,
contributing —w;. Each child edge can increase by at most its weight. Therefore

(i)

(Ti(s)) — ®(s) < —wi + Y. w; <O.
Jm(d)=i
So every enabled repair is accepted by the Lyapunov contract.

Since ® takes finitely many values, every maximal repair run terminates. At a terminal state
no non-root vertex differs from its parent, so the terminal packet label is x, on every vertex. The
root label and every hidden label are invariant under all repairs, so the terminal state is unique and
independent of update order. Because interface projections, enabledness, ®, and the repair maps
depend only on x;, arbitrary relabelings of the hidden K; commute with quotienting:

qoTi=Tioq.
Thus the normal-form map descends to the hidden-label quotient. ]

Corollary 3.15 (Physical-law map on the verified packet domain). On the rooted-tree packet
domain, every gauge-invariant observable

M:J[(Ax K;) =Y

has a schedule-independent repaired value
M (nf(s)),

and this value depends only on the quotient class of s. Hence the normal-form map is usable as
physical law on this verified packet branch without adding a representative-level gauge-covariance
assumption.

Proof. Theorem 3.14 gives a unique terminal state for every asynchronous repair schedule and shows
that the normal-form map descends to the quotient by hidden-label relabeling. A gauge-invariant
observable factors through that quotient, so its value on the terminal state is independent of both
the repair schedule and the hidden representative. O
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Proposition 3.16 (Classical full-support Petz packet domain). Let B and D be finite packet
alphabets, let the collar algebras be diagonal, and let N : CB*P — CPB be the marginal channel
(Np)(b) = ;p(b,d). Fiz a reference state ogp with og(b) > 0 for every b. Let

Yo == min op(b) > 0.

Define the Petz recovery channel

opp(b,d)
op(b)

Then R, n is stochastic, completely positive and trace preserving on the diagonal algebra, and
0 -contractive:

Ron (1) (b,d) = u(b) o(d | b), o(d | b) =

Ron (1) = Ron ()l < [l = vl

The support inverse is uniformly bounded on this domain by

—-1/2 _
log' 21l < 2.
If a collar state has the exact classical Markov form

WABD(aa b: d) = CL)AB((Z, b)U(d ’ b)7

then (ida ® Ron)(wap) = wapp. The support obstruction is exact: if og(b) = 0 and an input
assigns mass to b, the Petz inverse on that sector is undefined unless the channel domain is restricted
or a separate trace-preserving completion is declared.

Proof. The displayed formula is the finite diagonal specialization of the Petz map
1/2 (_—1/2 —1 2 1/2
oih (UB Pupog'? e 1D) b

Full support of op makes the inverse well defined, with support gap v, > 0, hence Ha;/ 2|| <Y 12

Nonnegativity is immediate, and
Y Ron(w)(b,d) = u(b) > o(d|b) ZM
b,d b d

so the map is trace preserving. Diagonal positive trace-preserving maps are completely positive on
the diagonal algebra. For signed diagonal inputs,

IRon (1) — V)l = Z |u(b) = v(b)[o(d | b) Z |1a(b)

which gives the stated contraction. The exact Markov recovery identity follows by substitution. If
op(b) = 0, the factor 01_31/ ? has no value on that sector; mass placed there by an input is outside
the Petz support domain. That is the claimed obstruction. O

Proposition 3.17 (Accepted repair moves are decreasing). For the accepted transactional repair
law of Definitions 3.1-3.4, every enabled repair strictly decreases the declared exact measure:

s—>t = u(t) < u(s).

On the scalar ®-branch, this specializes to ®(t) < ®(s).
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Proof. This is part of the commit validation in Definition 3.4. For a single-site scalar-® transaction
it reduces to the touched-overlap contract of Definition 3.2; for an aggregate conflict component it
is checked on the aggregate payload before the component can commit. O

Proposition 3.18 (Termination from the OPH Lyapunov functional). Under Proposition 3.17,
every repair sequence is finite; equivalently, the repair relation — is terminating.

Proof. Along any nontrivial repair step s — t, Proposition 3.17 gives u(t) < u(s). The measure
order is well founded, so an infinite strictly descending chain is impossible. On the scalar-® branch
this is the finite-value argument on ®(X). O

Proposition 3.19 (Finite repair step bound). Let so € ¥.. Under Proposition 3.17, every accepted
repair run starting at so has length at most the number of distinct p-values reachable below 1(sp)
minus one. On the scalar-® branch this gives

{®(s):s €, ®(s) < P(sp) }—1<|D(T)]—1.

If, additionally, ® is integer-valued, or more generally every accepted move lowers ® by at least a
fized n > 0, then the run length satisfies

(I)(SO)W .

T(sg) < { 7

This is a finite descent bound in repair steps only. It is not a wall-clock bound, not a probability-one
scheduling statement, and not spectral or exponential convergence.

Proof. The values of i strictly decrease along the run, so no u-value can occur twice. This gives the
finite reachable-value bound. On the scalar-® branch, the values of ® strictly decrease along the
run, so no value in { ®(s) : s € &, ®(s) < P(sp) } can occur twice. This gives the finite value-set
bound. If each move lowers ® by at least 7, after 7" moves the value has dropped by at least Tn.
Since ® > 0, T'n < ®(sp), giving the displayed ceiling bound. O

Theorem 3.20 (Adaptive repair attempts: stabilization, fairness, and work conservation). Let C
be a finite OPH carrier, let x¢ be an initial record, and let o choose one site from the current record
at each attempt. Write x,, = adaptiveRunq(n, o, xg). Then:

(i) for every o, the sequence x, is eventually constant;

(ii) if o is pathwise weakly fair, so that a site which remains enabled along a tail is eventually
selected on that tail, the stable record is a mormal form;

(iii) if o is work conserving, so that it selects an effective repair whenever one exists, there is a
normal and stable index N < mismatchCount(xz).

Proof. Every attempt either stutters or is an accepted repair step. The mismatch count never
increases and strictly decreases at every nonstuttering attempt, so only finitely many genuine
changes are possible. If a pathwise weak-fair run were eventually constant at a reducible record, an
enabled site would remain enabled along that tail and would eventually be selected, contradicting
constancy. Work conservation removes stuttering before normality, so the initial natural-number
rank bounds the normal horizon. O

Theorem 3.21 (Cumulative attempt-capacity classification). Charge one unit for every canonical
adaptive scheduler invocation, including an equality stutter. Then:
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(i) no function of the initial mismatch alone bounds the first normal attempt over all normalizing
adaptive schedulers;

(ii) if, from every scheduler index and every reducible record, one genuine change occurs among
the next g + 1 attempts, there is a stable normal index

N < (g + 1) mismatchCount(z);

(iii) the coefficient is sharp at g = 0: for every m > 1, a canonical independent-defect carrier has
initial mismatch m and a work-conserving run whose first normal index is exactly m. The
committed TwoCell source is a second sharp instance with a different patch cardinality.

Proof. For the first clause, delay the enabled TwoCell probe by selecting its edge-free site for any
prescribed finite number of attempts, then select the probe. The run normalizes one attempt later
while the initial mismatch stays one. For the second clause, every block of ¢ 4+ 1 attempts starting
from a reducible record contains a genuine change, and each such change strictly lowers the natural
mismatch rank. Strong induction gives the product bound. For the sharp family, each self-loop
mismatch belongs to one site and one canonical local repair removes exactly that mismatch. A
state-dependent scheduler always chooses a broken site, so its mismatch count is m — n through
attempt m. The threshold is therefore both necessary and sufficient. The TwoCell calculation
repeats the threshold-one conclusion on a nonisomorphic source. O

The premise in (ii) is a bounded stutter allowance. It is stronger than eventual fairness and
weaker than work conservation when ¢ > 0. The cumulative unit is only a count of chosen-site
attempts; it is not a physical clock, rate, energy, bandwidth allocation, hardware quota, or fee.

Remark 3.22 (Termination is not confluence). Proposition 3.18 proves only that accepted repair
runs stop. It does not prove that two update orders stop at the same physical state. Schedule-
independence enters only after the local-diamond property of Proposition 3.23 is combined with
termination via Newman’s lemma and with repair completeness in Assumption 3.12. If two accepted
repair schedules from the same initial state reach different observer-facing quotient normal forms,
with no declared holonomy or higher-gauge obstruction and no mere gauge-representative difference,
then the proposed repair law is not OPH-admissible as a consensus mechanism.

Proposition 3.23 (Semantic-complete transactional local diamond). For the accepted repair law
of Definitions 3.1-3.4, assume semantic-dependency-complete read sets and revalidation, payload
determination from the read snapshot, and a coherent canonical aggregate union-collar payload
from Proposition B.8. Assume additionally the aggregate-support fized-point closure and surviving
prepared-component rule of Definition 3.4. Then every one-step quotient peak

t<—s—u

admits a quotient state v witht — v < w. Hence the transactional repair relation is locally confluent.
The finite implementation receipt records the functional supports, dependency closures, read/write
sets, support-closed conflict components, aggregate payload hashes, finite state transitions, and re-
computed protected-record and descent checks needed to check that its concrete reference engine
realizes these premises.

Proof. A one-step peak cannot choose two different payloads from one conflict component because
that component has one canonical aggregate transaction. Its two steps therefore come from distinct
support-closed components, say 7 and o. By the fixed-point conflict definition,

W,N(R,UW,) =2, W,n(R,UW,)=2.
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The writes are disjoint and neither changes the other’s read snapshot. If an acceptance functional
can change under 7, semantic dependency closure puts its support in R,; hence o leaves that
functional’s input unchanged. Thus 7’s enablement, descent comparison, protected-data check,
semantic parents, checkpoint continuation, and payload remain valid after o, and conversely. The
surviving prepared-component rule prevents a later-enabled proposal from absorbing either old
component before its second commit. Both second commits are legal. Since their writes are
disjoint and their payloads are determined by unchanged snapshots,

Apply, Apply(s) = Apply, Apply,(s) = v.
This is the local diamond on the physical quotient. O

Finite premise receipt. The executable check enumerates all states and one-step peaks of a
finite conflict-component reference engine and recomputes separate countermodels for semantic
closure, atomic component commits, canonical aggregate coherence, aggregate-support reclosure,
surviving prepared components, snapshot-determined payloads, strict descent, repair completeness,
and protected-record preservation. It verifies a concrete realization of the proposition’s premises;
it does not infer those premises for an arbitrary engine.

Remark 3.24 (Atomic commits do not prove the local diamond). Let Q = {0,1}2, s = (0,0), and
protect B(x1,x2) = x122. The transactions

71 :(0,22) — (1, 22), 7o : (21,0) — (21,1)

have disjoint write sets and each preserves B at s. Both lower u(xi,x2) = 2 — 21 — x3. Their
peak has endpoints (1,0) and (0, 1), while either second write would reach (1,1) and change B.
Neither continuation is admissible. The missing dependency is the nonlinear protected observable
shared by the two writes. Protected-support and conflict completeness expose that dependency; an
implementation must check the resulting quotient peak.

Theorem 3.25 (Asynchronous confluence / fixed-point law). For the accepted repair law of Defi-
nitions 3.1-3.4, assume that the induced physical relation on Q = X /T is the OPH-admissible finite
quotient presentation of Definition 3.5; in particular use Proposition 3.23 and Assumption 3.12 on
that quotient. Fach fixed initial state s € 3 then has a unique quotient normal form

nfy(q(s)) = Rep,(q(s)) € ¢(C),

and every mazximal asynchronous repair execution from s terminates at a representative t € C
with q(t) = nf\(q(s)). Microscopic terminal representatives need not be equal. When one such
representative must be named below, write nfy(s) for a choice; only its quotient is canonical. The
quotient endpoint is independent of update order because descent, local confluence on the physical
quotient, and repair completeness all hold; termination alone is not enough.

Proof. Proposition 3.18 gives termination, while Proposition 3.23 gives local confluence on (). New-
man’s lemma [17] therefore makes the quotient relation confluent. By Assumption 3.12, its normal
forms are exactly ¢(C). Theorem 3.9 identifies the unique quotient endpoint with Rep,(q(s)). A
lifted maximal execution terminates at some microscopic representative of that orbit; no represen-
tative equality follows from quotient confluence. O

Corollary 3.26 (Objective law is schedule-independent). Let M : Q — Y be a quotient observ-
afble,ﬁequivalently let M : ¥ =Y factor as M = M o q. Under the hypotheses of Theorem 3.25,

M (nfx(q(s))) is independent of the asynchronous update schedule. If physical law is identified with
this quotient-observable map, then physical law is objective.
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Proof. All schedules from the same initial s terminate in the same quotient normal form, so a
quotient observable has the same value on every terminal representative. ]

Here objectivity is identified with schedule-independent convergence on the physical quotient;
Theorem 5.16 lifts this to the physical observable algebra while explicitly allowing distinct micro-
scopic terminal representatives.

Corollary 3.27 (Canonical endpoint for weak-fair adaptive repair). Assume the completeness and
confluence hypotheses of Theorem 3.25. FEvery pathwise weak-fair canonical adaptive run from one
initial record reaches a stable consistent record equal to the canonical repair endpoint. Its image is
therefore the same public fixed-point object for every such scheduler.

Proof. Theorem 3.20 gives a reachable stable normal form. Completeness makes that normal form
consistent. Confluence identifies it with the canonical repair normal form from the same start, and
the public projection preserves the equality. O

Corollary 3.28 (Capacity-bounded canonical endpoint). Assume the completeness and confluence
hypotheses of Theorem 3.25. Let the scheduler have waste bound q, and let the cumulative attempt
budget satisfy

B > (¢ + 1) mismatchCount(zo).

Then the run reaches a stable consistent record at some attempt N < B. That record equals the
canonical repair endpoint and maps to the same existing public fized-point object for every scheduler
satisfying the same contract.

Proof. Theorem 3.21 gives the normal index within budget. Completeness makes the record consis-
tent. Its accepted-step reachability and confluence identify it with canonical repair, and the public
projection preserves the equality. O

Remark 3.29 (Quantifier on normal-form uniqueness). Theorem 3.25 proves quotient-normal-form
uniqueness from a fixed initial state; Theorem 5.2 below records representative-lift independence for
a fixed physical quotient state. It does not say that all possible initial data settle to one universal
quotient state. Different boundary conditions, conserved charges, root packets, holonomy sectors,
or external records can legitimately determine different normal forms.

3.2 Finite support propagation and algebraic no-signalling

The concrete single-site record repair has a finite support theorem that is independent of termination
and confluence. For a patch 4, let N[i] be i together with every endpoint of an edge incident to 4,
and define

Grow(S) = SUJNTil,  Bo(S)=S,  Buii(S) = Grow(B,(S)).
€S

Theorem 3.30 (Finite repair support bound). Let L; be the concrete localRepair map: il reads
only N[i] and writes only the record at i. For any schedule word w = (i1, ..., iy), region S, and
records x, vy,

zB,(s) = YlBus)y = Lw(®)|s = Luw(y)ls,

where Ly, = L;, o---0L;,. Consequently, changing one initial record at a site outside By(S) cannot
change the final readout on S after any fixed exogenous schedule word of length n.
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Proof. One repair move preserves agreement on 7' whenever its two inputs agree on Grow(7): away
from the firing site it writes nothing, and at the firing site its trigger, solvability predicate, and
selected repair value depend only on the closed incident-edge neighborhood. Induction on the
schedule word gives the displayed implication. A one-site update outside B, (S) leaves the two
initial records equal throughout that set. The statement is machine checked for the committed
repair map [14]. O

This fixed-word bound has an exact conditional adaptive extension. If the next-site scheduler
is supplied together with a region R on which its choice depends, then agreement on B, (S U R)
forces the two m-step runs to agree on S U R; equivalently, a change outside both B,(S) and
B, (R) cannot alter the probe readout. Fixed words embed as record-blind schedulers, while a
two-cell countermodel proves that the consultation-region term cannot be dropped. Naturality also
follows under the laws of a separately declared refinement structure. These results do not produce
the scheduler, consultation region, channel, or refinement maps from the source. Neither theorem
supplies a converse, minimal cone, physical graph metric, propagation speed, or claim that influence
reaches the cone boundary.

Proposition 3.31 (Bipartite marginal invariance). Let A, B be finite sets.

(i) For an arbitrary real array p : A x B — R and real matric K : A x A — R satisfying
Yo K(a,ad') =1, define
p'(d,b) = Zp(a, b)K (a,a’).
a

Then >, p'(a',b) = >, p(a,b) for every b.

(i) For an arbitrary matriz M on CAQCP and a finite family K, on CA satisfying Do KIK, = Iy,
define
O(M) => (K, ® Ip)M (K] ® Ip).

r

Then Try ®(M) = Try M.

Proof. For the classical identity, interchange the two finite sums and use the row normalization of
K. For the matrix identity, expand the partial trace in indices and contract the acted-factor indices
with 3, K1 K, = I4. The one-point choice K = 2 is a negative control: without row normalization
the remote marginal is doubled. Both identities are machine checked [14]. O

These marginal identities are standard finite algebra. Their bipartite split and local lift are
supplied inputs. Positivity and unit mass are additional premises when the classical arrays are
read as probabilities. No physical spacelike separation, observer-region factorization, density-state
realization, or laboratory operation follows. A local observable-net construction must attach disjoint
observer regions to the declared factors.

The quotient normal-form theorems of this section state that the public world is the quotient
normal form that survives agreement on overlaps. Two failure shapes would break the claim: an
OPH-admissible overlap presentation on which no quotient normal form exists under the declared
descent, local-diamond, and repair-completeness conditions, or two inequivalent quotient normal
forms surviving from the same declared boundary data where the fiber-uniqueness hypothesis of
Theorem 5.4 holds. Either exhibit defeats the claim on its declared branch.
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4 Why Local Agreement Is Not Enough: Cycle Holonomy and
Frustration

Pairwise neighbor agreement does not by itself imply global consistency.

Theorem 4.1 (Cycle-obstruction / holonomy criterion). Let A be an abelian group, and let G =
(V,E) be a connected graph with an arbitrary orientation on each edge. For each oriented edge
e:u— v, assign a label by € A. Consider the affine consistency equations

Ty — Ty = be for every oriented edge e : u — v,

where x, € A are unknown patch labels. A global solution x : V — A exists if and only if for every

cycle C C G,
Z ec(e)be =0,
ecC

where ec(e) = +1 if the cycle traverses e in the chosen orientation and —1 otherwise.

Proof. Necessity. Suppose z is a solution. Summing the edge equations around any cycle C,

Z ec(e) (xy —xy) = Z ec(e) be.

eu—veC ecC

The left side telescopes to 0 because every vertex appears once with 4+ sign and once with — sign.
Sufficiency. Fix a root r € V. For any vertex v, choose a path P,_,, and define

Ty 1= Z ep,_.,(€) be, x, = 0.

e€Pr_y

If P and P’ are two paths from 7 to v, traversing P followed by the reverse of P’ yields a cycle.
By the vanishing-holonomy assumption, the total signed sum is zero, so x, is well-defined. For any
edge e : u — v, extending a path to u by that edge gives z, = x, + be. O

Corollary 4.2 (Parity triangle: pairwise consistency is not enough). Take A = Zs on the triangle
A-B-C-A with edge labels bap =0, bpo =0, boa = 1. FEach individual edge equation is satisfiable.
But the global system is not: the cycle sum is 0 0d 1 =1 +#0.

This example shows that pairwise consistency does not imply a global solution. The obstruction
is carried by the cycle.

Corollary 4.3 (Stable defects as frustrated holonomy). Define the defect energy

Oy(z) := Z We 1[zy — Ty # e .

eu—veEER

If the cycle-holonomy condition fails, then ming.y_, 4 ®p(z) > 0. Every minimizer contains irre-
ducible residual inconsistency.

Proof. If min, ®,(z) = 0, some assignment satisfies all edge equations, contradicting Theorem 4.1.
O

Residual inconsistencies of this type cannot be removed by local repair moves. In the OPH
interpretation they are stable topological defects of the reconciliation dynamics.
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Theorem 4.4 (Higher-gauge defect hierarchy). Let a finite overlap nerve carry crossed-module
defect data (gij, hiji) for a compact crossed module

H%a.
Under local rechartings by
CYN,H) x C°(N,Q),

the nonabelian Cech class
q=I[(g.h)] € H*(N,H — G)

is invariant and classifies the full crossed-module orbit. Its neutral element is equivalent to full
gauge trivialization of both levels. The higher associator alone is removable precisely when q lies in
the image of the natural strict-locus map

HY(N,G) — H*(N,H = Q), [g9] — [(g,1)].

After such a strictification, endpoint-only ordinary reconciliation additionally requires an allowed
strict representative with trivial represented loop holonomy. The strict-locus map need not be injec-
tive, so q need not determine one ordinary H' class.

Proof. The allowed rechartings are exactly the crossed-module coboundaries, so they preserve the
full orbit. The neutral orbit admits the completely trivial representative. More generally, the higher
associator is removed when the orbit meets the strict locus (g, 1); different points of that locus can
be related by H-valued edge changes. Ordinary loop coherence is therefore the separate existential
holonomy test stated above. O

5 Gauge Symmetry as Implementation Hiding

Definition 5.1 (Gauge action). Let I' = [[;cy Iy act on ¥ componentwise. The action is a gauge
action if for every e = {i,j} € E,

Tie(Vi - ) = i e(x) Yres;, Vy €T
Gauge changes alter hidden local representations but do not alter overlap data.

Gauge transformations change hidden local representations while leaving overlap data fixed.
Write
q:X—=3¥/T, q(s) = [s],

for the gauge-orbit map. A physical repair law is the family of quotient-local maps
T, :2/T - 2/T

induced by the recovery-derived collar updates of Definition 3.1. A representative repair family
is any choice of lifts
.Y > %

such that
A A
go1; =1T; oq.

This is the finite patch-net form of saying that the repair step is defined first on overlap-invariant
physical data and only then lifted to hidden representatives. The rooted-tree packet domain of
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Theorem 3.14 proves repair completeness and quotient descent on a nontrivial exported packet
net, while Proposition 3.16 proves the classical full-support Petz clause used by that domain. A
broader fixed-cutoff branch requires repair completeness for the chosen exported packet net and
the support/CPTP clause on the Petz branch where that channel is used. The touched-overlap
local-fit contract gives scalar ®-descent for primitive proposals on the corresponding branch, while
the transaction layer supplies exact accepted-step descent. Proposition B.8 together with Defini-
tion 3.3 supplies the quotient-local compatibility package used to build canonical aggregate payloads.
Proposition 3.23 derives the local diamond from semantic-dependency-complete read sets, canonical
conflict components, snapshot-determined payloads, and revalidation. The implementation receipt
checks those premises and the concrete finite peaks. Stability under refinement or branch change
is a separate question. The point here is also that no extra gauge-covariance axiom is needed once
repair is formulated on the quotient.

Theorem 5.2 (Gauge quotient theorem). Under the gauge action of Definition 5.1, any represen-
tative lift of a physical repair law as just defined, and the hypotheses of Theorem 3.25,

g(nfr(v-s)) = q(nfr(s)) Vyel, VseX.
FEquivalently, the canonical normal-form map is the quotient operator constructed above:
nfy 1 3/T = /T, [s] = Rep,([s]) = q(nfa(s)).

Proof. Let s — t be an accepted aggregate transaction, and let 7 be its quotient payload. If s’ = ~v-s,
the representative-lift hypothesis gives an accepted lift s* — ¢ of the same quotient transaction,
and

q(t) =7(q(s") = 7(a(s)) = q(t).

Thus gauge-equivalent inputs induce the same repaired orbit, and by induction the orbit reached
after any repair sequence depends only on the initial orbit. Theorem 3.25 says that every maximal
repair sequence from s ends at some terminal representative whose orbit is Repy(¢(s)). Hence
g(nfy(s)) depends only on ¢(s) = [s]. This makes

(5] —> Repy ([s)
well-defined on /T O
Corollary 5.3 (Repair respects gauge). Let Q = X /I, let q : ¥ — Q be the quotient map, and let
Rep§ :=Repyoq: ¥ — Q
be the quotient-valued physical repair of a representative. Then for every v €' and s € X3,
Repy (7 - 5) = Rep3 (s).

FEquivalently,
Repy(q(7 - 5)) = Repy(q(s)).
If M : Q — Y is any physical observable, then

M (Repy (v - s)) = M(Repx (s)).
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Proof. Since q is the quotient map, ¢(y - s) = ¢(s). Therefore

Repy (7 - s) = Repy(q(7 - 5)) = Repy(a(s)) = Repy (s)-
Applying M gives the observable statement. O

Theorem 5.4 (Boundary-conditioned quotient uniqueness). Let
B:S/T - B

record fized external boundary data, conserved charge, root packet, holonomy sector, or task input.
Assume accepted quotient repairs preserve B:

[s] = [t] = B([s]) = B([t)-
For b € B, define the consistent quotient fiber
Cr:={ze€q(C): Blx)="0b}.

If every Cy has at most one element, then all initial states with the same boundary value settle to
the same observer-facing quotient normal form:

B([s]) = B([s']) == nfa([s]) = nfx([s]).

Proof. Theorem 5.2 gives unique quotient normal forms nfy([s]) and nf,([s']) in ¢(C). Boundary
preservation along accepted repair sequences gives

Bfr(s])) = B(ls]),  Bfa([s)) = B([s']).

If B([s]) = B([¢']) = b, both quotient normal forms lie in C}. By the unique consistent extension
assumption, Cp has at most one element, so the quotient normal forms are equal. O

Remark 5.5 (Same-source and cross-source quantifiers). Theorem 3.25 compares repair schedules
from one fixed initial source. The stronger comparison of endpoints reached from different sources
with the same protected boundary is controlled by the consistent boundary fibers. Under boundary
preservation and NF = ¢(C), Ref. [12] proves that cross-source endpoint agreement, modulo any
declared silent equivalence, is equivalent to injectivity of the induced boundary map on the con-
sistent quotient. Weak normalization and all-schedule liveness are separate premises. The layered
and functional carriers below establish the injectivity premise on their declared domains. On the
verified rooted-tree packet-net domain of Definition 3.13, the declared boundary map is the root-
packet readback, and its injectivity modulo hidden-label gauge on the consistent set is established
class-wide, together with the resulting cross-source endpoint form for the tree repair. Same-source
confluence alone does not establish the injectivity premise for an arbitrary physical boundary map,
and outside the declared domains it is a named per-net hypothesis with explicit failure witnesses.

5.1 A multi-edge finite carrier for boundary reconstruction

Definition 5.6 (Layered functional boundary carrier). A layered functional boundary carrier
s a finite directed layered graph

G=(V,E), V=LyULiU---ULp,
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with D > 2. The boundary layer is Ly. For each v € Ly, d > 1, choose a nonempty parent set
P(U) CLoU---ULgq
and a finite alphabet A,. Each interior vertex has a deterministic local rule

F, : H A, — A,
u€P(v)

The carrier is genuinely multi-edge when at least two dependency edges occur and at least one layer
contains more than one dependency or more than one repaired vertex.
The quotient state space is
Q= H Ay,

veV

and the boundary map is

B:Q— [] A, B(a) = alr,-
vELg

Given boundary data b € [],cp, Av, define its functional extension E(b) € Q recursively by
E(b)y, =b, (ve€ Ly),

and, forv € Ly, d > 1,
E(b>v = Fv((E(b)u)uEP(v))

Optional cross-check edges may be included by choosing finite predicates
Xe(@y,ay) = 0.
A state a € QQ is consistent when every interior functional equation
Ay = Fv((GU)ueP(v))

holds and all cross-check predicates pass. Let Cq be the set of consistent states. A boundary b is
admissible when E(b) € Cq; equivalently,

Cgo ={E(b) : b admissible }.
For each layer d =1,...,D, define a layer repair map Rg: Q — Q by

Fy((aw)uep(vy), v E Lq,
(Ra(@), = { (Guerty) v € La
ay, v ¢ Lg.
The full staged repair sweep is
steep = RD (¢} RD_1 o0:--0 Rl.

Gauge representatives may be added by replacing A, with A, x H,, letting I',, act only on H,, and
defining all boundary and consistency maps through the A,-coordinate. The quotient is then the Q)
above.
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Theorem 5.7 (Layered carrier proves Hg A Hgp,). Let G be a layered functional boundary carrier.
For every initial quotient state a € Q, set

a® =aq, o' = Ry(aV), d=1,...,D.
Let b = B(a). Then
B =b  foralld=0,...,D.

If b is admissible, then
aP) = E(b) € Cq.

The consistent boundary fiber is a singleton:
CoNB~H(b) = {B(b)}.
Thus preserved boundary data plus consistency reconstruct the observer-facing quotient bulk on this

carrier.

Proof. Boundary preservation is immediate because each R; writes only layer Ly, with d > 1. No
Ry writes Lg, so B(a!?) = B(a) = b for every stage.
We prove by induction on d that after stage d,

o\ = E(b), for every v € Lo U --- U Lg.

v

For d = 0, this is the definition of b. Assume the claim holds through layer d — 1, and let v € Lg.

(d—1)

Every parent u € P(v) lies in an earlier layer, so a = E(b)y. The layer repair therefore gives

az(,d) = Fv((a&d_l))ueP(v)) = Fv((E(b)u)ueP(v)) = E(b)y-

Earlier layers are not modified by Ry, so the induction closes. At d = D, all layers agree with E(b).
If b is admissible, E(b) € Cq.

For boundary-fiber uniqueness, let ¢ € CoNB~1(b). Since ¢ has boundary b, it agrees with E(b)
on Lg. Since ¢ € Cg, every interior vertex satisfies

Cy = Fv((cu)uGP(v))'
The same induction on layers gives ¢, = E(b), for every vertex. Hence ¢ = E(b). O

Corollary 5.8 (Boundary reconstruction by global Repair). Assume the layered carrier’s layer
updates are included among the accepted aggregate transactions of an OPH-admissible finite quotient
repair presentation, and let b = B(x) be admissible. Then

Reps () = E(b).
Consequently, for every physical readout

Read : Q — Y
that factors through the quotient normal form,

Read(Rep,(z)) = Read(E(B(z))).
Proof. By Theorem 3.9,
Rep,(z) € Cg and B(Repy(z)) = B(z) = b.

Therefore Repy () € CoNB~1(b). Theorem 5.7 identifies this fiber with { E(b)}, so Rep, (z) = E(b).
Applying Read gives the readout statement. O
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5.2 Finite binary audit fixture: a sharp reconstruction carrier

The layered carrier above proves boundary reconstruction for a feed-forward finite class. A useful
stress test for the same logic is a two-neighbor linear binary update on a finite cylinder. A row is
a function

Tt Ly — Fo,

and the update rule is
Tp1() =x(j— 1) +2(j+1) (mod 2).

This update is not a proposed microscopic physics law. It is a minimal finite-consensus fixture: the
local rule is linear, all records are exact finite objects, and boundary reconstruction can be tested
without continuum or geometric assumptions.

For the time slab 0, ..., ¢, a two-column timelike tube

{j07j0+g} X {Oa---vt}

is an information set when its values determine the whole finite spacetime record. The sharp
two-column classification:

tube(g) is an information set <= gcd(g,n) =1 and n <2(t+1).

Thus adjacent columns (g = 1) achieve the full capacity threshold, while a non-coprime stride loses
information at every horizon. The same fixture also separates realizable from unrealizable boundary
readings: if a tube reading is not carried by any consistent record, no boundary-preserving repair
operator can make it consistent without changing the boundary.

The audit then assembles a Route-A repair on this same carrier. The positive operator is a
local transactional decoder: each transaction writes one non-tube cell using a bounded edge-local
window, the declared rank schedule terminates in one finite pass, and the tube reading is preserved
at every accepted step. At the sharp threshold n < 2(¢ + 1), any two records with the same tube
reading settle to the same normal form; the settled world is consistent exactly when the tube fiber
is realizable.

The same formal fixture supplies the important negative controls. On this binary cylinder there
is no single-patch frustration-free local repair satisfying the strongest H; A Ho A Hs binder form.
The canonical single-patch repair can also stall on the smallest audit witness (n,t) = (3,2), leaving
a broken edge in normal form. This is not a failure of the positive decoder; the stalled record has
an unrealizable tube fiber. The lesson for OPH is structural: boundary reconstruction is theorem-
grade only after the preserved boundary, realizable-fiber condition, and declared repair roster are
specified. A bare local-update slogan is too weak.

Theorem 5.9 (Functional selected-fiber uniqueness). Let Qp := B~1(b) C ¥/T be a same-boundary
quotient fiber presented on a rooted finite overlap graph with spanning tree T, root r, and patch state
sets X,. Assume the boundary value fixes the root value

Ur = /B(b)v
and every non-root vertex has a deterministic extension map
fo: Xp(v) x B — X,.

Define uy, recursively by

Uy = fv(up(v)7 b)
Evaluate all non-tree overlap equations, sector constraints, and holonomy checks on this candidate.
If they all pass, then Cy = {up}. If any check fails, then C, = &.
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Proof. Every consistent state in (), must have root value f(b). Along each tree edge, the determin-
istic extension equation forces the child value to be f,(u p(v)s b). Induction over tree depth therefore
forces every consistent state in the fiber to equal the smgle recursively constructed candidate wuy.
The remaining constraints are exactly the non-tree overlaps, sector equations, and holonomy checks.
If they pass, uyp is a consistent state and no other state can be. If one fails, the only tree-compatible
candidate is inconsistent, so no element of Cj, exists. ]

The layered functional carrier of Theorem 5.7 is the finite multi-edge, multi-step witness that
the boundary-fiber hypothesis is non-vacuous beyond one-dimensional propagation intuition.

Proposition 5.10 (Tree repair realizes the selected extension). Under the hypotheses of Theo-
rem 5.9, choose positive weights
wy > Y we

ep(c)=v
and set
= wy Lzy # folp), b))
e
The repair that sets a non-root vertex to fv(a:p(v), b) strictly decreases @7, and the aggregate trans-

action for a connected tree-repair conflict component computes the same result in increasing tree
depth.

Proof. Repairing v removes the v-term of weight w,. Only children of v can become unmatched,
contributing at most >_..,)—, we, which is strictly smaller than w,. Thus the tree potential de-
creases. For a connected conﬂlct component, applying parent repairs before child repairs is forced
by the same extension equations, and any different parenthesization has the same quotient result
because each child value is a deterministic function of the repaired parent and b. O

Corollary 5.11 (Nontrivial branch elimination). Assume transactional confluence, boundary
preservation, repair completeness, and Theorem 5.9. If a selected boundary fiber has |Qy| > 2 and
= {up}, then
nf)(Qp) = {up},

while Qp \ Cy # &. Thus multiple candidate interiors exist, inconsistent candidates are eliminated
by repair, and all surviving candidates share one quotient normal form. If Cy = &, the branch is
obstructed. If a union solver returns two physically distinct consistent quotient endpoints for the
same selected data, the result is an ambiguous union repair and requires an explicit continuation
gate, not selection by hash.

Remark 5.12 (Receipts do not replace the theorem). Implementation receipts named seam descent,
atomic commit, distributed local diamond, repair completeness, same-boundary multistart conflu-
ence, and quotient normal-form canonical hash are public evidence contracts for the finite theorem
hypotheses above. They are not proof substitutes. In particular, a normal-form hash certifies that
two emitted quotient normal forms agree after the declared quotienting; it is not allowed to choose
between two physically distinct minimizing states. The same convention applies to continuation
receipts used by implementation evidence. A receipt is a compact name for primitive evidence
and residual checks. Producer-declared booleans, labels, hashes, or successful plots cannot override
failed residuals, missing objects, or undeclared quotient maps. When a later paper names a physical
receipt, the evidence bundle must expose the raw objects needed to recompute it.

Corollary 5.13 (Gauge-invariant law). If M : ¥ — Y is gauge-invariant (M(vy-s) = M(s) for all
), then M (nfy(s)) depends only on the gauge orbit [s], not the representative.
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Proof. Because M is gauge-invariant, it factors through the orbit map: M = M o ¢ for some
M : /T — Y. Theorem 5.2 gives

q(nfr(y-s)) = q(nfr(s)),
hence
M (nfy(y-5)) = M(q(nfr(y-5))) = M(q(nfr(s))) = M (nfr(s)).
O

Remark 5.14 (Sphere folding as quotient readout). When a spherical support chart xg, is supplied
by the screen-microphysics branch, the folded screen presentation of a finite state s is

FOldsgr(S) = XS,T‘(TLT’(T(T(S))) :

Here 7, passes to the physical quotient and n, is the accepted repair normal-form map. The word
“folding” therefore names a readout of the same quotient normal form studied in this paper. It
does not add a repair law, force term, or hidden state variable.

Definition 5.15 (Physical observable algebra on the quantum lift). Fiz a finite patch region or
union collar R on the declared fixed-cutoff quantum lift of Appendixz B. Its physical observable
algebra Apnys(R) is the fized-point collar algebra under the compact boundary redundancy action
on the ordinary or central-defect branch, or the corresponding quotient-local algebra on the gen-
uinely noncentral branch. The central sector projectors carried by the collar decomposition belong
to Z(Apnys(R)). A physical observable is any X € Apnys(R). For a microscopic representative
s €3, let w§, denote the induced state on Aphys(R).

Theorem 5.16 (Observable-level confluence on the quantum lift). Under the hypotheses of Theo-
rems 3.25 and 5.2, every initial orbit [s] € £/T" has a unique quotient normal form

nf,([s]) € ¢(C).

Fiz o declared region R. Let t,u € X be terminal microscopic representatives reached by repre-
sentative lifts of maximal repair sequences from initial states in the same orbit [s]. If the induced
R-collar states of t and u are representatives of the same quotient-local glued state in the sense of
Proposition B.S8, then for every physical observable X € Apnys(R),

Wr(X) = wi(X).

Hence all physical observables converge to the same overlap-consistent values even when the micro-
scopic terminal representatives differ by gauge relabelings globally or by sector/higher-gauge relabel-
ings inside one declared quotient-local glued state.

Proof. Theorems 3.25 and 5.2 give the unique quotient normal form nf)([s]) = [nf(s)] € ¢(C). Let
t and u be as stated. By Corollary B.10, representatives of the same quotient-local glued state
induce the same state on the physical observable algebra Apnys(R), including the central sector
projectors carried by that algebra. Therefore wh(X) = w%(X) for every X € Aphys(R). O

Remark 5.17 (Inputs and boundary for observable-level confluence). Theorem 5.16 does not add
a new repair hypothesis beyond the confluence and fixed-cutoff gluing package. Its inputs are ex-
actly the quotient-level confluence theorem, quotient descent of the repair law, Definition 5.15, and
Corollary B.10 from the fixed-cutoff union-collar gluing package. The boundary item is extension
of the same statement to broader refinement-stable branches where the declared union-collar com-
patibility is only approximate or where the chosen physical observable algebra itself changes under
refinement.
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Corollary 5.18 (Inert ancillary refinement does not change physical law). Let K = [[; K; be a
finite ancillary state space and define X := ¥ x K. Lift the repair maps by

(s, k) = (T)(5), k).

If M" . ¥ —'Y 4ignores the ancillary factor,
M (s, k) = M(s),
with M gauge-invariant on %, then
M (nf3(s, k)) = M(nfx(s))

for all (s, k) € 1.
Proof. Because the ancillary factor is inert,

nf?(s, k) = (nfa(s), k).
Therefore M"(nf] (s, k)) = M(nfy(s)), and Corollary 5.13 supplies gauge-orbit independence. [

Physical uniqueness therefore holds on the quotient by gauge or implementation hiding. The
same statement is unchanged under inert ancillary stabilization.

Definition 5.19 (Finite packet closure simplex). Assume the finite fized-cutoff consensus branch
of Theorems 3.25 and 5.2, so the physical quotient Q := X /T is finite and carries the schedule-
independent quotient normal-form map

E)\ Q= Q.
Let o
Ny == nf\(Q) = q(C)

be the quotient normal-form set. The finite packet simplex on Q) is

Zu(w)zl},

A(Q) := {# 1 Q — Ry
TEQ

and the finite packet closure map is the pushforward

CriAQ) = AQ),  Ca(w) == (nfa) 1,

equivalently
Gy = Y ).
7I€Q
nf (z)=y
Theorem 5.20 (Finite packet-quotient closure map). On the finite fized-cutoff consensus branch
of Definition 5.19, the map Cy is an affine continuous idempotent self-map of A(Q). Its image is
exactly the normal-form simplex

A(Ny) = {p € A(Q) | supp(p) € Na}.

Hence the fixzed points of Cy are exactly the packets supported on quotient normal forms. For every
initial quotient state [s] € Q,
Cx(91s)) = O3, (1s)-
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Proof. Because nfy : Q — Q is a set map on a finite set, its pushforward on probability packets is
affine and continuous in the finite-dimensional simplex topology.
By Theorems 3.25 and 5.2, the quotient normal form is schedule-independent and terminal, so

E)\ o) E)\ = g)\.
Pushforward therefore gives
Ci = (nfy), (nfy), = (nfyonfy), =),

so Cy is idempotent.
If v = Cy(u), then every point in supp(v) lies in the image of nfy, namely Ny. Thus im(Cy) C
A(N)). Conversely, if v € A(N)), then nfy(y) = y for every y € Ny, so

Ci(v) = .

Hence A(Ny) C im(Cy), proving im(Cy) = A(Ny). The same identity shows that v is a fixed point
if and only if it is supported on Ny. The Dirac-mass formula is the pushforward of a point mass
under nf). ]

Remark 5.21 (Boundary of the finite closure theorem). Theorem 5.20 is an exact finite-branch
result. It proves a closure map only on the finite packet simplex built from one fixed quotient
carrier whose repair law is terminating, confluent, and quotient-descended. It does not prove
a habitat-level closure map for arbitrary OPH state-and-law data, does not identify a nonempty
observer-supporting invariant sector inside the Appendix-B habitat, and does not supply uniqueness
or stability estimates beyond this finite packet branch.

6 Refinement-Limit Consensus Classes

The finite consensus theorem is the operational object used by the continuum branches. To pass
from one finite patch net to a refining family, the paper uses an explicit inverse-limit package with
named compatibility clauses.

Definition 6.1 (Separated cofinal refinement consensus system). Let (R, <) be a directed refine-
ment set. For each r € R, let

Q= 5/,
be the finite physical quotient state space of a patch presentation, let
ny: Qr — Qr
be the finite-stage quotient normal-form map supplied by Theorems 3.25 and 5.2, and let
hr 1 Qr — Hy

be the finite-stage holonomy or higher-gauge obstruction map supplied by Theorems 4.1 and 4.4.
For r < s, assume restriction maps

Psr - Qs — Qr, Xsr @ Hs — Hr,

with pp = id, X = id, and the cocycle identities

Ptr = Psr © Ptss Xtr = Xsr O Xts (r<s=t).

The system is a separated cofinal refinement consensus system when:
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1. Normal-form naturality:
Psr © Mg = Ty O Pgp (Tjs)-

2. Holonomy naturality:
Xsrohs:hropsr (Tjs)~

3. Visible separation: two compatible families in L&n@m or in @ler, are equal whenever
their projections agree on a cofinal subset of stages.

Theorem 6.2 (Refinement-limit consensus and holonomy classes). For any separated cofinal re-
finement consensus system, the formulas

noo((-rr)r) = (nr(xr))ra hm(($r)r) = (hr(xr))r

define maps

noo:r&lQr%yLan hoolngr_)I&anr
The class neo(x) is the unique schedule-independent refinement-limit normal form of x. The class
hoo(x) is the refinement-limit holonomy obstruction. The pair (neo(x), hoo(x)) is the refinement-
limit consensus class. In the inverse-limit topology, finite-stage normal forms and holonomy classes
converge to these two classes: for every stage r, all refinements s = r restrict to the fized values

psr(ns(zs)) = ne(zr), Xsr(hs(Ts)) = hr(2r).

The relation hoo(z) = 0 holds if and only if every finite projection has zero finite-stage obstruction.
If hoo(z) # 0, visible separation gives a finite stage that witnesses the nonzero obstruction. If two
refinement-limit candidates have the same normal-form and holonomy projections on a cofinal tail,
then they determine the same refinement-limit consensus class.

Proof. Let x = (x,), € @Qr, s0 psr(xs) = x, for r < s. Normal-form naturality gives

psr(ns(xs)) = np(psr(25)) = nr(2r),

so (ny(x,)), is a compatible family and n. is well defined. The same argument with holonomy
naturality gives

Xsr(hs(Ts)) = hr(psr(Ts)) = hr (1),

S0 hao is well defined.

Each finite n,(z,) is independent of update schedule by Theorems 3.25 and 5.2. Therefore every
finite projection of ns(z) is schedule-independent, and visible separation makes the inverse-limit
class unique. The displayed restriction identities are exactly the cylinder convergence statement in
the inverse-limit topology.

The zero-obstruction statement follows from the definition of the inverse-limit zero class. The
identity hoo(z) = 0 holds exactly when every projection h,.(z,) is zero. If hoo(z) # 0, at least one
finite projection is nonzero, and any cofinal tail containing a refinement of that stage carries the
same nonzero projected obstruction by holonomy naturality. The last claim is visible separation
applied to the compatible normal-form and holonomy families. O

Remark 6.3 (Scope of the refinement theorem). Theorem 6.2 is a controlled inverse-limit bridge. It
proves persistence, exhaustion, and collapse of the consensus data once the OPH refinement system
supplies the restriction maps and the two naturality clauses in Definition 6.1. It leaves uniform
complexity bounds, automatic fair-block noisy-consensus certificates, and automatic normal-form
naturality for arbitrary changing repair laws as separate branch conditions. It does not identify
this inverse limit with a physical continuum or spacetime.
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Definition 6.4 (Repair morphism). Let (Qs, —s, Cs,ns) and (Qr, =, Cr,n,) be two finite quotient
repair systems covered by Theorems 3.25 and 5.2. A map

Psr : Qs — Qr
s a repair morphism when:

(i) every fine repair step x —5y maps to a coarse repair path or a stutter,
psr(T) =7 psr(Y);

(ii) fine consistency maps into coarse consistency,

,Osr(cs) C C,.

For a concrete local repair law this is checked by giving, for every fine repair generator, a coarse
witness word in the accepted coarse repair generators or the empty word, and by verifying that the
restriction maps carry every fine consistency equation to a coarse comsistency equation.

Theorem 6.5 (Normal-form naturality from repair morphisms). If ps, : Qs — Q. is a repair
morphism, then

Psr ©Ng = Ny O Pgp.

Proof. Fix x € Q5. Since z —% ng(x), repeated use of the step-simulation clause gives
psr(T) =7 psr(ns(z)).

The consistency-preservation clause gives pg-(ns(z)) € Cy, because ng(x) € Cs. Thus psr(ns(z)) is
a coarse normal form reachable from pg,(x). The coarse system has a unique normal form reachable
from each initial quotient state, so ps.(ns(x)) = n,(psr(x)). O

Definition 6.6 (Holonomy cochain morphism). For obstruction maps hs : Qs — Hs and h, :
Qr — Hyr, a map xsr : Hs — H, is a holonomy cochain morphism when the edge, cycle,
or crossed-module cochains that compute hg restrict to the cochains that compute h,, modulo the
declared quotient identifications. Equivalently,

Xsr © hs = h?“ O Psr-

Remark 6.7 (How exact refinement naturality is discharged). Definition 6.1 may be used as an
interface contract, but on an implemented exact branch the normal-form part is proved by Theo-
rem 6.5 from explicit coarse witness words for fine repairs. The holonomy part is proved by the
cochain morphism check of Definition 6.6. Approximate RG branches use the controlled defects of
Definition 6.8 instead.

Definition 6.8 (Controlled coarse-graining / reconciliation square). Fix refinement stages r < s.
Let Q,,Qs be the physical quotient state spaces, n,.,ns their finite-stage normal-form maps, and
hy, hs their holonomy or higher-gauge obstruction maps. Let

Psr - Qs — Qr: Xsr @ Hs — Hy

be the coarse-graining maps on quotient states and obstruction data. Equip Q) and H, with pseu-
dometrics aif;2 and d* that define the macroscopic readout scale at stage r.
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n

n el )-controlled when, for every x € Q,

dg(psr(ns(:z)), ne(psr(2))) < €5,

The square is (e

and
d?ﬂ{(Xsr(hS(x)% he(psr())) < 5Zr-

The errors are cofinally vanishing when, for every fized macroscopic stage r and every § > 0,

there is a refinement stage so = v such that €%, < & for all s = sp.

Theorem 6.9 (Coarse-graining commutes with reconciliation up to controlled error). Suppose
the refinement square of Definition 6.8 is (e%,.,e" )-controlled. Define the coarse-stage consensus
readout

Cr(y) :== (ne(y), hr(y))

and the fine-then-coarse readout

CaZ (@) = (psr(ns(@)), Xsr (hs(2))).

Then, for every fine state x € Qs, the product readout distance between Ci"¢ (x) and C,(ps,(x)) is
bounded by
n _h

maX{Esr’ Esr } :

Thus reconciling at the fine stage and then coarse-graining gives the same macroscopic law data as
coarse-graining first and reconciling at the coarse stage, up to the declared control errors. If the exact
naturality clauses of Definition 6.1 hold, then €?. = " = 0. If the errors are cofinally vanishing,
then at every fized macroscopic stage the supremum product-pseudometric distance between the two
readouts tends to zero along the refinement tail. Equality of inverse-limit cylinder values additionally
requires a compatible limiting family and a separated quotient or other completeness/separation
hypotheses; it does not follow from vanishing pseudometric defects alone.

Proof. The normal-form component of the product readout is bounded by the first inequality in
Definition 6.8, and the obstruction component is bounded by the second. Taking the maximum
gives the stated product bound. Exact naturality is precisely the special case

Psr O Mg = Ty O Pgpr, Xsrohs:hropsra

so both errors vanish there. Cofinal vanishing means that, for any fixed coarse stage and any desired
readout tolerance, all sufficiently fine presentations put the two readouts within that tolerance
uniformly over the fine state. This proves asymptotic zero distance and nothing stronger without
the additional limit compatibility and separation clauses stated in the theorem. ]

Remark 6.10 (Scope of the coarse-graining theorem). Theorem 6.9 is not a claim that arbitrary
renormalization maps commute with arbitrary repair laws. Its conclusion requires control of the two
square defects 7. and e" | derived or estimated from the chosen coarse-graining channel, recovery
map, decoder, and obstruction readout. The exact refinement theorem is the zero-defect case;

approximate RG matching is theorem-grade only when these defects are explicitly controlled.
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7 Record Algebras and the Operator Observation Layer

Inputs used here. From the fixed-cutoff collar package we use only the observer-accessible finite-
dimensional algebra on one completed compare/write/verify slice, the declared pointer and overlap-
sector projectors read on that same slice, and the trace-distance control on restored accessible states
when restoration is invoked. No continuum lift and no broader observer-metaphysical assumption
is used here.

Definition 7.1 (Exact record algebras and approximate record presentations). Fix one completed
observer-accessible slice at cycle t, and let A be the corresponding finite-dimensional accessible
algebra. An exact record presentation is a family of orthogonal projectors {ﬁa(t)}a C Z(A2)
whose generated algebra

Zrec(t) = Alg({ﬁa(t)}a)

18 finite and commutative.
An approximate record presentation on the same declared readout slots is a family of projectors
{P.(t)}a C A together with an exact record presentation {P,(t)}s such that

Bree(t) 1= max | Pa(t) — Bal)|

is finite.

Theorem 7.2 (Record algebra, declared Born—-Liiders instrument, and quantitative stability). Fiz
one completed observer-accessible slice at cycle t, supply a density state py, use its trace valuation
for event probabilities, and declare the selective outcome instrument to be the Liiders map for the
displayed record projectors.

1. The exact record projectors generate a finite commutative central algebra Zyec(t) C Z(AFC).

2. For every event E in the finite event algebra generated by Zec(t),

P:(E) = Tr(p: Pr(t)), prle= m

3. Conditional on observing F with nonzero weight and applying the declared Liiders instrument,
an immediate reread with the same projector has probability 1. The same conclusion after
an intervening accepted operation requires the explicit persistence hypothesis that the resulting
state remains supported in J3E(t)

4. If {Pa(t)}a is an approzimate record presentation with modulus dyec(t), then
[[Pa(t), Po(t)]]| < 4 0rec(t)

for all declared record projectors P,(t), Py(t). For every declared elementary record event a
and every restored accessible state py satisfying

15t = pellr <e,

one has
TG Pa(t)) = Ti(pr Pa(1))] < &+ drec (1)
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Proof. Because the exact record projectors lie in the center of A2°¢, they generate a finite commu-
tative central algebra. The supplied trace valuation and declared Liiders instrument give the two
formulas in (2); the projector algebra does not by itself select that instrument. This proves (1) and
(2) under the displayed premises. The finite-matrix steps behind (1) and (2) are machine-checked
in the companion Lean 4 event-algebra development [13]: the commutative span of a projective
partition and its containment in the center of the partition commutant, the trace-preserving expec-
tation onto that span, preservation of the partition Born statistics, the Liiders fixed-point law, and
the collapse of conditioning on a partition member to its normalized projector are theorem-level
exports with declaration-level axiom audits.

After the declared conditioning on a nonzero-weight event E, the state lies in the range of
]3E(t), so an immediate reread of the same projector has probability 1. More generally, the same
calculation applies after an intervening operation when its output state is explicitly assumed to
remain in that range. This gives (3); absence of a touched-support marker by itself is not used as
a mathematical substitute for support preservation.

For (4), write

[Pa(t), Po(t)] = [Pa(t) = Pu(t), Po(D)] + [Pu(t), Po(t) — Po(D)],
because [P,(t), P,(t)] = 0. Since every projector has operator norm at most 1,
1[Pa(t), POl < 20| Pa(t) = Pa(@)l] + 2[| Po(t) = Bo(t)]| < 4 brec()-

For the probability bound,
T Pa (1)) = T Pa() | < [T — po) Pa()) | + [T (Pa(t) = Putt)))].

The first term is bounded by [|5; — pe||1 || Pa(t)|| < €, and the second by || pe||1]|Pa(t) — Pa(t)]] < Srec(t).
Hence the total error is at most & + dyec(t). O

Fixed-cutoff observation boundary. The theorem supplies a fixed-cutoff operator-algebraic
observation surface: a central record algebra on the exact readout slice, a supplied Born valuation
and declared Liiders instrument on its event projectors, exact repeated-read stability under the
untouched-support hypothesis, and explicit (g, dyec) control when practical readout projectors are
only close to that central surface. It does not show that richer branches keep physically relevant
pointer surfaces close to one such central record algebra or that the same control survives refinement
and continuation.

7.1 Operational observers, event worlds, and coexisting regional algebras

The record-algebra layer extends upward, in the accompanying Lean development [14], to a machine-
checked interface family in which the observer itself is a typed object. The base object is a consen-
sus tower: a regulator-indexed family of finite matrix models carrying observer and record fibres,
observer-indexed record orders, commutative public record subalgebras of the private matrix alge-
bra, selected states and generators, and functorial refinement maps with compatibility laws. Seven
Lean modules carry the layer:

Lean/Tower/OperationalObserver.lean, Lean/QFT/ObserverAccessCut.lean,
Lean/QFT/0ObserverEventWorld.lean, Lean/QFT/OperationalOverlapEvidence.lean,
Lean/QFT/0ObserverEventTower.lean,

Lean/QFT/NoncommutativeWitness.lean, Lean/Tower/EventGeometryReadout.lean.
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The operational observerhood receipt. An operational observer over a consensus tower car-
ries six complete clause groups and the own-observer half of a seventh, each a finite statement
about declared tower data:

(i) a bounded accessible interface: a declared accessible star subalgebra of the private algebra at
each regulator, containing the observer’s own public record algebra;

11) sell-readback: a map on the private algebra sending each accessible element into the observer’s
ii lf-readback h i lgeb di h ible el i he ob ’
public record algebra and fixing every element of that algebra;

(iii) durable records: the observer’s declared generator annihilates every record element;

(iv) record-conditioned control: a record-indexed family of linear interventions preserving the ac-
cessible interface;

(v) no-regress prediction: a record-to-record map whose output never strictly precedes its input
in the observer’s own record order;

(vi) continuation: the observer label family and the prediction map commute with the declared
refinement maps;

(vii) own-observer readable evidence: a declared readout equal to the trace pairing of each record
element against the observer’s state, with every record element fixed by every declared inter-
vention.

The missing cross-observer half is supplied by a separate fixed-regulator receipt over two such
observers and one access cut. Their labels are distinct, their accessible algebras agree with the
cut, every committed record restricts to the same element through the two typed maps to the
owner-region meet, the two own readouts agree, and at least one common restriction is nonzero.
The common section is then accessible to both observers. A proper-meet witness uses diagonal
algebras on two distinct owner regions, a scalar algebra on their bottom meet, and corner-evaluation
restriction maps: the two local record representatives differ before restriction but agree nontrivially
after it. Mutating one shared corner proves failure of the full overlap receipt. An event-world
consumer additionally shows that one packet record visible in two owned charts restricts identically
from the two owner regions and is fixed by both self-readbacks. This supplies the seven-clause
operational contract at one regulator; refinement-natural cross-observer evidence and higher-overlap
coherence are not supplied. Readback idempotence on the interface and refinement stability of the
own readout are derived. The base witness data are exact and small: over a one-regulator tower
with private algebra Ms(C), the public algebra is the span of the two diagonal coordinate projectors,
three records carry the strict chain order, the state is the first coordinate projector, the readback
is the partition average, the generator is the i-scaled commutator with the Hamiltonian diag(1,2),
each intervention is conjugation by the involution diag(1, —1), and the prediction advances records
while holding the final record fixed. The generator annihilates every diagonal record element and
moves the raising matrix unit, so durability is a computed fixed-point fact for a nonzero generator;
the control fixes every record element and negates the raising matrix unit, so evidence invariance
is computed against a map distinct from the identity. A nontriviality conjunction separates the
witness from the constant adaptor: strict record precedence, a nonconstant non-identity prediction,
a record element distinct from the zero and identity matrices, a nonzero generator, and a non-
identity control. Four negative controls violate one attained field each on the same data: an
erasing readback breaks the self-readback law, the identity generator breaks durability, a resetting
prediction breaks no-regress, and a constant readout breaks the own-evidence pairing. The bounded
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receipt selects no unique observer, attaches no instrument, makes no consciousness claim, and
supplies no source realization of the tower data.

Access cuts and the common-origin theorem. A finite regional observer net enriches one
consensus tower with a finite region order, per-region local star subalgebras, declared contravari-
ant restrictions, elementwise commutation on declared-disjoint regions, regional expectations, and
idempotent local repair. An access cut over such a net assigns each observer one declared support
region and one accessible star subalgebra squeezed between the observer’s public record algebra
and the regional algebra of the declared region, with the declared restrictions below that region
preserving accessibility; stability under the local repair idempotents is a separate strengthening
receipt. The observer-local algebra at a region is the meet of the regional local algebra with the
accessible algebra, and the regional receipts (isotony, elementwise commutation on declared-disjoint
regions, restriction stability, selected-state expectation compatibility, regional-repair fixed points,
and remote nondisturbance) transport to this meet. Unique descent into the observer-local algebra
is conditional on a separate accessible-glue receipt; ambient unique descent alone does not place a
glued section in the accessible algebra, and the universal singleton-family packet keeps the receipt
type inhabited without a nontrivial gluing claim.

A finite event world binds one packet to each event, with fixed finite event, chart, and packet
carriers, declared active masks, chart ownership tying chart supports to observer regions, packet-
derived support, record, and coordinate readouts, and the visibility law that an active visible event
has support inside the seeing chart’s region. The common-origin theorem returns, for every active
visible chart/event pair (i,e), three conjuncts from one packet pe:

supp(pe) = Ro), rec(pe) € Lo (supp(pe)) N Pog), zi(e) = geo,;(pe),

with O(i) the declared chart owner, Rq;) its observer region, Lo(; its observer-local algebra,
and Po(;) its public record algebra: event support below the owner’s region, record observable
in the meet of the observer-local algebra at that support with the owner’s public algebra, and
the soldering chart coordinate as a readout of the same packet. An event precedence adapter
carries strict order data on event slots, tied to the owner’s record order on labeled events and
identified with no repair schedule, modular parameter, clock reading, proper time, or global time
function; where the events carry certified commit provenance, the source-derived construction below
generates that order, and an exact adapter is its verifier rather than a choice of it. A selected coarse-
to-fine refinement (slot maps for events, charts, and packets, with naturality for masks, ownership,
regions, supports, packets, records, and visibility, plus a declared recharting map) transports the full
common-origin conclusion, and raw event candidates with a declared semantic-coincidence setoid
descend to the event quotient; a reflexive symmetric relation without transitivity admits no such
setoid and is closed to the quotient constructor. The witness world reuses the dimension-two cut,
whose interposition chain is strict (scalar public algebra inside the diagonal accessible algebra inside
the private matrix algebra), and its record readout separates the two packets.

Source-derived event precedence from mismatch provenance. Event precedence need not
be declared where the source supplies provenance. In the companion machine-checked package,
every quotient-visible register version carries the identifier of its last semantic writer, and each
commit certifies the register versions on which its acceptance genuinely depends, with frame and
stamp laws fixing unwritten registers and recording written ones. The causalSupp field is supplied
semantic data: Lean checks that it lies inside the read set, while producer and independent-verifier
receipts must establish that it is sound and complete for genuine dependence. It is not inferred by
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a kernel-checked dependence analysis. One commit is a direct semantic parent of another exactly
when the child certifies a register that the parent wrote, the child’s pre-commit snapshot names
the parent as that register’s writer, and the child’s pre-commit value equals the parent’s post-
commit value. A writer label without the write and value witnesses does not create an edge. The
generated informational order is the transitive closure of these edges. Under one abstract ancestry-
rank witness that increases across every edge, the generated order is irreflexive, transitive, and
asymmetric, and it inhabits the same strict-order interface the event precedence adapter consumes.
It is the least strict transitive relation containing the direct parent edges, so an adapter that contains
every edge and asserts no comparability beyond the generated order carries exactly the generated
order. Geometry does not use the numerical values of this acyclicity witness; it recomputes canonical
source height from authenticated parenthood. On the committed chain witness world, a two-commit
log generates the declared adapter order in full, so the declaration there is a verifier rather than a
choice.

An overlap’s mismatch score reads only the committed values on its support, so the score is
writer-blind: two snapshots with identical values carry identical scores on every overlap, and a
two-register countermodel realizes both parent attributions on value-identical snapshots. A static
residual therefore determines no causal arrow; provenance is load-bearing for direction. A com-
mit whose write set misses the support leaves the score unchanged, and a repair whose certified
support does not cite the injected version acquires no injection-to-response edge. Under dependency-
complete read sets, any two proposals able to move one seam score overlap read-against-write in
both directions and land in one aggregate conflict component. Any aggregation map that is con-
stant on conflict components assigns them one aggregate label; an empty-read countermodel shows
the completeness clause is load-bearing. A four-commit log realizes the minimal branching interval:
one injection, two responses each certifying exactly the injected register, and one answer certifying
both outputs generate the four-element Boolean diamond with incomparable responses, while a
parent-child pair alone spans the two-element interval. The serialization of the two responses is
invisible to this order, because the second response’s snapshot contains the first response’s output
without certifying it. Executed histories carry three further machine-checked controls. One adjacent
independent swap preserves the authenticated direct-parent relation and its transitive closure when
the two executions both satisfy fresh-ID and duplicate-free hypotheses and the commits’ write sets
avoid each other and each other’s certified supports. The general equivalence-generated swap chain
preserves only raw writer citation, not arbitrary labeled payloads. Executor stutters are removed
before commits are formed. A dependent pair marks the boundary: swapping a writer past a reader
that certifies the written register changes the edge set. On such histories the append-only acyclicity
rank is derived from the execution position rather than declared. Independently of that witness,
the geometry layer computes canonical source height from authenticated parenthood alone—szero
at roots and one plus the maximum direct-parent height otherwise—proves that it is the attained
longest authenticated-parent-chain length, and proves strict increase on every parent edge and gen-
erated ancestry. Under fresh identifiers, duplicate-free execution, and visible-support hypotheses, a
commit writing only outside the visible register carrier changes no visible mismatch and supplies no
outgoing direct raw or authenticated parent edge to a visibly supported child; incoming edges into
the hidden commit are not excluded. A freshly injected mismatch persists at full strength through
a continuation whose commits never write its overlap support. A refinement receipt assumes that
its map carries every direct parent edge into the coarse reflexive precedence; under that assumption
it transports the generated order and its causal intervals through coincidence merges. The reversed
assignment on the committed diamond-to-chain witness inhabits no such receipt. The generated
order is informational. No theorem here supplies invariance over the full admissible implementation
class, event separation, physical causal faithfulness, or a Lorentzian continuum.
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The generated structure meets two established programs. In causal set theory, a locally fi-
nite partial order represents proto-causality [1, 2]. The OPH order is finite and therefore locally
finite, but its proved interpretation is semantic read-from dependence. It is thus causal-set-like
rather than a physically attached causal set. The exact-embedding continuum route requires an
order embedding whose image has the approximately Poisson count density needed for a causal-
set faithful embedding, together with manifoldlikeness and dimension [3, 4, 5]. In a past- and
future-distinguishing continuum, causal order fixes conformal geometry [9, 10]; the volume datum
fixes the conformal factor. The standard Lorentz-invariant continuum approximation uses Poisson
sprinkling [8]; the OPH commit log is not a Poisson sprinkling, and its cardinality is not a space-
time volume. Neither continuum existence nor the causal-set Hauptvermutung follows from a finite
order. In distributed computing the generated relation is an authenticated read-from dependence
suborder and analogue of happened-before [11]; record or program order contributes only when
a later commit genuinely consumes the earlier record. Its OPH-specific content is the binding to
quotient-visible mismatch, certified read supports, writer-blind static scores, and the strict-order
interface of the finite event world.

This gives a precise exact-to-conditional chain. Authenticated semantic provenance fixes the
finite event carrier and generated order and computes that order’s exact longest authenticated-
parent-chain height. Independently, the exact rank-three positive source Gram quotient supplies
the spatial carrier. Its direct sum with a real axis,

Wae =R @ %rm Q(t> l’) = t2 - gsrc(x7 l’),

is a four-dimensional ambient target carrier with Lorentz inertia (1, 3), while source-unit directions
are exactly its future-null rays. Canonical source height supplies only the temporal coordinate
of an event placement after positive scaling. Every finite strict partial order compiles exactly
into an abstract authenticated log, with rank derived from predecessor cardinality. Its generic
authenticated-parent relation is the whole supplied order rather than its Hasse reduction alone. This
is an expressivity theorem for the grammar, not a dynamics or execution-history selection theorem.
An enumeration-dependent placement along one source axis gives every finite log an injective one-
way forward-causal realization, without order reflection or physical coordinate selection. A supplied
source-selected spatial readback and edge speed bound then give one-way cone compatibility. Equal-
height spatial separation plus strict spacelikeness of unsupported increasing-height pairs imply
converse support and exact order—cone equivalence. Antisymmetry derives injectivity, while the
two-way equivalence preserves every source interval on the placed image. No rank-four event chart,
fitted signature, or independently declared precedence relation enters this precursor theorem; its
dimension is not an intrinsic poset-dimension estimate. The exact Boolean-diamond inhabitant has
null parent edges and spacelike independent branches, so the interface is not restricted to chains;
this finite witness is not a physical continuum.

The source-direction Einstein theorem shares that finite event type but works in a separately
supplied 3 4+ 1 tensor interface. Nine fixed algebraic source directions, together with supplied
symmetric fields, an algebraic coupling, four step maps, Ward/Bianchi identities, and connected-
ness, imply all-null balance and the finite Einstein-form tensor relation. The directions are not
observed provenance links, signals, or sky samples, and the order does not select a field, step, or
balance or identify tensor-coordinate differences with those of the constructed carrier. The ambient
target-carrier dimension and signature are constructed by the carrier theorem; the poset dimension
remains an independent observable. Interpreting the supplied fields as smooth curvature and phys-
ical stress requires a source-causal continuum certificate with two-way placement, count—volume
calibration, independent dimension/manifoldlikeness tests, stable topology, refinement convergence,
and a tensor-curvature reconstruction converging to the smooth Einstein tensor or the separately
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stated continuum small-ball/null-balance identification, together with stress convergence on one
family. Scalar-curvature convergence is only a diagnostic.

A separate conservative source-record family has a controlled causal limit. Fibonacci residues
generate ¢® distinct sites in the rank-three metric carrier. Complete preceding-layer reads inside a
shrinking radius, including waiting, and a declared model clock produce a flat 1 4+ 3 causal-order
limit. Equal-volume cell assignments give normalized raw count convergence and an interior-interval
ordering fraction tending to 1/10 [31]. This result uses the stated population and update law; it does
not select physical events, a laboratory clock or a common matter-action cone. The same histories
admit a retrospective clock. For intervals approaching fixed interior timelike diamonds, the fourth
root of their inclusive count ratio converges to their proper-time ratio. A reference interval fixes
the unit, and complete ancestry access supplies the count. This readout needs no oscillator or
numerical timestamps. Operational covariance gives a separate cone criterion: a nonzero closed
convex pointed cone invariant under the source icosahedral rotations and all boosts along one axis
must be one of the two Lorentz cones. A time orientation selects the future cone. The covariance
must act on possible influences and readouts. Algebraic direction maps alone do not establish that
operational premise[31].

Character-block coexistence of regional algebras. For every n > 2 the full matrix algebra
M,,(C) admits no unital complex-algebra homomorphism into the scalars: the matrix ring is sim-
ple, so such a homomorphism is injective, while the off-diagonal matrix unit is a nonzero element
whose square is zero. No unital complex-algebra homomorphism into the scalars accepts an anti-
commuting pair of units. On this interface, at any regulator of nonzero dimension, a region above
a commutative-algebra region carries no anticommuting pair, and every full matrix factor of dimen-
sion at least two above a scalar overlap region is excluded: the tensor-factor local-algebra picture
with trivial overlap is impossible. The inhabitant locating the boundary is a dimension-four net
with three regions: a bottom overlap region carrying the scalar algebra and two declared-disjoint
maximal regions carrying the block algebras diag(a,a, A) and diag(B,b,b) with arbitrary two-by-
two blocks. Both regional algebras are noncommutative, neither contains the other, their elements
commute pairwise, and each admits a character onto the scalars through its one-dimensional corner
block, which supplies the star-homomorphic restriction retractions the interface demands. The
block shape is forced: a noncommutative regional algebra compatible with a scalar drop must carry
a one-dimensional block, and the witness realizes that minimal shape. The declared overlap algebra
is a proper subalgebra of the set intersection of the two block algebras; the regional repair maps
are identities. The construction provides no genuine coverage semantics for a source-produced net.

Hamiltonian rigidity of the private block. The private dynamics behind these interfaces is
forced from continuity alone, in the machine-checked modules Lean/Dynamics/StoneConverse.le
an, Lean/Dynamics/CentralBlocks.lean, Lean/Dynamics/CenterSpectral.lean, and Lean
/Dynamics/StarWedderburn.lean. On one full finite matrix block, every complex-linear Leibniz
endomorphism is an inner derivation, with an explicit matrix-unit witness proved from scratch,
and every star-compatible Leibniz endomorphism is the von Neumann commutator action =z
(—i)(Hx — xH) of one self-adjoint generator, unique up to one additive real scalar multiple of the
identity. A real-parameter group of star automorphisms of the block whose orbit maps are pointwise
continuous is conjugation by the coherent unitary family exp(t(—i)H) of one time-independent self-
adjoint Hamiltonian: continuity upgrades to differentiability at parameter zero because the group
acts on the matrix-unit basis as a norm-continuous matrix family whose short-interval average is
invertible, and the fundamental theorem of calculus recovers the family from its primitive. Time
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evolution on the finite private block therefore has no choice except Hamiltonian form. The converse
extends to the general finite private algebra through its central structure: the center of any unital
star subalgebra of a finite complex matrix algebra, containing the ambient identity, is the span of a
minimal orthogonal central resolution of the identity, unique up to permutation; every such unital
subalgebra is star-isomorphic to a finite direct sum of full matrix blocks; every central idempotent
of the block model is the indicator of a set of blocks; and a pointwise-continuous star-automorphism
group keeps each block projection inside that finite indicator set, hence fixes every block and is
blockwise conjugation by the unitary family of one time-independent self-adjoint Hamiltonian per
block, with block fixing derived rather than assumed and the block swap realized on the square
two-block algebra. The parameter is a real number; no physical clock, source-selected Hamiltonian,
or physical time identification is claimed [14].

Finite covariant-net consequences and limitations. The finite observer net determines a
category of event regions and causal embeddings together with a covariant observable functor (Le
an/QFT/LocallyCovariantLimit.lean). Its causal embeddings are proof-only order data, so the
category is thin and carries no Lorentzian geometry. In particular, these carriers provide no region
reflection, antiunitary conjugation, distinguished vacuum, spin structure, symmetry-group action,
Lorentzian Cauchy-embedding class, translation action, or spectrum condition. Consequently they
lack the data needed to formulate CPT, spin—statistics, relative-Cauchy stress response, or Haag—
Ruelle scattering. These are limitations of the mathematical carrier, not negative theorems about
QFTs built from richer data (Lean/QFT/InheritanceMatrix.lean).

The same module encodes seven structural questions and kernel-checks their partition by math-
ematical conclusion. Four of them (CPT, spin-statistics, relative-Cauchy stress response, and
particle scattering) lack defining geometric or spectral data on this carrier. Full field/action recon-
struction likewise cannot be inferred from the finite static identities alone. Of the two remaining
questions, the restricted endomorphism surrogate collapses as described next, while the finite KMS
identity coexists with the net- and public-algebra counterexamples below. Thus the seven-way
classification is a statement about what follows from the specified carrier.

The finite sector theorem has a narrower exact content. Every bijective localized endomorphism
of the witness net is inner and hence equivalent to the identity under the declared finite equivalence
relation (Lean/QFT/SectorInheritance.lean). This does not constitute DHR reconstruction: the
carrier supplies no source-selected vacuum representation, quasi-local net, transportability struc-
ture, or reconstructed gauge group. The selected tower states nevertheless induce mathematical
GNS representations of the completed colimit, as described below. Innerness of this restricted class
supplies no charge or flavor quantum number.

Two further finite results delimit thermality and field reconstruction. The oriented-face cur-
vature has kernel exactly the port gradients, and its five-neighbor seam action is gauge invariant
exactly for conserved seam currents. This is a static finite action identity; it supplies no temporal
dynamics, charge—current continuity map, source-selected physical current, physical matter or Spin
action, spacetime carrier, or continuum limit. On a private finite block, the normalized Gibbs state
satisfies the algebraic KMS identity. On the constructed example net, however, every functional
is KMS for every grading-preserving flow at every complex time, while every pointwise-continuous
group of star automorphisms of the public record algebra is the identity, a statement that leaves con-
tinuous row-stochastic public semigroups untouched (Lean/QFT/StructuralInheritance.lean).
The finite Gibbs identity therefore does not establish thermality of the observer net.

The one-step transport interface and the common triple-observer carrier below recover exact
finite evolution and marginal identities, but they carry no Cauchy geometry, multi-step cocycle,
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physical time, or source-selected dynamics (Lean/QFT/PathTimeSliceInterface.lean; Lean/QFT
/TripleCarrierJoin.lean). They therefore imply neither a relative-Cauchy stress response nor a
physical time-slice theorem.

Natural powers give one exact constraint on a fixed-cutoff scattering construction: in every
Hausdorft topological group, ¢" — a forces g = 1 (Lean/QFT/FiniteUnitaryScatteringNoGo.lea
n). Hence a nontrivial exact unitary update at fixed finite cutoff cannot itself settle to an ordinary
matrix-topology large-time limit. The same module proves (¢")~1g" = 1, so relative evolution
can converge even when the individual powers do not. Any fixed-cutoff direct-power construction
that uses U™ itself as its asymptotic carrier cannot use full convergence of that sequence; it must
change the asymptotic carrier or dynamics, or use a projected or weaker convergence notion. At
fixed finite dimension, full weak-operator convergence does not evade the obstruction because the
standard finite-dimensional operator topologies coincide. Comparison dynamics, selected projected
scalar or observable readouts, an infinite-dimensional weak limit after a continuum or infinite-
volume passage, open-system evolution, and finite-time or recurrence-aware readouts lie outside
this no-go. The theorem constructs no S-matrix, asymptotic state, optical theorem, cross section,
or interacting continuum limit.

Restriction naturality on authenticated event regions. Let a finite regional net have local
algebras A, (U), contravariant restrictions Ry for V. C U, algebra refinements jrs, and regional
repair maps PJ;. Restriction is additional algebraic data; isotony alone does not supply it. Suppose
repair is natural,

jrsP\T} = P‘Z.jrs;

where Vj is the refined region. The following compatibility is a separate hypothesis on the restricted
domain:

RypX =Py X (X € A.(U)). (1)
Proposition 7.3 (Finite restriction and refinement square). Under these hypotheses,
Jrs By X = Ry, y,Jrs X. (2)

Let each event e of an authenticated semantic log carry a declared region U,, with U, C Uy on every
authenticated direct-parent edge. Generated reflexive precedence then defines restrictions from the
algebra at f to that at e, with identity and contravariant composition. If a certified event map
preserves those direct edges in target generated precedence and satisfies Ul’y(e) = (U.)s, the same
square holds for these event restrictions.

Proof. For the algebra square, substitute (1), apply repair naturality, and substitute the target
compatibility. Inclusion extends from direct edges to generated precedence by transitivity; the
restriction identity and tower law give identity and composition. The event map preserves generated
precedence by induction on an authenticated path, so the target restriction is typed. Its region
compatibility identifies its algebra square with (2). O

An inhabited example decorates the committed four-event Boolean diamond and three-event
chain by a two-dimensional diagonal algebra. The injection event has the scalar algebra, and
every response and answer has the full diagonal algebra. Restriction to the root sends diag(zg, z1)
to xol; in particular, diag(1l,0) is changed. The authenticated coarsening maps the diamond
labels (0,1,2,3) to (0,1,1,2) and merges two distinct responses. Its region decorations agree,
and the restriction square is inhabited. The reversed assignment (2,1, 1,0) violates authenticated
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precedence. The finite identity, composition, compatibility, and coarsening statements are proved
in QFT/LimitRestriction.lean.

The algebra regulator in this example is constant. Region decoration and edge preservation
are explicit data; neither physical regions nor a source-selected refinement family are inferred.
These are restrictions of commutative finite algebras, without an assertion of homomorphic scalar
restriction for matrix factors. No normed limit restriction, physical locality, spacetime identification,
or physical time-slice property follows.

Tower-anchored joint carriers and the typed time-slice interface. Two regional diamonds
carry source-counted correlation data of retained observer pairs from one bounded companion run:
a two-slot conditional-expectation net for the pair 86/88 on a joint carrier of dimension 182, and
one for the fully support-disjoint pair 86/247 on a joint carrier of dimension 169. In Lean/QFT/T
owerAnchoredCorrelation.lean, the 86/247 diamond transports onto the private algebra of one
constant consensus-tower stage by the same specified transport pattern as the 86/88 witness, with
the same checkpoint family of observer 86 as commutative public layer, the uniform selected state,
and the template nontriviality receipts: every partition member lies in the anchored left region,
every member is proper, and the anchored left region is a proper subalgebra. Both carriers there-
fore have parallel tower anchorings of the same declared form (bothCarriers_common_anchoring).
An exact shared-observer theorem (towerCarriers_share_obs86_marginal) relates the two car-
riers through their common left observer: the two source-derived joint paths have equal left label
components at every step, equal left occupation counts, and equal induced diagonal hinge states,
each equal to the source marginal state of observer 86, and the left partial trace of the counted
correlation state equals the 86/88 hinge state. At the anchored-net level the carriers are not iden-
tified: the ambient dimensions 169 and 182 differ, and no map between the two anchored nets is
constructed.

That carrier-level obstruction can nevertheless be removed below the net level. The module
Lean/QFT/TripleCarrierJoin.lean uses the common finite carrier

(obs86, 0bs88, 0bs247) € Fin(13) x Fin(14) x Fin(13).

Its two coordinate projections recover both complete 32-row source paths and their occupation
tables. The diagonal triple counted state is positive and trace one; explicit linear positive trace-
preserving marginals recover both counted pair states. Four triple checkpoint projectors have
normalized partial traces recovering both anchored checkpoint partition members. On each of
the 31 actual adjacent source transitions, a triple reindexing transports the source projector and
intertwines with both pair marginals. The endpoint is not wrapped to the first row: all three
final-to-initial source counts are exactly zero.

This is a common state/path/checkpoint coupling, not a canonical gluing theorem. The pair of
marginals is provably noninjective on triple matrices, so the full row alignment selects the displayed
coupling and the pair states alone do not. The marginal maps are not used as multiplicative alge-
bra maps, no completely-positive interface is claimed, and neither regional net nor independently
declared uniform tower state is transported by this theorem.

The structure TimeIndexedNetEvolution in Lean/QFT/PathTimeSliceInterface.lean is a
finite one-step interface. It carries a finite index and successor, a region family, per-step ambient
star-automorphisms mapping each regional algebra to its successor, and admitted data in the
regional algebra at the current index. The generation clause evolves those data before requiring
their generated algebra to equal the successor regional algebra.
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A full finite inhabitant exists over the 86/247 net. Its cyclic Fin(32) witness follows the
31 actual adjacent source-row pairs and adds one terminal-to-initial bookkeeping automor-
phism; all three corresponding source counts are zero, so that closing automorphism is not
a source transition. The admitted data are observer 86’s lifted source generators, and the
region is the left region at every step. The evolved generators again generate that region
(evolvedLiftedSourceGenerators_generate_left). Constancy here is a property of this chosen
witness, not a theorem about every possible inhabitant. The natural single-projector walk
candidate is a negative control: its evolved singleton is the next diagonal walk projector and
cannot generate the top regional algebra (walkSlice_evolved_generation_fails).

The interface has no multi-step cocycle or group-action law, Cauchy geometry, clock, physical
time, or source-selected dynamics and therefore implies no time-slice theorem. The common carrier
joins the source state, path, and checkpoint data but supplies no regional-net or tower morphism.
The Z/2 slot swap is an internal finite symmetry. The diagonal-layer join below carries typed
embeddings of both carriers but no physical time, causal interpretation, spacetime attachment,
regional-net join, or tower join.

Finite carrier join. The module Lean/QFT/CarrierJoinTransport.lean joins the two fi-
nite carriers at their diagonal layer, the layer on which every source-counted state lives. The
observer-86 hinge is the 13-dimensional function space on the shared label alphabet; it maps into
the 182-dimensional 86/88 layer and the 169-dimensional 86/247 layer by fiber-uniform sections
of slot marginalization, and the join is the pushout of the two carriers over the hinge. Both em-
beddings are injective typed linear maps and agree exactly on the hinge (embed_agree_on_hinge);
the join has dimension 338 = 182 + 169 — 13 (joinCarrier_finrank), strictly below the direct-
sum dimension 351; and the intersection of the two embedded images is exactly the embedded
hinge (embed_range_inter), so the construction glues along the shared observer rather than plac-
ing the carriers side by side. A hinge restriction retracts the join onto the hinge; under it the
two transported counted states restrict to the same source-derived observer-86 occupation law
(joinStates_marginal_compatible). The specified ambient anchoring equivalences act on the
diagonal layer as the corresponding basis reindexings, and the join transports along them with
commuting squares on both embeddings; the walk-step transports over the 31 actual adjacent
source transitions restrict to the diagonal layer, share the observer-86 hinge action, and descend to
one join evolution intertwined by both embeddings and by the hinge restriction. The join is a finite
linear object with declared fiber-uniform sections: no star-algebra amalgamation, order structure
on the quotient, net morphism, tower morphism, or uniqueness claim accompanies it.

Record-layer net morphisms for the join. The module Lean/QFT/JoinNetMorphism.lean
equips the join with the regional structure of the two finite carriers at the layer on which the
join exists. For each region of either diamond, the record layer is the typed function subspace
of the carrier (constants at the bottom, the two coordinate pullbacks on the slots, everything
at the top), and a machine-checked characterization proves that these subspaces are exactly the
diagonal restrictions of the specified regional algebras (diagonal_mem_twoSlotAlgebra_iff), with
dimensions 1, 13, 14, 182 on the 86/88 side and 1, 13, 13, 169 on the 86/247 side. The induced
net on the join carries one region per specified region of each side plus the 13-dimensional hinge,
ordered by a kernel-checked partial order; the net is isotone, both embeddings are region-by-region
morphisms preserving inclusions and dimensions, the hinge image is the same subspace through
either embedding, the associated conditional expectations restrict to the record layer on every
region (landing in it and fixing it), the matched left-slot pair descends to one hinge projection on
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the join that commutes with both embeddings, is idempotent, and preserves the hinge restriction,
and the join evolution carries every induced region onto itself (joinStep_maps_joinRegionLayer).
Two negatives delimit the layer exactly: the gluing submodule is not multiplicatively closed, so the
quotient multiplication is ill-defined and the join carries no algebra structure through this pushout
(join_quotient_mul_ill_defined), and the record layer is commutative while the left regional
algebra is not, so the commutant distinctions of the operator layer collapse under the diagonal
restriction. The construction defines no operator-layer net morphism, tower morphism, physical
time, causal interpretation, or spacetime attachment.

Operator-layer boundary. For the 86/247 carrier, the record function carrier enters the joint
matrix algebra as an injective unital star algebra homomorphism, the diagonal embedding; its
image lies in the specified regional algebra of a region exactly when the record function lies
in the record layer of that region (diagonalStarHom_mem_regionMap_iff), and it intertwines
the specified conditional expectations with the record-layer expectations on every region. In
the projection direction the left-slot conditional expectation is positive, trace preserving, and
unital, and restricts to the record-layer expectation on diagonals; a specified right-slot projector
witnesses that it is not multiplicative (leftSlotExpectation_not_multiplicative). No map
from the joint algebra to the record carrier is multiplicative on the left regional algebra while
restricting to the record-layer morphism on diagonals: the noncommuting witness pair has
both of its products diagonal, and any multiplicative map into a commutative target identi-
fies them (no_multiplicative_record_projection247). No unital algebra homomorphism
carries the left regional algebra, or the ambient joint algebra, into the record carrier at all
(twoSlot247_left_no_record_algHom), through the matrix-factor scalar obstruction. The bound-
ary is an asymmetry for the declared expectation-versus-multiplicative projection grades: embed-
ding is a star homomorphism, while the projection is a positive unital trace-preserving expectation
and is not multiplicative. The theorem does not classify complete positivity, idempotence, bimodu-
larity, nonlinear maps, different targets, or enriched categorical structures. It defines no net-to-net
or tower morphism at the operator layer (Lean/QFT/OperatorLayerMorphismBoundary.lean).

The normed completion of the colimit. The consensus tower supplies a directed family of
finite matrix observable algebras whose connecting maps are star algebra homomorphisms, and
its filtered colimit carries an inductive-limit seminorm: the value at a class is the infimum, over
the declared refinements of one representative, of the stage norm of the refined representative.
Contractivity of the connecting maps makes that value independent of the chosen representative.
The stage norms of one representative form a subset of a finite set determined by the spectrum of the
product of the representative with its adjoint, so the infimum is attained at a declared refinement
and every class has a representative whose stage norm no declared refinement changes. Attainment
converts the seminorm into an exact kernel statement: a class has seminorm zero exactly when
some declared refinement annihilates its representative, which is the refinement-null kernel of the
colimit itself. The seminorm is therefore a norm, the colimit is a normed star algebra satisfying
the C*-identity for it, and its uniform completion is a C*-algebra: it carries a star ring structure
extended from the dense image together with an isometric star and the C*-identity. The regional
structure transports to the completion: the closures of the images of the limit local algebras are
isotone, independent of the regulator at which a region is presented, elementwise commuting for
declared-disjoint regions, and equal along the order-theoretic Cauchy embeddings of the tower, and
each of those four statements is instantiated on a finite witness net whose top region carries an
element of norm one. Two controls fix the boundary of the construction: a tower whose connecting
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map annihilates the unit carries a nonzero stage element of stage norm one whose limit seminorm is
zero, and a conjugation of the two-by-two stage by a diagonal scaling increases the norm of a matrix
unit, so the star clause of the connecting maps is the clause the contractivity step consumes. The
construction is algebraic and order-theoretic throughout. The equality it transports along Cauchy
embeddings is the order-theoretic equality of the tower; it supplies neither time-indexed physical
evolution nor a physical attachment. (Lean/QFT/ColimitNormedCompletion.lean).

A selected-state Hilbert-space representation of the completed net. Equip the com-
pleted colimit with the canonical C*-spectral order. For every positive complex-linear functional
w normalized by w(1) = 1, the GNS construction gives a complex Hilbert space H,, and a unital
star representation 7, of the completed colimit by bounded operators. The completion image €,
of the algebra unit is explicit and obeys

19] =1, (Qy, Ty (a)Q) = w(a), {mw(a)Qy : a} = H.

Sending every completed regional algebra to its image under the same representation preserves
isotony, refinement independence, elementwise locality for the declared-disjoint regions, and the
order-theoretic Cauchy-embedding equality. Images are used rather than identified with their
sources because normalization does not imply that the representation is faithful.

For the specified tower interface, the functional need not be added as an unrelated input. Let &,
be an explicitly supplied observer family compatible with every regulator refinement, and let p, ¢,
be the selected density state carried by the tower. State naturality makes

we(1r (X)) = Tr(pre, X)

well defined on the algebraic colimit. The finite state-expectation bound extends it continuously
to the completed colimit, where it is positive for the spectral order and normalized. Hence we
supplies the GNS Hilbert space and representation above. The one-regulator witness instantiates
this construction, and its GNS unit class is nonzero with norm one. This yields a mathematical
Hilbert-space representation of the selected-state completed net.

Taken alone, this construction’s coherent observer family and finite density states are declared
structural data, not a state selected by an experimental source. Neither they nor (1, are identified
as a physical vacuum. No Hamiltonian or physical dynamics, energy—momentum, field content,
Lorentzian attachment, continuum or infinite-volume limit, interacting theory, or physical time-
slice theorem follows. (Lean/QFT/ColimitGNSRepresentation.lean; Lean/QFT/ColimitSelect
edStateGNS.lean).

An exact finite two-site Hamiltonian benchmark. As a separate finite-dimensional test of
Hamiltonian structures outside the completed-net attachment, take

1
Hi=C*®C*x=C, Hi=5(1-Z2®2).

The full matrix algebra acts faithfully by bounded operators on Hj. Exact matrix proofs give
Hj = Hy, Hy > 0, and H? = Hy. The explicit unit vector [00) and density poo = [00){00| obey

(1100)| =1, Hi|00) =0, Hipoo = pooHr = 0, Tr(poo) = 1.

Thus poo is a normalized stationary ground-state density; the orthogonal unit state |11) also has zero
energy, so the ground space is degenerate and no unique vacuum is selected. The propagator U(t) =
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exp(—itHi) is unitary and obeys U(s +t) = U(s)U(t); its conjugation flow ou(X) = U(t) XU (—t)
is multiplicative, fixes pgg, and preserves commutation between jointly evolved left- and right-slot
observables. The bond is genuinely interacting in the exact finite sense that Hy is not any sum
H; ®1+1® Hpg of one-site Hamiltonians; in particular it belongs to neither one-site matrix-algebra
image. The evolution is nontrivial: for X; = X ® 1,

d

7 ay(Xp) = —i[Hy, X1]) #0,
t=0

with the displayed matrix entry equal to ¢. Deleting only the Z ® Z interaction leaves the scalar
Hamiltonian Hge = %1, makes the full conjugation flow static, and makes the same infinitesimal
generator zero. These are zero-residual identities on the declared four-dimensional carrier.

Taken alone, this is an exact coupled two-spin lattice benchmark, not an interacting quantum
field theory and not a Hamiltonian attachment to (H.,, 7, ) above. Its tensor factors are declared
sites rather than Lorentzian regions; Hi, its normalization, and the state are supplied rather than
selected by an OPH source; and ¢ has no physical clock or energy calibration. Equal-time commuta-
tion here preserves one finite tensor-product commutator and is not a microcausality theorem. No
continuum or infinite-volume limit, field algebra, Lorentz covariance, spectrum condition, renormal-
ization flow, particle interpretation, scattering construction, detector readout, or physical time-slice
theorem follows. (Lean/QFT/FiniteTwoSiteIsingField.lean).

The finite Hamiltonian, regional diamond, and selected GNS on one carrier. The two
preceding constructions compose in one typed finite model. Use the canonical basis equivalence
Fin(2) x Fin(2) ~ Fin(4) to place the two-spin algebra on a one-regulator consensus tower 77. Its
selected density is exactly poo, and its stored generator is not the constant tower adaptor’s zero
map but

01(X) = —i[Hy, X].

On the same carrier, the scalar/left/right/top conditional-expectation diamond has commuting
declared-disjoint slot algebras, and its left and right algebras jointly generate M4(C). Let wr be the
tower-selected functional, let (HIGNS, 71, 1) be its GNS triple, and define

hi=u(Hy),  Hi=m(h),  Ui(t) = mU(®).

The exact composite representation from My(C) through the colimit completion to bounded GNS
operators is injective. Consequently the ground-vector equations do not arise from a collapsed
quotient: R R R R

||QI|| =1, Hy 7é 0, HI* = Hj, Hi$) = 0.

The Hamiltonian belongs to the represented top region, while the represented left and right Pauli
observables retain their regional memberships and commute. The mapped propagators are unitary,
form an additive one-parameter group, and obey the exact intertwining identity

mi((ew(X))) = Ur(t)mi(u(X)) Ur(~1).

Interaction remains load bearing after representation: 7y(¢(—i[H1, X1])) # 0, and this first-order
response is outside the represented left algebra, whereas the same represented response is zero after
deleting the coupling.
The left conditional expectation Ep, is trace preserving but does not preserve the selected pure
state:
Er(1®Z) =0, Tr(po(l® Z)) = 1.
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Thus the construction is a finite regional diamond together with co-located interacting C*-dynamics
on its ambient algebra, represented on the tower-selected GNS Hilbert space. The dynamics need
not preserve each regional algebra: indeed, the nonzero first-order response above leaves the repre-
sented left algebra. The failure of state preservation is a property of that particular trace-preserving
expectation, not a failure of a global state to restrict to the regional algebras. It therefore sup-
plies a useful incompatibility diagnostic but is not itself the criterion separating a finite net from
a physical QFT. The regulator, factorization, density, Hamiltonian, and flow parameter are de-
clared rather than source produced or calibrated; the ground sector is degenerate; and Lorentzian
localization, a spectrum condition, continuum or infinite-volume control, renormalization flow, field
and particle content, scattering, detector readback, and a physical time-slice theorem are absent.
(Lean/QFT/FiniteTwoSiteIsingColimitGNS.lean).

A source-counted finite history Hamiltonian on the selected GNS space. The retained
eight-history packet supplies a separate finite attachment in which the state and diagonal action
entries are source counted rather than freely chosen. For each binary path g = (s, s1, s2), let
ng > 0 be its exact window count among the 1754 retained windows and let

Sg - 1307531 + 1517&52-
On Mg(C), define

1754

The source receipts prove every n, positive and prove the displayed state-change formula for S,.
Exact matrix proofs then give

. n .
Phist = dlag< g ) ) Hyis = dlag(Sg).

Phist 2 07 Tr Phist = 17 Hhist 2 07 Hﬁist = Hhist: [phista Hhist] - 07

with Hyiet nonzero and non-scalar. The selected energy retains the counted source value

197
Tr(pnist Hnist) = ———-
r(phlst hlSt) 1754
Place this pair in one consensus-tower stage with stored generator Onist(X) = —i[Hpist, X].

The selected density constructs a normalized GNS triple (Hupist, Thist, hist), and the composite
representation of Mg(C) is injective. Thus the represented Hamiltonian is nonzero and self-adjoint.
Its cyclic matrix coefficient is exactly 197/1754, which also proves

Thist (Hhist ) hist 7 0.

The matrix unit Fy; supplies a nonclassical control:
(—i[Huist, Eo1l) o, = 1,

so the represented commutator response is nonzero. The exponential propagators are unitary, obey
the additive group law, intertwine exactly with the represented Heisenberg flow, and leave ppjst
stationary.

The same carrier has an exact tensor-local history decomposition. The source encoding iden-
tifies its basis with ((so,s1),52) € (Z/2)3. Tensor-factor embeddings define the one-slot algebras
Ao, A1, Ao, the generated adjacent interval algebras Ag; = Ag V A1 and Ao = Ay V As, and
Ap12 = Mg(C). The inclusions are isotone and the separated endpoint algebras obey exact locality,

[Ag, A2] = 0.
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Writing the two adjacent domain-wall projectors as
Ho = diag(lso¢81)a Hyp = diag(lsﬁész)a
gives the residual-free local decomposition
Hyiss = Ho1 + Hio, Ho1 € Ao, Hip € Apo.

Both bonds are positive, and their separately counted source energies are

94 103
T istHol) = ——, T st H12) = ——.
r(phist Ho1) T7Ed r(phist H12) T7Ed
For Opist (X) = —i[Hhist, X, locality removes the remote bond exactly, so

Onist (Ao) C Aot Onist (A2) C Aja.

These are first-commutator finite-support statements, not a continuum finite-speed theorem. The
single source functional w(X) = Tr(pp;stX ) restricts to compatible states on every displayed algebra:
for each inclusion Ay C Ay, wy |4, = wy. The injective selected-GNS representation transports the
endpoint locality, the two bond memberships, the Hamiltonian decomposition, and the generator-
support statements without collapse. This compatible restriction is the state compatibility required
of the finite net; it does not assert a source-state-preserving conditional expectation from the full
algebra onto every region.

This is a source-counted finite three-history-slot local dynamical system on its selected GNS
Hilbert space, not a physical QFT. The retained run was hash-pinned, but the empirical law and
repair-count postprocessing were not jointly preregistered. The packet fixes the diagonal den-
sity and the two repair-change contributions; the full Mg(C) quantum extension, tensor-factor
locality reading, off-diagonal coherence probe, one-regulator tower, and real flow parameter are
mathematical adapters. The nonzero energy of (¢ prevents its promotion to a vacuum or
ground vector. The three successive history coordinates are not calibrated physical times or
Lorentzian regions, and there is no physical clock or energy calibration, spectrum condition, con-
tinuum or infinite-volume control, renormalization flow, field/particle interpretation, scattering,
detector readback, or physical time-slice theorem. (Lean/QFT/SourceHistoryGNSDynamics.lean;
Lean/QFT/SourceHistoryThreeSlotLocalGNS.lean).

The rational record layer carries a finite slot-indexed conditioning family. For every slot region
S C {0,1,2}, conditioning the committed window law on the slots in S defines a map Eg on Q-
valued record observables that is rational-linear, unital, pointwise positive, localized, idempotent,
and tower-compatible, Eg o Ep = Fg for S C T. The full-region map is the identity because the
three slots separate the eight histories, the empty-region map is the constant empirical mean, and
every Eg preserves that mean. The domain walls are fixed points of their own interval maps, every
regional map preserves the bond means 94/1754 and 103/1754 and the action mean 197/1754, and
the late-slot conditional weights are 383/415 in the (sg, s1) = (0,0) cell and 2/89 in the (0, 1) cell.

The matrix obstruction has a fixed target and hypotheses. No complex-linear map from Mg(C)
into this particular Ag; can both satisfy the Ap;-bimodule law and preserve the committed state
w: such a map would assign the slot-two projector a single conditional weight over Ag;, whereas
the two cells demand 383/415 and 2/89. This does not rule out ordinary AQFT nets of inclusions
with state restriction, other or enlarged target algebras, ancillary boundary memory, generalized
expectations, or non-bimodule positive or completely positive channels. The finite-probability con-
ditioning identities and wall coefficients transport to represented diagonal elements on the selected
GNS carrier (Lean/QFT/SourceHistoryExpectationNet.lean).
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Region families of the one-step interface. The module Lean/QFT/CarrierJoinTransp
ort.lean settles the region-family freedom of TimeIndexedNetEvolution over the finite 86/247
diamond in both directions. Any evolution family that maps each regional algebra onto itself
forces a step-invariant region family, and every net-compatible slice family over the specified walk-
step evolution on cyclic Fin(32) is constant (stepEvolve_slice_constant); the scalar bottom
and full top regions are rigid under every evolution family, so a one-step region change of any
inhabitant exchanges the two slot regions (slice_change_forces_slot_exchange). Conversely a
slot-alternating inhabitant exists (slotAlternatingEvolution): the slice alternates between the
left and right slot regions, the per-step automorphism composes the specified walk-step evolution
with the internal slot exchange, the admitted data are the source generators of observer 86 at even
steps and of observer 247 at odd steps, and the evolved data generate the next regional algebra at
every step; the region family is provably not step-invariant. The exchange factor is a constructed
internal symmetry rather than a source transition, and the walk factor carries the declared index-31
bookkeeping closure. The construction supplies no physical time, causal interpretation, or source-
derived time-slice content.

Boundary-fibre circularity control. Over the bare consensus tower of the gravitational branch
(finite presentation and quotient states, a mismatch functional, a strictly descending step relation,
an idempotent normal form, a protected boundary map, and physical coarse maps), a signature fam-
ily that factors through the protected boundary on consistent states and is complete on consistent
states forces the boundary fibre: equal boundary values imply equal consistent states. Instantiating
the signature as the protected boundary itself makes the factoring hypothesis trivial and makes the
completeness hypothesis definitionally identical to the conclusion; the degeneration is recorded as a
definitional equivalence, so the circularity is itself a theorem, and the result is substantive only for
a signature constructed independently of the boundary and proved complete on its own grounds. A
selected settled branch (one normal-form-fixed, coherent quotient point per regulator) is an explicit
premise with a concrete inhabitant and an explicit failing candidate, and an event and geometry
readout fragment carries normal-form-invariant, coarsely natural packet readouts that separate two
consistent states on the same concrete tower. Every statement in this subsection is a finite con-
ditional structure over declared data: no physical region, coverage, instrument, spacetime, causal
cone, event actualization, probability law, or continuum object follows [14].

8 OPH Simulation Criterion and Fixed-Point Firewall

A fixed-point equation is necessary for a selected finite OPH packet, but it is not the definition of
an OPH simulation. The additional clauses below are the nontrivial content.

Definition 8.1 (Nontrivial OPH simulation certificate). Work on the finite fized-cutoff branch of
Definition 5.19. Write

Q:=X%/T, n:=nfy:Q — Q, Ny = q(0).
Let B : Q — B be a boundary/sector map preserved by accepted quotient repairs, fix b € B, and set
Qyp = B_l(b), Cp:=NxNQp.

For u € Cy, let 4, := 9, € A(Q). The selected pair (b,u), equivalently the packet L, has an OPH
stmulation certificate when all of the following hold.
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(S1) Endogenous update. The local maps are the recovery-derived collar maps of Definition 3.1,
descend to the physical quotient, and use only the declared patch, overlap, recovery, decoder,
and acceptance data. No undeclared oracle variable is an argument of an accepted physical
update.

(S2) Observer-readable records. A declared observer-accessible region carries an exact record
presentation {]3@}@ as in Definition 7.1, with at least two nonzero orthogonal event projectors.
Event probabilities, conditioned readouts, and any checkpoint/order relation interpreted as
history are collected in a physical map

Read : Q — Yrec

whose terminal value depends only on the quotient normal form.

(S3) Owverlap repair. Every accepted nontrivial move strictly lowers the declared touched-overlap
score, normal forms are exactly the globally consistent states, and the quotient normal form
n is terminating and schedule-independent.

(S4) Nontrivial branch elimination. The selected fiber has one consistent quotient state but
more than one candidate:

Co={u},  Q\Cy#2,  n(Q)={u}.

Thus at least one inconsistent candidate is genuinely removed instead of merely renamed a
fized point. A candidate with a nonzero declared holonomy or higher-gauge obstruction is
rejected as obstructed and is not counted as an alternative selected world.

(S5) Implementation and clock closure. The physical update and record readout have types
n:Q — Q, Read : Q — Vriec,

with no indispensable machine-state or external-time argument. More precisely, for any
auziliary implementation and clock sets Eoxt and Oeyy, let

D QX Eext X Ocxt = Q

be the physical projection. An admissible lifted update n and readout Read must satisfy

pon=mnop, Read = Read op.

The asynchronous schedule and repair-step counter are proof data, not physical clock coor-
dinates. Any history claimed by the branch is read from records in the terminal quotient
state instead of supplied by an external clock. Promoting that record order to physical time
requires the independent clock instrument, event correspondence, and calibration receipts.

The identities
n(u) = u, Ca(thy) = 4Ly,

are therefore consequences of the certificate, not its definition.
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Theorem 8.2 (Selected OPH packet and fixed-point firewall). Assume Definitions 3.1, 3.2, and
3.8, Assumption 3.12, and the quotient and record hypotheses of Theorems 5.2, 5.16, and 7.2. Fix
a preserved boundary/sector value bopy for which

CbopH = {UOPH}a QbOPH \ CbopH 7é g,

and assume the selected observer surface has a nontrivial exact record presentation whose check-
point/order data, when interpreted as history, are quotient-observable. Then the selected finite OPH
packet

UoPH = Ougpy

has an OPH simulation certificate in the sense of Definition 8.1. In particular,

n(uopH) = UOPH, Cr(Hopu) = Hoph.

The converse is false: a fixed point, equilibrium, stationary point, or variational solution does
not by itself imply an OPH simulation certificate. Indeed, for any set X with | X| > 1, the identity
map F = idx satisfies F(x) = x for every x € X, and every x is a global minimizer and stationary
point of the constant functional V = 0. Nevertheless, F~(x) = {z}, so no proper candidate basin
collapses to x; clause (S4) fails. The fixed-point or variational equation alone also supplies none of
clauses (S1)—(S3) or (S5).

Proof. Clause (S1) is Definition 3.1 together with quotient descent from Theorem 5.2. Clause (52)
follows from Theorem 7.2; terminal representative independence is Theorem 5.16. Definition 3.2,
Proposition 3.18, Proposition 3.23, Assumption 3.12, and Theorem 3.25 give clause (S3).

For € Qpypy, boundary preservation gives B(n(x)) = bopu, while repair completeness gives
n(z) € Ny. Hence n(z) € Cppy = {uorn}, proving n(Qpopy) = {vopn}. The assumed nonempty
difference Qpopyy \Coopy Makes this elimination nontrivial. The holonomy and higher-gauge rejection
statement is Theorems 4.1 and 4.4. This proves clause (S4). Its proper-basin requirement is
nonvacuous: on the verified rooted-tree packet domain of Theorem 3.14, fixing the root packet
gives a singleton consistent fiber, while changing any non-root packet supplies an inconsistent
candidate in that fiber.

The quotient normal-form and physical-record maps are defined on the declared physical state
alone. Schedule independence removes the scheduler from the output, and Corollary 5.18 proves
invariance under inert carrier enlargement. The displayed projection identities are the admissibility
condition for any more general carrier or clock realization. Thus an auxiliary implementation state
or iteration counter cannot change the physical result, proving clause (S5). Finally, Theorem 5.20
gives

CA(Ouopy) = On(uopn) = Ouopm>
because uopy € Ny. The identity-map and constant-functional example proves the final non-
implication. O

Remark 8.3 (Structural falsification hooks). An asserted OPH simulation certificate fails if any one
of the following occurs: an accepted update depends on undeclared oracle, carrier, or external-
clock data; the observer record algebra is trivial, unstable, or not quotient-readable; an accepted
move fails strict mismatch descent; terminal states are not exactly the overlap-consistent states;
two admissible schedules or two candidates in the selected boundary fiber produce different phys-
ical normal forms; the selected fiber has no inconsistent candidate to eliminate; a claimed global
branch has nonzero holonomy or higher-gauge obstruction; or a carrier/clock lift changes the phys-
ical update or readout after projection. These are theorem-level failure conditions, not semantic
disagreements about the word “simulation.”
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Remark 8.4 (Scope). Theorem 8.2 certifies the named finite fixed-cutoff branch and selected bound-
ary /sector fiber. It does not extend the finite packet closure to an arbitrary habitat-level state-and-
law space, and it does not remove the branch and record hypotheses stated in the theorem.

A finite source-bound witness. A bounded companion run supplies one finite instance from
source data to kernel-checked literals. Its locally pre-specified, hash-pinned contract has no inde-
pendent public preregistration because contract and result entered the repository together. The
contract specifies a nonconstant protected record, separate state and transition tables, an exact rec-
ognizer, stationarity, and contraction. The transition stationary law and the empirical state-side
reference are distinct objects: their exact denominator mismatch and the nonprojector transition
eigenmode rule out both a deterministic pushforward and a nondegenerate intertwiner with the
idempotent state-side resampling action. The finite payload integers are mirrored verbatim in
Lean/QFT/SimEarnedWitness.lean as kernel-decided literals that inhabit a payload-attached
observer access-cut interface. On three of the four mirrored observer supports the public and ac-
cessible algebras coincide; exactly one support separates a record class by its companion class. The
literals are counts and class labels from one run under a declared binning and observer-selection
rule. They establish no physical claim or probability law beyond the realized frequencies [14].

9 Distributed Presentations of One Finite Universe

The implementation closure clause in Definition 8.1 has a distributed form. A worker partition is
allowed to accelerate or package the computation, but it is not a new physical ingredient. The
physical question is whether the worker run presents the same finite quotient repair system as the
monolithic carrier.

Definition 9.1 (Finite global OPH carrier). At refinement stage r, a finite global OPH carrier
consists of a finite patch graph
Gr =V, Ey),

finite patch state sets S;, interface alphabets I., endpoint maps m;. : S; — I., an implementation-
hiding group T'y, a boundary/sector map B, a mismatch potential ®,, accepted quotient repairs —,,
and an observer-readable map

Read, : Q, — YV, Qr = H Si | /Ty
ieVr

Let C, C @, be the quotient consistency set. On the finite branch covered by Theorems 3.25 and
5.2, the accepted quotient repair relation has a unique normal-form map

ny: Qr — Ch.

A one-universe input is the pair U, = (8, qo), where . is the carrier data above and qo € Q,. A
worker partition is not part of ,.

Definition 9.2 (Worker presentation and physical projection). Let k : V, — W assign every patch
to one authoritative worker. The cut set is

ES™ = {{i.j} € Er : 5(i) # n(j)}.
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A distributed presentation for k has worker-owned states, ghost or halo copies, message queues,
transaction records, retries, worker identifiers, checkpoints, event logs, and scheduler state. Let @m’»
be its quotient by purely local worker bookkeeping that leaves authoritative physical states unchanged.
The physical projection N

DPrx : QT,K, — Qr

keeps only the authoritative patch states, quotients by T',, and discards queues, retry metadata,
worker labels, and external clocks. Let

D, := U{“} X @r,m P.(k,q) == pr,ﬁ(@)~

A distributed readout is physical when it factors as
ﬁe\a/dr = Read, oP;.

Definition 9.3 (Admissible distributed event). For d,d’ € D,, a distributed event d = d’ is
admissible when one of the following holds.

(a) Linearizable physical commit. There is a nonempty monolithic accepted repair path
P(d) =7 Pr(d)
whose repair word is recorded as the event’s linearization witness.

(b) Physical stutter. P,(d') = P.(d). Message delivery, halo refresh, prepare, abort, checkpoint,
worker start or stop, idempotent replay, and repartition metadata are allowed only in this class
unless they also carry a physical commit witness.

(¢) Certified rollback. There is an earlier committed state d; in the same run history such that
P.(d') = P.(d;), and the rollback certificate names that committed projection root. Transparent
restart from a committed frontier is a stutter.

Proposition 9.4 (Normal form is constant on an accepted reachability cone). If ¢ =% ¢/, then
(") = 1 (q)-

Proof. The state ¢’ is reachable from ¢q. The state n,(¢') is a normal form reachable from ¢/,
hence also reachable from q. Theorem 3.25 and Theorem 5.2 give the unique quotient normal form
reachable from ¢, so n,(¢') = n,(q). O

Theorem 9.5 (Distributed realization of one finite OPH universe). Fiz a finite global carrier
U, = (U, qo) satisfying Theorems 3.25 and 5.2. Let

do=d1= - -=dn,

be a finite distributed execution in D, with P.(dy) = qo, and assume every event is admissible in
the sense of Definition 9.3. Then, for every t,

q0 —>; Pr(dt)7 nr(Pr(dt)) = n?‘(QO)'

If the final projection is a monolithic normal form, then

Pr(dm) = nr(qo)-
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For every physical observable or observer readout M : Q. — Y,

M (P (dm)) = M(n:(qo))
whenever P,(dy,) s normal. In particular, %T(dm) = Read, (n,(qo)) for every distributed readout
that factors through P,.

Proof. Induct on t. The claim is true at t = 0. Suppose it holds at ¢. For a linearizable physical
commit, admissibility gives

Pr(dy) = Pr(diy),

s0 qo =+ P(di41), and Lemma 9.4 gives

ny (Pr(diy1)) = ne(Pr(dr)) = nr(qo)-

For a physical stutter, P,(di+1) = P.(d;), so both statements are unchanged. For a certified rollback,
P,.(dy+1) is the projection of an earlier committed state; the induction hypothesis gives reachability
from gg and equality of normal forms for that projection. This proves the two displayed identities
for every t.

If P.(dy,) is a monolithic normal form, then it is the unique quotient normal form reachable
from qo, hence P,(d,,) = n,(qo). The observable and readout statements follow by applying M or

Read, to this equality and using Read, = Read, oPF;. ]

Corollary 9.6 (Partition, schedule, and restart invariance). Any two admissible distributed execu-
tions of the same finite carrier U,., with the same initial quotient state qo, have the same terminal
quotient observables and observer-readable outputs once their final projections are monolithic nor-
mal forms. The statement is independent of partition k, worker count, scheduler choices, restart
history, and repartition metadata.

Proof. Apply Theorem 9.5 to each execution. Both final projections equal n,(qo), so every quotient
observable and every readout factoring through the projection has the same value. O

Proposition 9.7 (Restart stabilization separates safety from liveness). Assume Q, is finite, every
physical commait strictly descends the accepted potential until normality, every rollback returns to
an earlier committed projection, only finitely many progress-erasing rollbacks occur, and after the
last such rollback the scheduler is fair enough to commit an enabled repair whenever the projected
state is not normal. Then the distributed run reaches a monolithic normal form after finitely many
physical commits.

Proof. Safety is Theorem 9.5. For liveness, ignore stutters and the finitely many progress-erasing
rollbacks before the last one. After that time, each nonnormal projected state takes a strict de-
scending accepted repair after finitely many scheduler steps. The set of possible potential values
below the post-rollback value is finite, so strict descent can occur only finitely many times before
a normal projected state is reached. O

Theorem 9.8 (Distributed refinement cube). Let r < s. Suppose psy : Qs — Qr is a repair
morphism, the corresponding holonomy maps form a cochain morphism, and distributed presenta-
tions at both stages are exact in the sense of Theorem 9.5. If the lifted restriction ps : Ds — D,
commutes with physical projection,

Py o psr = psr o P,
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then distributed execution and coarse restriction commute on normal forms and readouts:

Pr(psr(dy,)) = nr(psr(q5)) = psr(ns(ap))

whenever the fine final projection is normal. The same statement holds for holonomy readouts via
Xsr-

Proof. The fine distributed theorem gives Ps(d;,) = ns(qj). Projection compatibility gives

Br(psr(dn)) = psr(ns(gg))-

Theorem 6.5 identifies this value with n,(ps-(¢5)). The holonomy statement is exactly the cochain-
morphism identity of Definition 6.6. O

Public certificate contract. A run pack that claims Theorem 9.5 must emit enough evidence
for a verifier to reconstruct the premises without trusting worker narration. The required fields
are: a global carrier manifest and hash, the monolithic graph G, the global initial quotient state
qo, a partition map r, cut-interface records ES" with restriction maps, a global observer registry,
code/config/run hashes, a committed event log with a linearization witness for each physical com-
mit, stutter records for noncommitting worker events, rollback records naming earlier committed
projection roots, repartition records preserving the physical projection root, a final monolithic
normal-form certificate, and a final readout recomputed from the projected state. Missing, stale,
shard-local, or synthetic replacements for these fields fail closed. The exact branch uses this con-
tract; noisy branches additionally need the fair-block constants of Theorem 11.1.

10 Quotient Chart Transport and Neutral Geometry

The distributed certificate above proves that a worker presentation is one finite quotient system.
A separate step is needed before observer rows from different shards may be read as a common
neutral geometry.

Definition 10.1 (Common quotient chart atlas). For a shard s, let ¥ be raw records, let I's be the
groupoid of declared presentation-only moves such as gauge representative changes and local port
relabelings, and set

Qs = ES/FSa X5 = ns(as),

where ng is the schedule-independent normal-form map. An interface atlas is a family of domains
Ust C Xs, Us € X4, and bijections
Tts + Ust — Ups

satisfying identity, inverse, and cocycle laws, with zero closed-path holonomy on graph-shaped sys-
tems. A channel registry assigns each channel ¢ a metric space (Z.,d.), weight we > 0, and local
features Fs . : Ds . C Xy — Z.. The channel descends through the atlas when both domain member-
ship and values are transported:

x € Dy <= T € Dy, Fi o(misx) = F o(x).

Theorem 10.2 (Quotient-visible neutral readout). Under Definition 10.1, the relation generated
by interface transport on | |, Xs is an equivalence relation and defines

Quis == ('_l Xs) /NT .
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The canonical maps X5 — Qvis agree with transport, and zero closed-path holonomy makes them
injective. FEwvery compatible family of local channel maps descends uniquely to partial maps F :
Qvis --» Z.. Therefore, on the complete channel domain

Q. = {x : F.(x) exists for every c € C,},

fir p > 1 and assume that C, is finite. More generally, an infinite declared channel set is admitted
only if

Z we de(Fe(x), Fe(y))?P < 00 for every x,y € Q.

c€Cy

The product formula
1/p

dnen (2, y) = | D wede(Fe(x), Fe(y))?
ceCx

s then a finite-valued pseudometric. It is a metric only after quotienting by zero-distance feature
collisions, or after proving that the declared channel family separates points.

Proof. Identity, inverse, and cocycle laws give reflexivity, symmetry, and transitivity. The transport
compatibility of local features is exactly the universal-property condition for descent through the
quotient. The weighted product distance is independent of the representative and finite by the
finite-channel or pairwise-summability premise. Its triangle inequality is Minkowski’s inequality
applied to the channel metrics. The only possible failure of identity of indiscernibles is equality
of all declared feature values, which is removed by quotienting feature-collision classes or by a
joint-separation proof. ]

Certificate boundary. Pairwise available-channel comparison is not a metric policy: different
pairs can share different channels and violate the triangle inequality. A neutral-geometry run must
therefore use complete cases, a fixed missing symbol whose mask is quotient-visible, or train-only
imputation labelled as an imputed-representation metric. The run also records a finite channel list
or a pairwise weighted-fP summability certificate. Presentation invariance requires a bijection of
Qvis and channel isometries, so gauge changes, port relabelings, observer order, repair schedule, and
shard partition changes are checked on distance matrices, not on displayed coordinates. Refinement
requires a cofinally vanishing tail modulus for the finite-stage distances. Euclidean claims require

the double-centered Gram test 1
B= —§H(D°2)H =0

and noisy runs report negative spectral mass, rank/effective rank, held-out stress, and positive
and negative controls. Before preprocessing, statistical certificates split independent generative
batches. Chart alignment, scaling, imputation, weights, graph construction, dimension selection,
and thresholds are train/validation objects. Any shared shard batch, seed, boundary condition,
trajectory family, duplicate, descendant, or repeated test-set inspection blocks the held-out theorem.

This section certifies a common quotient metric or pseudometric only; physical Riemannian or
Lorentzian spacetime identification belongs to the separate modular/geometric branch.

11 Noisy Fair-Block Approximate Consensus

The exact consensus theorem supplies the quotient normal-form target. A noisy implementation
needs one more quantitative certificate: complete fair blocks must contract expected distance to
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that target. This section records the conditional bridge from local noisy repair to long-run observer-
facing approximate consensus.

Theorem 11.1 (Global noisy approximate consensus under fair-block contraction). Let (Q,dq) be
the observer-facing quotient state space of a fived exported OPH patch federation, and let N C Q
be the exact quotient normal-form set supplied by the finite repair theorem on that quotient. Define

D(q) :=dg(q,N) = nigj{/dcz(q,n)-

Let qi+1 = T3, +(qt) be a noisy asynchronous repair process adapted to a filtration (Fy);. Assume:

(G1) Exact quotient target. The ideal repair relation on Q has the exact OPH normal-form
package: finite exact descent, the semantic-complete transactional local-diamond theorem with
its concrete premise receipt, and repair completeness, so every fixed initial quotient state has
a schedule-independent exact normal form in N .

(G2) Fair asynchronous blocks. There are stopping times
O=mp<m<m<---

such that each interval [Tp, Tm+y1) contains enough local repairs to expose and act on every
active mismatch class required by the exact transaction/confluence and repair-completeness
certificate, with uniformly bounded length T,11 — T < L. Write the noisy block map as

Bm = n7m+17177m+171 0--0 ETm7Tm'

(G3) Uniform block contraction toward normal form. There are constants 0 < A < 1 and
e > 0 such that, for every block m and every reachable quotient state q at time 7,,,

E[D(Bu(@) | Fr.] < AD(g) + <.

(G4) Controlled within-block excursions. There are constants A > 1 and B > 0 such that, for
every t € [Tim, Tm+1),

E[D(q) | Fr,] < AD(¢,,) + 8.

Then, at fair-block times,

1—A™
E[D(gr,.)] < A" D(go) + ¢
and hence .
limsup E[D(q-,,)] < .

At all intermediate asynchronous times,

limsupE[D(q;)] < A ﬁ + 8.

t—o0

Thus the noisy asynchronous OPH repair process converges in expectation to a controlled tube around
the exact quotient normal-form set. If ¢ = B =0, then D(q;) — 0 in L', hence also in probability,
along the full asynchronous run.
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Proof. Let D, := D(q,,). Assumption (G3), applied to the realized state ¢, , gives

Taking expectations,
E[Dps1] < AE[Dy,] +&.

Iterating the scalar recursion gives

m—1
1—\m
EU%JgAmD@@+s§:AT:AmD@@+»1_Aa
r=0

Taking m — oo yields the fair-block limsup bound. For ¢ € [Ty, Tin+1), Assumption (G4) gives
E[D(a)] < AE[D(gr,)] + 8.

Substitution of the fair-block estimate and then taking the limsup over all intermediate times gives

lim sup E[D(q;)] < A —— + 8.
t—o00 1—A

If e = g = 0, then E[D(g,,)] < A™D(qo) — 0. Since D > 0, convergence in expectation to

zero implies convergence in probability at block times. Assumption (G4) then gives E[D(g)] <

AE[D(g,,,)] inside each block, so the same L' and probability convergence holds along the full

asynchronous run. O

Corollary 11.2 (Approximate observer-facing schedule independence). Let M : Q — Y be an
observer-facing readout into a metric space (Y,dy), and suppose M is Lys-Lipschitz. Fiz an exact
sector ¢ whose exact normal-form set is the singleton N¢ = {n¢}, and apply Theorem 11.1 on that
sector, so that D(q) = dg(q,n¢). Then

im sup Eldy (M (), M(nc))) < Las (A7 +6)

For two noisy asynchronous schedules q; and q, started in the same ezact singleton sector and
satisfying the same certificate,

hﬂing[dY(M(q’:)’M(QD)] <2Ly <A 1 i Y +'B) ’

Proof. The Lipschitz condition gives

dy (M(q:), M(n¢)) < Lardg(gs,n¢) = Ly D(qr)-

The first bound follows from Theorem 11.1. The two-schedule bound follows from the triangle
inequality through M (n¢) and applying the first estimate to both schedules. O

Corollary 11.3 (High-probability noisy consensus tube). Assume the block-distance process also
admits the pathwise decomposition

Dyi1 < ADy, + e+ fm—&-la E[fm—l-l ‘ ]:Tm] =0, ‘gm—&-l‘ <b

almost surely. Then, for every a > 0,

m

Pr|D D
r|D,, > A o+ 1

a?(1 — A2)>

€+ a} < exp <— T
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Proof. Unrolling the recursion gives

1—
D,, < XDy +

e+ZAm &

The final term is a weighted martingale sum with increments bounded by |A™77¢.| < AN™7Tb.
Azuma-Hoeffding gives

Pr lz AT > a

r=1

a2
<
= eXp 22 1)\2m mp2 |’

Since 3™ A2(m=7) < (1 — X2)~1, substitution yields the claimed bound. O

Proposition 11.4 (Finite fair-block contraction certificate). Let @Q be finite, let By be a finite
list of noisy fair-block types, and let Kg(q,q') be the Markov kernel induced by block type B. If
there are constants 0 < A <1 and € > 0 such that

> Kplg,d)D(¢) < AD(q)+e  Vg€Q, VBE B,
q'eQ

then Assumption (G3) of Theorem 11.1 holds for any run whose fair blocks are drawn from By, .

Proof. Conditioning on the current quotient state ¢ and the realized fair-block type B, the condi-
tional expectation of D after the block is exactly >3- Kp(q,q')D(q'). The displayed inequality is
therefore Assumption (G3), uniformly over all reachable states and fair-block types. O

Finite audit route and constants. For a finite exported packet net, Proposition 11.4 gives the
practical certificate path:

finite quotient () = exact normal forms N = distance table D(q)
= noisy fair-block kernels Kp = (\,¢) certificate.

Here N is the exact quotient normal-form set, D(q) is observer-facing residual distance to that set,
A is the net contraction produced by one completed fair block, € is the per-block irreducible local
recovery / record / readout / calibration / environmental noise, A bounds transient within-block
expansion, § is the within-block noise floor, and L is the fairness horizon before all required active
mismatch classes are serviced. In quantum/collar implementations, ¢ may absorb Petz-domain
truncation, Fawzi-Renner recovery error, approximate central-record error, detector/readout noise,
and coarse-graining defect.

Claim boundary. Theorem 11.1 is a conditional global noisy-consensus theorem. It does not
follow from the exact finite repair theorem alone. The exact OPH theorem supplies the quotient
normal-form target A; the noisy theorem requires a separate fair-block contraction certificate
(N e, A, 3, L) for the chosen implementation. Without that certificate, OPH retains exact fixed-
cutoff convergence and the collar-local splice and record-stability estimates above. With that
certificate, arbitrarily long asynchronous noisy repair sequences converge to a controlled observer-
facing tube around the exact quotient normal-form set.
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12 Law-Space Selection and Observer Emergence

This section studies a simple meta-selection model on law space. The aim is to formalize one
criterion for favoring schedule-stable, observer-supporting, and simple laws; the replicator dynamics
below is part of the model, not a claim about literal cosmological dynamics.

We begin by defining what it means for a law to support observers. An observer is treated
operationally as a persistent predictive module: a subgraph that maintains a stable record
algebra and uses its output law to predict its boundary’s future behavior.

Definition 12.1 (Schedule stability). Fiz distributions p over initial conditions and v over asyn-
chronous schedules, and a gauge-invariant observable M. For a law A, define

Ru(N) = Pr [M(nff(s)) = M(nf{(s))]

S, O, T~V
If Theorem 3.25 holds for X\, then Ryr(A) = 1.

Definition 12.2 (Observer yield). Let X} denote the stationary process obtained by repeated local
perturbation plus reconciliation under law X. For each subgraph U C 'V, let Z{7°(t) be the declared
eract record algebra on its observer-accessible surface, or the reference exact algebra when only
an approximate record presentation is available, and let Yi;(t) be the corresponding finite outcome
variable induced by that record algebra. Then U is (n,e, h)-observer-like if it is record-stable:

dyy(Law(Yy (t + h)), Law(Yy (1)) < n,

and predictive:
A
I(Yu(t); Xou ts1:64n) = €

Define
Open(N) :==E[#{U CV : U is (n,e, h)-observer-like}] .

Definition 12.3 (Law fitness). Let K(\) be a description-length penalty. Define
f()‘> - aRM()‘) + 8 On,s,h()‘) - K(/\)v
with o, 3,7 > 0.

Theorem 12.4 (Replicator monotonicity on law space). Let A = {A1,..., A\ } be candidate laws
with population weights x;(t) under replicator dynamics:

i =x(fi—f),  fi=fN),  f=) xf;
j=1

Then P
7_: > (.
dtf Var,(f) >0

Mean fitness is nondecreasing, and strictly increasing unless all extant laws have the same fitness.

Proof. Direct computation:
d - _ _
2l = szfz = Zﬂfz’(fz' - ffi= Zl"z'ff — f? = Var,(f) > 0.

Equality iff all f; on the support of x are equal. O

This theorem records the monotonicity property of the meta-selection model.
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13 Connection to Observer-Patch Holography

The formalism above is the computational skeleton of Observer-Patch Holography (OPH). The
observer patches carry von Neumann algebras on support-visible holographic cuts. In symmetric
regulator charts those cuts may be represented by patches on a screen S2. The fixed-cutoff micro-
physics carrier is a federated patch system with echosahedral local interfaces. The S? chart supplies
cap and collar geometry, and in the companion relativity branch its conformal group supplies the
Lorentz bridge. The carrier supplies finite ports, records, and repair interfaces. The overlap pro-
jections are restrictions to shared subalgebras, and the consistency condition is algebraic state
agreement on overlaps.

The local carrier boundary, finite federation screen, and support S? are different typed objects.
Identical local Icosahedral carriers can be routed into federation nerves of different topology. A
spherical physical branch therefore requires the microphysics paper’s carrier-to-support bridge: full
interface-algebra maps, higher-overlap coherence, a quotient-visible spherical nerve, and refinement-
natural support data. The consensus theorem neither supplies nor replaces that bridge. The two-
carrier reference fixture has no composable seam triangle, so its higher-overlap Cech condition is
vacuous. Its seam/hash, phase-to-repair, and structural support checks do not certify a physical
federation, a source-bound spherical support, or the S? bridge.

The bridge to physics works as follows in the companion papers:

« The patch net becomes a net of support-visible subregion algebras; 52 is the standard observer-
facing support chart, not a required literal material shell. Its quotient-visible topology and
conformal data are physical on the spherical branch even though hidden carrier coordinates
are not.

e Observer Agreement, Axiom 2, is the naturality condition on the operational meanings at-
tached to accepted data in Definition 2.1.

e The explicit collar-recovery, exact-Markov, and Markov-split alignment interfaces provide the
controlled recovery data used by the gravity branch. The exact collar factorization pagp =
D, pa p%)a ® pl()?f)D is used only at exact Markovity together with alignment of the HJIPW
factors WitLh the ;reselected edge split. Exact Markovity alone yields the normal form only over
a state-dependent split. The alternative route uses the fixed-collar replacement limit with EC-
aligned comparison states, while the declared Petz/Fawzi-Renner recovery channels supply
recovered comparison states from which the local repair moves are built (see Appendix A and

Definition C.3).

o Gauge symmetry as implementation hiding (Theorem 5.2) becomes the fixed-cutoff edge-
sector seed package. On the Standard Model gauge paper’s branch carrying the explicit
compact-gauge refinement receipt, coherent surjective pullback functors and compatible
forgetful fibers reconstruct a compact group from the tensor-generated combined-zero-
obstruction sectors. Here zero obstruction means central or higher-associator strictifiability
together with at least one allowed strict 1-cocycle representative having trivial represented
holonomy. This supplies receipt-conditional transport across cutoffs and classification.
Separately, complete reversible response and endogenous overlap transport force the local
Standard Model gauge Lie algebra. Incidence and target-blind port readback derive the
signed response. Under the conditional matrix current and declared fermionic Spin category,
anomaly-forced determinant balance and exhaustive tensor descent imply the exact hyper-
charge lattice, N, = 3, a common Zg kernel, and the maximal faithful matter image from
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those premises alone. On this branch, the CKM and weak-sector clauses give the window
3 < Ny < 5. Separate complete-band and cost-order premises select rank three. Physical
family identification and extra-sector exclusion require additional maps. The construction
does not source-select the matrix current, matter action, or physical global quotient and
does not identify laboratory current or flux, equality with the independently reconstructed
Tannaka current, four-dimensional topological normalization, or scalar multiplicity. The
selected rank-three response and declared generation table give a conditional rank-45
candidate. Chirality and the diagonal Zg action are table properties. A separate finite
local-domain receipt checks the declared operator D, ® I;5 and conditional gap inheritance
without source-selecting the matter action or transporting the twelve-port Spin packet to
that domain. It supplies no physical matter-pole identification, continuum Spin/locality
limit, physical seam selection, refinement persistence, or laboratory attachment.

e On the declared support-visible compact-gauge branch, the Standard Model gauge paper ob-
tains the four-dimensional Euclidean Yang—Mills form from compact-gauge holonomy data
and the local MaxEnt/Gibbs continuum limit only with the branch’s renormalized four-
dimensional identification receipt. The Standard Model gauge paper separately proves pro-
jective weak-* / GNS extraction from its finite cylinder system. On a finite support quotient,
weighted resampling inside observation fibers is the orthogonal conditional-expectation pro-
jector. A concrete active repair kernel qualifies only when its independently extracted tran-
sition matrix satisfies the support, equal-fiber-row, and weighted detailed-balance receipt of
Ref. [12]; constructing the tested matrix from the target projector formula is not a verification.
Identification with Euclidean transfer, vacuum persistence, OS reconstruction, noncollapse,
and passage of the uniform repair gap require their separately named finite and continuum
receipts. On that certified branch the Yang—Mills gap equals the repair gap; coherent cylinder
extraction alone does not make that identification or supply a Clay-admissible theory.

o The coarse-graining compatibility theorem (Theorem 6.9) is the link between the finite rec-
onciliation protocol and the refinement/RG language used by the OPH branches: the macro-
scopic law space is stable when the selected coarse-graining channel shadows the normal-form
and obstruction maps with controlled defects.

o Stable defects (Corollary 4.3) become the topologically protected excitations identified with
particles on the declared branch.

o The record-algebra theorem (Theorem 7.2) provides the formal basis for the fixed-cutoff ob-
servation layer, where records are carried by central or quantitatively stable approximately
commuting projectors in overlap centers.

The companion manuscripts develop a derived gravity branch from entanglement equilibrium
and modular geometry, the exact finite Standard Model gauge implication under explicit response
and matter contracts with a distinct conditional Tannaka reconstruction route, the declared com-
pletions for generation count and extra light sectors, a conditional support-visible compact-gauge
Yang-Mills form and repair-gap theorem under the separately named continuum-identification,
transfer, OS/noncollapse, and uniform-gap receipts, and a controlled large-Neqge worldsheet
effective-description branch above the heat-kernel edge-sector identity. The cosmological capacity
branch defines direct readback by the correctable code of reachable public records, My(q) = a(Gy).
A source-derived fixed-cutoff simulator packet at D = 24 scalarizes its complete declared
terminal fiber and supplies reversible extension/refinement receipts inside its declared source
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category. When the whole capacity-indexed terminal fiber scalarizes, Mo(Uy) = AT,O(eN ) and
the universe-level equation is N = log My(Hy); its stable finite form is F,o(Ds) = {Dys}. A
target-clean all-rung counterfamily has incompatible exact fixed sets under shared base agreement,
positivity, the carrier bound, and executable finite controls. This proves nonidentifiability for the
bounded completion class. Universal all-rung membership in the complete A1-A3 capacity-source
contract and an executable-to-Lean bridge are absent. The incomplete source antecedent does
not determine N, and no theorem extends the bounded nonidentifiability result to the complete
source class. A direct positive theorem would require a complete source antecedent, one physical
zero, the physical-universe carrier attachment, the horizon-record identification, and the common
screen/electroweak load-carrier identification. These inputs are not supplied by the consensus
theorem.
This paper provides the finite patch-net foundation for the companion constructions.

14 Discussion and Scope Boundaries

The fixed-point consensus spine of OPH consists of a total, idempotent, boundary-preserving quo-
tient repair operator on the declared finite branch; schedule-independent normal forms from fixed
initial quotient states; boundary-conditioned uniqueness when a preserved boundary/sector fiber
has a unique consistent extension; a finite layered carrier proving Hp A Hgp; nontrivial functional
selected-fiber branch elimination; holonomy obstructions; gauge-quotient invariance, separated co-
final refinement-limit consensus classes, controlled coarse-graining compatibility, the fixed-cutoff
operator-record theorem, distributed one-universe realization for admissible worker presentations
of a single global carrier, and conditional noisy fair-block convergence once a separate contraction
certificate is supplied. For the repository’s canonical single-site attempt semantics, every adap-
tive run is eventually constant. Pathwise weak fairness is the exact additional condition used
here to exclude a reducible constant tail; work conservation is stronger and is used only for the
initial-mismatch horizon. Completeness and confluence remain separate requirements for one con-
sistent canonical public endpoint. It also proves the full repair-completeness, Petz-domain, and
quotient-compatibility package on the rooted-tree packet-net domain of Theorem 3.14, and gives
a clean law-selection meta-model. Separate companion constructions give the relativity chain, the
realized Standard Model structural chain, and the capacity relation with universe-level equation
N = log My(Hy), stable whole-fiber target §,0(Dx) = {D.}, and an independent EW /Higgs com-
parison bridge. Phenomenological conclusions require assumptions not supplied by the consensus
theorems.

Under the unified carrier hypothesis, consensus turns a routed, self-reading carrier federation
into a quotient-visible normal form. Separate maps read support geometry and compact charge
response from that normal form. Confluence does not create either readout. Their physical com-
position requires one source manifest and refinement tower so that geometry, current, records, and
clocks refer to the same system rather than to isomorphic fixtures assembled after the fact.

Complexity boundary. On a fixed finite patch net, the accepted reconciliation dynamics is a
finite-state asynchronous rewrite system on Y. Under Theorem 3.25, every accepted repair run
has at most the number of distinct reachable p-values below its start value minus one, because
each accepted transaction strictly lowers the declared exact measure. On the scalar ®-branch this
specializes to the |®(2)|—1 < |X|—1 bound. Exact normal-form computation is therefore decidable
by direct iteration of accepted aggregate transactions. This step bound counts accepted nontrivial
repairs rather than scheduler attempts, which may stutter. Theorem 3.20 separately shows eventual
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constancy for every canonical adaptive attempt stream and normality under pathwise weak fair-
ness. Theorem 3.21 shows that no single mismatch-only finite attempt horizon uniformly bounds
all normalizing schedulers; bounded waste supplies the (¢ 4 1)-scaled upper horizon, with exact
sharpness at ¢ = 0, and Corollary 3.28 consumes a sufficient budget. The schedule-independent
answer depends on the atomic conflict-component local diamond and repair-completeness clauses
of Theorem 3.25. What this paper does not prove is a uniform polynomial-time bound, a sharper
complexity-class placement for families of growing patch nets, or any hardness lower bound.

Approximate-stability boundary. The theorem-grade consensus statement is exact on the
declared fixed-cutoff branch. Approximate control begins collar-locally: Theorem A.1 gives the
exact-Markov modulus 63 5 () — 0 on one fixed finite-dimensional collar model and the one-shot
recovery comparison bound 2v/1 — e=¢ < 2,/¢, while Theorem 7.2 gives the (e, dycc) repeated-read
stability bound for approximate record projectors. The long-run noisy statement is conditional:
Theorem 11.1 upgrades those local noisy controls to a global expected tube around the exact
quotient normal-form set only after a fair-block contraction certificate (A, e, A, 8, L) is supplied
for the chosen implementation. It does not follow from finite descent or fairness alone, and it
gives a unique approximate readout only inside singleton boundary/sector fibers. Ref. [12] sup-
plies a complementary receipt-only endpoint estimate from a residual error-bound modulus and an
inverse-observation modulus, together with refinement comparison bounds. Those results do not
manufacture the fair-block contraction used here and do not imply pathwise long-run confinement
under persistent noise.

Expressive-power boundary. The law-selection model of Theorem 12.4 is a finite-candidate
monotonicity result. For each fixed patch net the theorem package proves a finite-state exact
reconciliation mechanism. The computation modules separate three exact results. The historical
Lean/Computation/RepairUniversality.lean theorem constructs an input-specialized federation
and one ordered sweep; its weak RepairStep permits stutter and remains a straight-line satisfiabil-
ity precursor. The fixed-federation continuation instead uses the generated formula nodes, which
are independent of the input, and reads immutable input ports from the initial state. Its canonical
accepted step performs the selected failing node’s declared write. A superincreasing dependency
rank strictly descends on every genuine step; arbitrary attempts stabilize, and pathwise weak fair-
ness promotes the stable state to consensus. Same-input normal endpoints have one output. A
one-member fair-stuttering control shows why the historical weak relation itself cannot support
that conclusion. The execution continuation makes the remaining mathematical scheduler and cost
boundary exact. Tail-relative pathwise weak fairness is equivalent to eventual stable consensus
on a fixed run; the reverse is vacuous after stable consensus and supplies no recurrence. Member
and register-site recurrence coincide at the generated-node granularity because output registers are
unique, while an actual stable-consensus schedule proves recurrence remains strictly stronger than
tail fairness. A state-blind round-robin function is recurrent, pathwise weak-fair, and bounded-
waste, so at least one explicit mathematical scheduler reaches the correct same-input output. Its
first n attempts are exactly the emission-order compiler sweep, the order in which the compiler
emits nodes, so this explicit scheduler reaches stable consensus and the correct output within n
attempts for n emitted nodes.

The actual go compiler has at most one downstream consumer per generated register. Linear
defect weights therefore bound every canonical accepted path by n(n + 1)/2 for n emitted nodes.
A recursively nested NAND family from that compiler has a consensus-reaching path with 8m +
1 = n? + 8n, making the same-metric classification order-sharp ©(n?), not constant-sharp. Well-

71



formedness alone admits fewer than 2™ accepted steps and an explicit fanout chain attains 2" — 1,
so the single-consumer structure is load-bearing for the quadratic bound. Arbitrarily long finite
stuttering prefixes remain pathwise weak-fair, so weak fairness gives no uniform attempt horizon.
A separately supplied fixed-node bounded-waste value ¢ gives a stable horizon of (¢ + 1)n(n +
1)/2; round robin supplies ¢ = n — 1. The bounded-waste counting proof is shared with the
adaptive route through a neutral ranked-attempt theorem, while the two domain adapters and
scientific claims remain distinct. The general bounded-waste formula is deliberately retained for
other schedulers; the direct one-cycle theorem is the sharper linear bound for emission-order round
robin. Separately, a width-five permutation word program is fixed independently of the input and
evaluates the formula under the stated encoding; the formal carrier is the ambient permutation
group on five points, and membership of every instruction in the alternating subgroup is not a typed
theorem. These results establish a fixed finite repair device with accepted nontrivial repairs and
fair asynchronous convergence. They prove a mathematical round-robin function and conditional
attempt counts, but no physical scheduler source, wall-clock horizon, rate, energy, bandwidth, fee,
hardware resource, noise stability, physical device realization, finite PublicWorld, or identity with
the width-five engine.

Refinement and observable boundaries. Theorem 6.9 gives an abstract reconciliation square
under coarse-graining once its normal-form and obstruction defects are supplied. Model-specific
or uniform bounds for 7. and £”. are not derived from concrete coarse-graining channels and
recovery decoders. The fixed-cutoff defect hierarchy extends from abelian frustrations to crossed-
module classes g € H? (N, H — @), without an identification theorem relating those classes to the
refinement-stable transportable sector category. Theorem 5.16 applies when microscopic represen-
tatives differ by gauge relabelings globally or by sector or higher-gauge relabelings on the same
declared quotient-local glued state. It does not cover approximate union-collar compatibility or a
physical observable algebra that changes under refinement.

Distributed and noisy implementations. Theorem 9.5 proves worker-presentation invariance
only when the implementation supplies one global carrier, authoritative ownership, cut interfaces,
projection-preserving events, rollback roots, and final monolithic normal-form and readout cer-
tificates. Shard-local seeds, missing cut artifacts, stale manifests, synthetic seam trajectories, or
worker-identifier histories do not certify a one-universe realization. Theorems A.1 and 7.2 give
collar-local perturbative controls, while the rooted-tree packet domain gives an exact finite re-
pair package on one nontrivial domain. Theorem 11.1 gives long-run noisy control only under
a fair-block contraction certificate. Arbitrary approximate recovery moves do not inherit repair
completeness, transactional validation, a quotient local diamond, the support/completely-positive
trace-preserving clause on every Petz branch, or fair-block contraction.

Universality and applications. The fixed computation-federation theorem gives one finite
generated-node repair device for every input of a selected Boolean function, with ranked accepted-
step termination and fairness-qualified attempt convergence. It is not an encoding-overhead, rate,
hardware, or physical uniform-simulation theorem, and it does not make the historical weak step
convergent. The separate fixed width-five word-program result remains a different engine. The
fixed-point theorem classifies quotient normal forms and obstructions once a physical quotient and
repair law are declared. It does not select a Hall sector, material order, confinement regime, nuclear
yield, or hardware performance number without a quotient-intrinsic ensemble, source action, repair
ledger, and evidence receipts.
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Gravity and gauge interfaces. The support-visible Bisognano—-Wichmann scaling theorem on
the geometric cap subnet supplies the gravity interface. The finite-state and refinement-consensus
results supply its consensus input. The finite-quotient baryogenesis theorem uses the same input
to define an oriented repair current and proves that quotient settlement with an oriented regis-
ter selects no charge-parity sign. The natural Zg gauge/deck attachment has zero electroweak
anomaly coefficient. A nonzero baryogenesis result, dark-sector model, spectroscopy result, or
string/worldsheet construction requires separate physical inputs. These are interfaces rather than
extra consensus premises.

14.1 Assumption-Dependent BFT and QECC Extensions

The consensus formalism of OPH has natural analogies to classical and quantum distributed
Byzantine agreement. Observer patches correspond to protocol nodes, overlap repair corresponds
to a quorum vote, and the repair fixed-point corresponds to a consensus state. Under explicit
structural assumptions (partial synchrony with an effective phase bound, one-value-per-view and
monotone-view participation, finalisation only on a valid prepared-backed decision certificate, au-
thenticated prepared-certificate locks, highest-certificate new-view selection, post-stabilisation non-
faulty proposal/prepare/commit/relay progress, and quorum overlap: either the classical exact
sizing n = 3f + 1,q = 2f + 1 or a general threshold g with 2¢g > n + f 4 1; liveness additionally
requires ¢ < n — f), a QBFT-style interpretation of OPH repair satisfies safety and liveness (Ap-
pendix C, Theorem C.2). On the fixed-cutoff collar branch used here, the repair map is written in
exact-splice / Petz form; the assumption-dependent item is the CPTP property on all inputs, which
requires either full-rank A/ (o) or an explicit domain restriction, and trace-preserving completion is
not automatic when N'(¢) has a non-trivial kernel (Proposition C.5). A quantum error-correcting
interpretation is possible only after a genuine code subspace, logical dictionary, error family, and re-
covery map are supplied. The graph-min-cut equality for distance is not a property of a bare overlap
graph: the same graph can realize distance 1 or distance |V| under different interface maps (Theo-
rem C.10). Distance/min-cut statements require the topological-code certificate of Definition C.11
and Theorem C.12; resilience requires the Knill-Laflamme certificate of Theorem C.14. All of these
extensions are assumption-dependent or conjectural and are not part of the core theorem package
of Paper 4.
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Desired statement

Required certificate

Overlap network is a code
Local repair is a physical map

Global repair is a physical normal-
form map
Repair respects gauge

Boundary reconstruction

Repair converges

Distance equals min-cut

Corrects t corrupted carriers
Exponential convergence

Long-run noisy approximate consen-
sus

Cross-view BFT safety and wall-
clock liveness

Hardware search work reduction

finite constraint-code data of Proposition 2.3

locRep, : Q@ — @ on the finite quotient presentation, with
boundary preservation and exact descent

Rep, = nf, Q — Q, total, idempotent, schedule-
independent, and landing in Cg

quotient-valued Rep§ = Rep, og, hence invariant under I
layered finite carrier with Hp A Hgy, and Rep, (x) = E(B(z))
on admissible fibers

finite exact descent; confluence additionally needs semantic-
complete transactions, coherent canonical aggregate gluing,
and repair completeness, with a concrete receipt for the the-
orem premises and peaks

topological-code certificate with homological logicals and
matching systole/min-cut geometry

code projector, error family, Knill-Laflamme condition, and
certified ¢ < d/2 distance bound

declared transfer/channel operator with stationary projec-
tion and spectral gap

fair-block contraction certificate (X, ¢, A, 3, L) for distance to
the exact quotient normal-form set

valid prepared-backed decision certificates, one-value and
monotone-view participation, monotone prepared locks, au-
thenticated quorum-overlap sizing n =3f+1,g=2f+1 or
2q > n+ f + 1; liveness from timeout-bound activation also
needs ¢ < n — f, an effective post-GST phase bound O, fair
terminating view change, highest-certificate proposal selec-
tion, and nonfaulty proposal/prepare/commit/relay progress
exact-verifier candidate-enrichment factor measured under
controls

A Quantum/Algebraic Lift: Markov-Collar Splice Theorem

This appendix records the algebraic splice statement relating the finite patch-net model to the OPH
collar formalism.

For this collar lemma, write the support-local algebra-state-record reduct of an observer patch
as

Ored = (P,.A(P),p, R),

where P is the support-screen patch, A(P) the local von Neumann algebra, p the local state,
and R the record algebra. The full operational observer also carries overlap interface algebras and
restriction maps, allowed update and repair instruments, and checkpoint data used for continuation.

Theorem A.1 (Markov-collar splice theorem, exact and controlled). Suppose a collar tripartition
A-B-D has the EC-aligned exact Markov decomposition

PABD = @pa sz,)‘z ® Pz()%)p
(0%

over the preselected edge factors. This displayed form is the hypothesis: by the spacetime and

FEinstein paper’s Markov-split alignment analysis it is strictly stronger than I(A : D | B), = 0,

(a)

which by HIPW yields such a factorization only over a state-dependent split of B. Let Tpa be any
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family of normalized environment states compatible with the same right-boundary sectors. Define

Papp = Pra Pfqoé)% Qo IE%)D/'
«

Then for every observable X supported on AU by,
Tr(Xpupp) = Te(Xpapp).
Fiz one finite-dimensional collar model and let
Ma:p.p = {1app : I(A: D | B), =0},

with exact-Markov distance modulus

(@) =swp{ _int Ju—rlis1(4:D|B) <.
:B:D

TEMA.B

Then
611>1/[:B:D(5) —0 (e10).

On a fized faithful collar class with lower floor A, > 0, this qualitative modulus can be sharpened to
a collar-local rate
M7)\* eA:B:D A
dampE) < Cappy, € As

by the compact real-analytic Lojasiewicz inequality applied to I(A : D | B). The constants depend
on the fixed collar model and floor; they are not a dimension-free stability theorem for arbitrary
tripartite systems. Let S)JIE?B:D C Ma.p.p be the states that also satisfy the Markov-split alignment
hypothesis on the preselected edge factors. For a declared controlled family F, define

EC
TESUIA:B:D

g (€) = Sup{ inf |w—7li:weF, I(A:D|B), < g} .

Convergence of the generic exact-Markov modulus does not imply convergence of this aligned mod-

ulus. Hence, if w € F, I(A : D | B)y, < &, and the controlled family separately satisfies
5%’5:%:[)(5) — 0, choose @. € MY, 1y so that

~ M,EC
||w - w5||1 S 6}—;A:B:D(€)7

the corresponding exact splice @, satisfies
_ M,EC
|Tr(Xw) = Tr(Xal)| < X lo 074:5:p(¢)

for every observable X supported on AUby,.
Independently, if I(A: D | B), <&, then there exists a recovery map Rp—pp such that

lwapp — (ida ® RpsBp)(wap)|ly < 2V1 — e~ < 2v/e.

Proof. The exact splice statement is the usual blockwise factorization argument:
/ _ (o) (o)
Tr(Xpapp) = Zpa Tr(X pAbg) Tr(ab%D/) .
(0%
Fach right factor is normalized, so the value agrees with the same computation for papp.
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For the controlled statement, compactness of the fixed finite-dimensional state space and conti-
nuity of conditional mutual information imply 5% g.p(e) = 0: otherwise one could find a sequence
with I(A : D | B) — 0 staying a fixed trace distance away from every exact Markov state, contra-
dicting convergence of a subsequence to an exact Markov limit point. This generic fact does not
prove the separately assumed aligned-modulus convergence: the splice identity requires w. to be
EC-aligned over the preselected edge factors, while small conditional mutual information supplies
closeness only to the full exact Markov set. Once such an EC-aligned @, is chosen with the declared
family-specific bound, the exact splice identity gives

- ~ M,EC
|Tr(Xw) — Tr(Xal)| = |Tr[X (w — @6)]] < | X oo 67 4.5.p(€)-
The final inequality is the standard Fawzi-Renner recovery bound [30]. O

This appendix therefore uses exact splice identities in only two regimes: literal EC-aligned
exact Markovity, or a controlled collar family on one fixed finite-dimensional model for which the
separately declared 5%’}2%: p(e) = 0. Fawzi-Renner recovery supplies the constructive recovered
comparison state; the generic fixed-collar modulus supplies only an exact-Markov comparison on a
possibly different split. Small one-shot conditional mutual information is not silently upgraded to
an EC-aligned normal form.

For later dark-sector continuations, the exact finite identity is only an expectation identity. For
a faithful finite state papp, with Kx = —log px,

Trpapp(Kap + Kpp — Kp — Kapp) = I,(A: D | B).

This does not identify raw conditional mutual information with a state-independent local stress
source. Near a full-rank exact Markov state o, a perturbation p(t) = o + tX + O(t?) has

d

&Ip(t)(A : D | B) 0 = 0,
while a fixed-reference modular-energy variation is generically linear in . Recovery bounds therefore
do not by themselves prove a local stress-source theorem; source-specific coarse graining, collar
localization, cover independence, and finite-model proof receipts are separate continuation data.

B Fixed-Cutoff Realization, Quotient Repair, and Edge Centers

This appendix carries the fixed-cutoff realization and edge-center items for the consensus paper.
They sharpen the quotient-first repair interpretation used throughout the consensus paper and
make the collar boundary data explicit at the same finite patch-net level. On the declared fixed-
cutoff collar branch, the local repair step is read from exact Markov splice or a declared Petz/Fawzi—
Renner recovery move on that same collar data; the recovery move gives a recovered comparison
state, while exact splice requires exact Markovity or a controlled fixed-collar replacement modulus.
Representative repair maps are only lifts of the resulting quotient-local update.

B.1 Quotient Repair and UV Underdetermination

At fixed cutoff, each regulator cell x carries a finite-dimensional factor h,, patch algebras are finite
type-I algebras, and gauge-as-gluing is realized as a compact boundary redundancy action on cut
data. The physical repair law therefore belongs on the overlap-invariant quotient rather than on
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hidden representatives. If ¢ : ¥ — X/I" is the quotient by boundary redundancy and T); is the
physical quotient update, a representative-level map T; is only required to be a lift satisfying

qoTi=Tioq.

Hence
a(Ti(v - 5)) = q(Ti(s))

for gauge-equivalent inputs. Quotient descent is therefore structural, while strict representative-
level covariance is only implementation bookkeeping. The burden is to prove that the accepted
recovery-derived local moves satisfy the stated repair-completeness, support-local disjoint-
commutation, nested-collar restriction-compatibility, and Petz-domain control clauses on the
declared branch. The touched-overlap acceptance contract yields finite Lyapunov descent
and derived termination for accepted moves, while the fixed-cutoff gluing package carries the
parenthesization-invariant union-collar state used for the local diamond.

Proposition B.1 (Ancilla-stable UV underdetermination). Let a fized-cutoff OPH realization be
stabilized by finite ancillary factors Kp in a fixed product state, with observable patch algebras
embedded as A(P) ® 1k, and repair dynamics acting trivially on the ancillas. Then observable
expectations on the physical subalgebras, overlap data, the local-Gibbs branch, the collar conditional
mutual information I(A : D | B), the Fawzi-Renner remainder, the collar Markov modulus, and
the quotient normal form are unchanged. Thus the fixed-cutoff theorem package determines the UV
branch only modulo such ancillary stabilization together with gauge or implementation hiding, not
a unique microscopic presentation.

Proof. Product ancillas leave physical observables unchanged, cancel additively inside conditional
mutual information, and are inert under the repair maps. Hence every invariant listed above is
unchanged. O

B.2 Derived Boundary Data and Ordinary EC

Proposition B.2 (Derived boundary gluing datum). Choose a finite requlator chart for the patches
meeting along a connected cut . Because the local overlap algebras are finite-dimensional matrix
algebras, any overlap-consistent recharting is an inner automorphism and is implemented by a
unitary on the cut Hilbert space. The compact closure of the subgroup generated by these recharting
unitaries is a compact boundary redundancy group Kyx. If triple-overlap defects are central, the
projective composition law lifts to a compact central extension fg; on the ordinary branch one
simply sets f(\g = Kyx. A genuinely noncentral 2-group defect is the only obstruction to reducing
the overlap transition system to an ordinary compact group action.

Theorem B.3 (Derived EC decomposition). Under the fized-cutoff requlator realization above, and
on the ordinary or central-defect branch, the collar Hilbert space is

i, = (Ao, © Ape) > = @ (Hig © Hag)
and the center of the collar algebra is generated by the block projectors:

Z(A(Bs)) = PC 1.

The right half-collar carries the contragredient representation because it sees inverse transport across
the same cut.
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Remark B.4. This is the finite-patch-net origin of the collar center used by the later Markov,
record, and observer packages. Exact Markovity is an additional state hypothesis; EC provides the
kinematic block structure.

B.3 Higher-Gauge Replacement on the Genuinely Noncentral Branch

Proposition B.5 (Derived higher-gauge cut datum). On the genuinely noncentral branch, weak
overlap gluing on a connected cut 3 is encoded by a compact crossed module

Ky = (HE 8—2> GE,D)

with defect class
qs € HQ(NE,HE — Gy),

and compact higher-gauge change system
7-2 = Cl(NE,HE) A CO(NE, Gg)

Theorem B.6 (Higher-gauge EC decomposition and defect transport). On the genuinely noncen-
tral branch,
2 Y T NTs ~
M, = (Hp, © Hp,) ™ = @(H@ D H ),

and

Z(A24(B;)) =P C-1,.
A

The full crossed-module orbit gs. is also invariant under local rechartings and classifies fized-cutoff
genuinely noncentral gluing data. The higher associator is removable iff gs; lies in the image of

HY(Ns;, Gs) — H*(Ns, Hs, — Gx), lg] — [(g, 1)].

That map need not be injective. Strict endpoint-only ordinary transport additionally requires at least
one allowed strict representative with trivial represented loop holonomy.

Corollary B.7 (Exact Markov plus split alignment adds the state factorization). On either the
ordinary/central branch described in the main consensus theorem or the genuinely noncentral higher-
gauge branch, if in addition

I(As: Ds | Bs) =0

and the state satisfies the Markov-split alignment hypothesis (its HIPW decomposition of Hp, can
be chosen to be the EC decomposition itself; see the main-text Section 2.8 and the spacetime and
FEinstein paper’s alignment definition), or one passes to the explicitly stated idealized recoverability
limit that supplies both conditions, then

PAsBsDs = @pa (PA(;b% ® Pb%D(;) .
(0%
EC therefore gives the kinematic block decomposition, while exact Markovity plus split alignment is
the extra state input that gives the EC-aligned HIPW normal form. Ezact Markovity alone yields

the normal form only over a state-dependent HJIPW split, which a Bell-pair example (main text,
Section 2.3) shows can be transposed relative to the EC factors.
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Proposition B.8 (Certified parenthesization-invariant union-collar gluing). Fiz a finite union
collar U built from two overlapping local repair collars on the declared fixed-cutoff branch. Assume
one of the following payload receipts:

(i) an ezxact aligned Markov construction, including the HJPW split-alignment condition, whose
nested collar recovery maps satisfy the commuting-square and pentagon identities;

(ii) a specified canonical recovery construction, such as a fized Petz/Markov splice, together with
those commuting-square and pentagon identities; or

(iii) a primitive aggregate state wy whose restrictions to every constituent and nested collar equal
the declared local payloads.

On the ordinary or central-defect branch, assume in addition that changes of representative act
through the declared boundary-redundancy action. On the genuinely noncentral branch, assume
the corresponding coherence identities hold in the crossed-module change system Ts,. Then the
physical quotient-local glued state on U is independent of parenthesization. The finite export
GLUE-COHERENCE-1 contains the constituent and union collars, recovery maps or primitive ag-
gregate state, all restriction hashes, commuting squares, pentagon checks, quotient action, and
refinement-compatibility fields.

Proof. In cases (i) and (ii), the commuting-square identities identify every two-step restriction and
the pentagon identity identifies all iterated parenthesizations. In case (iii), every parenthesization
is a restriction of the same primitive state wy. The additional quotient clause removes only the
declared boundary representative action or its crossed-module analogue, so all parenthesizations
define one quotient-local state. O

Remark B.9 (Marginals and sectors do not determine the aggregate state). Central sector labels
and compatible proper marginals do not imply any of the three payload receipts. The uniform
even-parity and odd-parity distributions on three bits have identical one- and two-bit marginals
and different tripartite states. The states

1000) + [111)
GHZ. ) = —F——1~
| +) 7

give the quantum counterpart: all two-party reductions agree while the global states differ. Ap-
proximate recoverability therefore carries a coherence defect in addition to its local recovery error.

Corollary B.10 (Physical observables are invariant on one quotient-local glued state). Let U
be a finite union collar on the declared fized-cutoff branch, and let wy,wy be two microscopic
representatives of the same quotient-local glued state from Proposition B.8. Then every physical
observable X on the collar fixed-point / quotient-local algebra has the same expectation in both
representatives:
Tr(Xwy) = Tr(Xwy).

In particular the same holds for the central sector projectors and for any observer-accessible record
observable generated from them on that same declared surface.

Proof. On the ordinary or central-defect branch, Proposition B.8 says the two representatives differ
only by the boundary-redundancy action inside one fixed sector block. The fixed-point collar algebra
and its central block projectors are invariant under that action, so their expectation values agree.
On the genuinely noncentral branch, the same proposition says the two representatives differ only
inside one Ty-orbit, and the quotient-local physical algebra Apnys(U) of Definition 5.15 is defined
precisely on that orbit space. Therefore the induced physical state and all expectations of physical
observables agree there as well. O
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C Assumption-Dependent Distributed-Systems and QECC Ex-
tensions of the Consensus Formalism

Support labels.
[Established] Follows from cited prior work or a complete argument given here.

[Assumption-dependent] True under additional assumptions not derived from OPH first prin-
ciples.

[Conjecture| A plausible open direction, not a settled result.

B.1 Theorem 1: QBFT Safety Bound

Definition C.1 (QBFT-style protocol). A consensus protocol is QBFT-style in this analysis if it
satisfies the following five structural properties. Same-view safety uses (P1)—(P2), cross-view safety
additionally uses the lock and monotone-view parts of (P1) and (P4), and the liveness clause uses
(P3)-(P5) together with the timing and connectivity assumptions below.

(P1) One-vote-per-view. Each nonfaulty node supports at most one value per view number. If
the protocol has prepare, prepared-certificate acceptance, and commit phases, its messages in
all three phases refer to that same value. A node that has supported a value in view v ignores
any later conflicting request in view v. View participation is monotone: after entering view w,
a nonfaulty node never signs a prepare, prepared-certificate acceptance, or commit message
for v < w, and never adopts a durable lower-view lock.

(P2) Certificate semantics. A raw prepared certificate PC(v, x) contains q distinct, unforgeable,
authenticated prepare votes for value x in view v. A lock certificate LC(v,x) contains that
PC(v, z) together with q distinct authenticated acceptance acknowledgements. These acknowl-
edgements are provisional: they do not change the acceptor’s voting lock. A raw prepared
certificate without q acceptance acknowledgements cannot justify a new view or a commit
vote. A nonfaulty validator that receives the assembled LC(v,x) wverifies it and records the
durable lock (v, x) before signing a commit vote. A decision certificate contains q distinct au-
thenticated commit votes, each referring to the same valid LC(v,x). In the classical exact-size
case q = 2f +1. For larger validator sets at fixed fault budget, the threshold must scale so that
(A6) holds. A nonfaulty observer finalises a value only after accepting such a valid decision
certificate.

(P3) DLS-style view-change. If no certificate is produced within a timeout, every nonfaulty node
increments the view number by one and a new leader is selected by a fixed fair deterministic
rule. Once the post-GST timeout bound of (A1) is active, the pacemaker brings all nonfaulty
nodes through successive views and reaches a nonfaulty leader within at most f+1 consecutive
views.

(P4) Prepared-certificate dissemination, commit lock, and justified new view. The as-
sembler disseminates a valid PC(v, x) and obtains the q authenticated acceptance acknowledge-
ments of LC(v, x), then disseminates the assembled lock certificate before collecting commits.
Each validator’s authenticated view-change message carries its highest valid lock certificate, if
any. A new leader collects q such messages. If it issues a proposal, that proposal carries the
value of their highest-view lock certificate; it may carry a fresh value only if none is present.
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(P5)

The proposal carries the complete new-view justification. Fvery nonfaulty validator verifies the
signatures, quorum size, and highest-certificate selection. An unlocked validator may support
a fresh proposal only when the verified justification contains no lock certificate. Otherwise
it votes only for its current lock value, except that the value selected by a wvalid g-message
new-view justification supersedes its local assembled-lock-certificate lock. This authorizes the
prepare vote without adopting a lower-view durable lock; receipt of the assembled current-view
lock certificate records the replacement before commit. This rule applies without a local test
for whether an earlier commit set reached q: it reconciles every predecision lock, while the
proof below shows that quorum intersection makes the selected value compatible whenever a
decision certificate exists.

Post-GST nonfaulty progress. In a sufficiently long post-GST view led by a nonfaulty
node, that leader collects the required new-view messages and emits the proposal selected by
(P4). Every nonfaulty validator that receives a valid proposal promptly sends its prepare
vote. The nonfaulty leader disseminates the resulting valid prepared certificate; every nonfaulty
validator verifies it and returns a provisional acceptance acknowledgement. After assembling
the lock certificate, the leader disseminates it; every nonfaulty recipient verifies it, records
or advances its durable lock, and sends its commit vote. After accepting a valid decision
certificate it finalises and relays that certificate. Each of these fized protocol phases completes
within O(O), with © defined in (Al).

The Istanbul BFT / QBFT protocol family [21, 22] motivates this pattern; (P1)-(P5), including

their

exact certificate, pacemaker, lock, and progress semantics, must be checked against an imple-

mentation rather than inferred from the family name.

Assumptions A1-A6.

(A1)

(D4)

(E5)

Partial synchrony (DLS). Fixed but initially unknown bounds A (per-edge message delay)
and @ (local processing time) hold after GST. Together with the certified routes of (A4), they
supply an effective end-to-end protocol-phase bound © that includes route length, processing,
and the fixed number of message steps in one phase. Pacemaker timeouts eventually exceed
the corresponding per-view bound. Safety holds without extra timing assumptions; liveness
holds after the Global Stabilisation Time (GST).

Byzantine fault model. At most f observers behave arbitrarily; the remaining n — f are
nonfaulty.

Classical exact sizing for this fixed-quorum theorem. n =3f + 1, so that ¢ =2f + 1
certificates have a nonfaulty overlap witness. The usual resilience condition n > 3f + 1 is
necessary for the fault model, but when n > 3f 4+ 1 a fixed ¢ = 2f + 1 quorum is insufficient
for the overlap used in the safety proof; one must either impose (A6) directly or choose a
threshold ¢ with 2¢ > n+ f + 1.

Strong quorum connectivity. Every quorum @ with |Q| = ¢ is strongly connected
within G: for any u,v € @ there is a directed path in G contained entirely in Q. This
is strictly stronger than requiring the overlap graph of quorums to be connected, and is
needed to propagate signed votes within a quorum.

Message authentication. All messages carry unforgeable digital signatures.
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(F6) OPH quorum overlap. Any two quorums Q,, Qp of size ¢ satisfy |Q, N Qy| > f + 1. For
q = 2f 4+ 1 this is guaranteed by the exact sizing n = 3f + 1 in (A3); for general n it is
the separate threshold condition 2¢ > n + f + 1, not a consequence of n > 3f + 1 alone.
The liveness clause additionally requires ¢ < n — f, so a certificate can be formed without
Byzantine participation.

D. Matscheko’s review of this appendix covers the finite quorum-overlap core and records the
same boundary caveat: at fixed ¢ = 2f + 1, the overlap step is exact-size n = 3f + 1 logic unless
(A6) is imposed separately.

Theorem C.2 (QBFT Safety Bound [Cross-view safety established under the stated certificate, accep-
tance, overlap, authentication, and lock rules]). Under (A1), (A2), and (A4)-(A6), any consensus
protocol satisfying (P1)-(P5) of Definition C.1 and run over the OPH observer graph satisfies:

(i) Cross-view safety. No two nonfaulty observers finalise conflicting patch states, whether in
the same view or in different views.

(ii) Liveness. From the first post-GST view in which the pacemaker timeout bound is active,
every nonfaulty observer finalises within O((f +1)©) wall-clock time, provided ¢ < n— f. No
bound from GST to timeout activation is claimed.

(iii) Certificate-contract threshold. Joint feasibility of the safety threshold 2¢ > n+ f+1 and
Byzantine-independent liveness threshold ¢ < n — f forces n > 3f + 1; the exact-size choice
n=3f+1,q=2f+1 attains both.

Sizing and scope boundary. Assumption (A3) is the classical exact-size way to discharge (A6),
not an additional independent premise: when n = 3f + 1 and ¢ = 2f + 1, the required overlap is
automatic. For general n, (A6) must instead be checked directly. The prepared-lock rule proves
safety only for the protocol just defined; it is not inferred from the word “QBFT.” On those stated
assumptions the theorem gives record permanence: no two nonfaulty observers finalise conflicting
patch states. Record permanence enters as a consistency requirement on the observer net, not as
an added postulate.

Proof. Same-view safety. Suppose O, and Oy, finalise s, # s, in one view. By (P2), each required
a certificate of ¢ votes: sets Qq,Qp. By (A6), |Qo N Q| > f + 1. In the classical exact-size case
this is the inclusion-exclusion calculation |Q, N Q| > (2f +1)+ (2f+1) - Bf+1) = f+ 1. By
(A2), at most f are Byzantine, so @, N @} contains a nonfaulty O*. By (P1), O* voted for at most
one value. Contradiction. The identical overlap argument applies to two prepared certificates in
the same view, using their prepare-vote quorums.

Cross-view safety. Suppose DC(v,x) and DC(w,y) are conflicting decision certificates with
v < w. The first certificate refers to a valid LC(v,z). Let C, be its ¢ committers. The nonfaulty
subset L, C C, has size at least ¢ — f, and every member of L, received the assembled lock
certificate and recorded (v, x) before committing. Every size-q prepare or view-change quorum P
intersects that actual lock set because

L. NPl >(q—f)+q-—n=2¢q—n—-f>1

by (A6).

Assume for contradiction that a raw prepared certificate for a value different from = exists
above view v, and choose one with least view r > v. Its proposal carries a valid ¢g-message new-
view justification J,.. Since |L,| > g — f and |J,| = ¢, choose a nonfaulty O* € L, N J,. Validator
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O™ signed a commit for LC(v, z), and later sent its authenticated view-r change. Monotone view
participation in (P1) orders its view-v lock and commit before that view-r message: it cannot send
a view-r change and subsequently return to commit in view v. Its view-change message therefore
reports LC(v, x), or a later valid lock certificate. By minimality of r, every raw prepared certificate
underlying such a later reported lock certificate below view r carries x. Hence O*’s report carries
T.

The justification J, therefore cannot be certificate-free. It also cannot contain a conflicting
highest lock certificate, because that certificate contains a conflicting raw prepared certificate in
a view below r, contradicting the minimality of . Rule (P4) consequently selects x, so nonfaulty
validators do not prepare the alleged conflicting value in view r. Thus no higher conflicting prepared
certificate exists, and (P2) excludes the alleged DC(w, y).

This induction is also the lock-transfer invariant for view change. Every valid ¢g-message new-
view justification after a decision contains a nonfaulty report from the decision’s ¢ — f commit-lock
set, and its highest valid report carries the decided value.

Liveness and certificate threshold. From the first post-GST view whose pacemaker timeout
is active, (A1) makes every failed-view timeout and every fixed protocol phase O(©). Rule (P3)
reaches a nonfaulty leader within at most f + 1 consecutive views. Since ¢ < n — f, nonfaulty
validators can supply all ¢ new-view, prepare, prepared-certificate acceptance, and commit messages
without Byzantine participation.

Consider the valid g-message justification used by the successful new view. If it contains no lock
certificate, (P4) selects a fresh value. Otherwise it selects its unique highest-view lock certificate;
same-view uniqueness follows from the prepare-quorum overlap. Every nonfaulty validator may
replace a local assembled-lock-certificate predecision lock with that valid selection, including a lock
whose local commit set never reached a decision certificate. If a decision certificate exists, the ¢ — f
nonfaulty commit-lock set proved above intersects the g-message justification. Its report forces the
selected lock certificate to carry the decided value, since the safety induction excludes a conflicting
certificate. Thus at least ¢ nonfaulty validators can support the selected proposal in either case,
even when some of their orphan locks were omitted from the new-view messages.

Rule (P5) executes the proposal, prepare, provisional acceptance, lock-certificate dissemination,
commit, and decision-relay phases, so every nonfaulty observer finalises within O((f + 1)©) from
that activation point. Eventual timeout activation yields eventual liveness, but the theorem does
not bound its delay after GST.

Finally, ¢ <n — f and 2¢ > n+ f + 1 imply

2n—f)>n+f+1,

hence n > 3f +1 (with the integer convention specified in (A6)). At n =3f+1, ¢ = 2f + 1 attains
both inequalities. This is a threshold statement for the declared certificate contract, not a universal
resilience claim for every authenticated protocol model.

Note on FLP. Fischer, Lynch, Paterson [18] is an impossibility result for fully asynchronous
systems; it does not bear on achievability under partial synchrony (A1). O

Executable receipt and negative controls. The finite executable check exhausts all certifi-
cate and new-view quorum pairs for (n, f,q) = (1,0,1), (4,1,3),(6,1,4),(7,2,5). The first, second,
and fourth are exact-size points; the third checks the general threshold with ¢ < n — f. It checks
both the nonfaulty certificate-overlap witness, independent prepare-signer, provisional-acceptor,
and committer quorums, the ¢ — f lower bound on actual nonfaulty commit locks in a decision
certificate, and transfer of at least one such lock into every new-view quorum. It also executes
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the next-view lock transition against every candidate prepare quorum at those parameter points,
derives local validator states from lock-certificate delivery and partial commits, constructs the new-
view reports, selects the proposal, computes the eligible voters, and determines recovery or deadlock.
These traces include an omitted higher orphan lock at the general-threshold point. The receipt also
runs finite post-GST proposal/prepare/acceptance/commit /relay traces for every nonfaulty refer-
ence leader. The arbitrary-view induction and wall-clock proof remain the mathematical argument
above; the receipt is not a general protocol-model checker.

Separate finite traces remove one-vote, monotone-view participation, finalise-only-on-valid-
certificate semantics, quorum overlap, the fault bound, authentication, prepared locking,
quorum-certified prepared-certificate acceptance and dissemination, provisional pre-certificate
acknowledgements, new-view supersession of local partial-commit locks, highest-certificate leader
selection, partial synchrony, quorum availability, quorum connectivity, terminating view change,
nonfaulty-leader proposal progress, and nonfaulty-validator prepare/commit/relay progress.
Validator justification checking has a separate malformed-proof conformance witness; with the
retained lock rule it is defence in depth rather than an independent safety premise. The lock-free
n=4,f =1,q = 3 trace decides x from {B, N1, Na} in view zero and y # z from {B, N2, N3} in
view one while respecting one-value-per-validator in each individual view.

B.2 Theorem 2: Convergence of the OPH Repair Map

Definition C.3 (OPH Repair Map: Petz form). Let o € D(H) be a full-rank reference state and
N :B(H) — B(K) a quantum channel. The OPH repair map is

Ro(p) i= /2 NN (0) 12 p (o) 12) o2,
where N is the adjoint channel and inverses are taken on supp(N(c)).

Remark C.4 (Petz map vs. trace-distance projection). The closest-point trace-distance projection
Ps(p) := argmin,cs %H p—||1 is a different object from the Petz map: it is defined by a variational
problem in trace-norm geometry and is not CPTP in general. The two coincide only in very
special cases not automatic in the OPH setting. All subsequent properties refer exclusively to
Definition C.3.

Proposition C.5 (Petz map CPTP: domain-restricted statement [Established, subject to domain
restriction]). Let o have full support on H.

(a) Ry is completely positive.

(b) Ron is trace-preserving on supp(N (o)), i.e., on inputs p for which N(o)"Y2p N (0)~1? is
well-defined.

(¢) If additionally N (o) has full rank on K, then R, is CPTP on all of B(K).

If N(o) is not full rank on K, then either (i) the domain must be restricted to supp(N (o)), or
(ii) pseudoinverses must replace the inverses (generalised Petz map; cf. [25]), or (iii) a regqularisation
N (o) — N (o) + el must be introduced. Note that full-rank o does not prevent N (o) from being
rank-deficient: the channel may map the support of o into a strict subspace of K. In the OPH
setting, whether N (o) is full rank depends on the specific overlap channel and must be verified
for the chosen analytic channel model. The finite OPH repair theorem instead uses the declared
Lyapunov descent law on a finite patch net.
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Proof. Complete positivity follows from composing three CP operations:
(i) sandwiching by N'(o)~2(-)N'(a)~'/2 on supp(N(0));
(ii) NT;
(iii) sandwiching by o/2(-)o!/2.
Trace preservation in the full-rank case: Petz [23]; Fagnola—Umanita [24]. O

Proposition C.6 (Analytic contraction certificate [Assumption-dependent]). Suppose a declared
quotient repair map T : Q — @Q on a metric physical quotient (Q,dq) is strictly contractive with
coefficient X € (0,1):

Then T has at most one fized point. If a fized point x, exists, the ideal iterates obey dg(T 'z, x,) <
Ndg(x, ). This is an analytic contraction condition. It is not required for the finite OPH normal-
form theorem, where termination follows from strict Lyapunov descent of accepted repairs.

Theorem C.7 (Noisy approximate repair stability [Contraction branch]). Assume the contraction
certificate of Proposition C.6, and let T : Q@ — @ be an implemented noisy repair map satisfying

do(Tz,Tx) < e forall x € Q.

If x, is the ideal fized point of T, then

5
11—\

do(Ttx,xz,) < Mdg(x,x,) +
Thus the noisy branch converges only to a controlled error ball, and only after the contraction

certificate and uniform implementation-error bound are supplied.

Proof. The recursion
do(Tx,x,) < dg(Tz, Tx) + do(Tz, Tx) < € + Mdg(x, )
iterates to the displayed geometric-series bound. O

Proposition C.8 (Spectral-gap criterion [Model-dependent]). Let T be the Markov, channel, or
transfer operator induced by iterated OPH repair on a declared analytic realization. If T has sta-
tionary projection 11, and constants C' < oo, § > 0 such that on the nonstationary subspace

17" —IL| < Ce™,

then the corresponding analytic channel model has exponential convergence. The finite OPH repair
package supplies termination by Lyapunov descent on its declared finite state space; a spectral gap
is a separate quantitative mizing condition for this BFT/QECC-style extension.

Theorem C.9 (Exponential Convergence [Under Proposition C.8]). Under Proposition C.8, for any
initial analytic state p,
IT"p = Thpl| < Ce™[|p — Tep].

This theorem belongs only to the spectral-gap branch. It is not a consequence of a bare finite overlap
graph or of finite Lyapunov descent alone.
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B.3 Theorem 3: QECC Correspondence

Notation. N = dim(#H) = 2" for n physical qubits. Standard notation: [[n, k,d]] stabilizer code;
K = 2F; quantum Singleton bound: k < n —2(d — 1).

Theorem C.10 (No free min-cut theorem for bare overlap graphs [Established]). Let G = (V, E)
be any connected graph with |V| > 2. The graph G alone does not determine the Hamming distance
of the consistency set C' of a finite overlap net on G. In particular, the same graph can realize a
binary constraint code of distance 1 or a binary repetition code of distance |V|.

Proof. Set S; = {0,1} for every vertex. For the repetition realization, choose I, = {0,1} and
let both endpoint readouts be the identity. Then every edge imposes z; = x;, so the only global
codewords are 00---0 and 11---1, whose Hamming distance is |V|.

For the trivial-overlap realization, keep the same vertex state spaces but let every endpoint
readout be the constant map to 0. Then every binary assignment is globally consistent, so the
minimum Hamming distance among distinct codewords is 1. The graph is unchanged. Therefore
distance is a property of the code realization (state spaces, readout maps, logical dictionary, metric,
and error model), not of the bare overlap graph. O

Definition C.11 (Topological-code realization certificate). An OPH overlap network may be
treated as a QECC/topological code only after supplying a tuple

TCert = (K7 thys; 7-[Code, 827 817 SX? SZ7 £X7 ﬁZ? 57 R)?

where Co 8—2> 4 a—1> Cy is a chain complex over Fa, the physical carriers live in Hpnys, the protected
subspace is Heode, Sx, Sz are stabilizer or gauge checks, Lx, Lz are logical-operator classes, £ is a
declared error family, and R is a recovery map or recovery family.

Theorem C.12 (Certified topological-code distance and min-cut [Assumption-dependent]). Suppose
a certificate TCert of Definition C.11 is supplied, with logical classes identified as

Lx ~ H(K;Fy), Ly~ HYK;TF,),

and with boundary conditions excluding lower-weight trivial representatives. Then the certified
distance is

d:min{ min |¢|, min |€*]}.
LeLx \0 eLz\0

Only in geometries where this homological systole equals the relevant graph min-cut may one write
d = mincut(Gopn) [27, 28].

Proof. This is the standard stabilizer/topological-code distance statement once the chain complex,
checks, logical representatives, and boundary conditions are declared. The min-cut equality is an ad-
ditional geometric identification of that homological minimum with a graph cut. By Theorem C.10,
it cannot be inferred from the bare graph. O

Conjecture C.13 (Communication complexity [Conjecture]). The OPH consensus-repair protocol,
realised as a quantum communication task, has per-round complexity O(n - poly(d)) for a chosen
communication encoding (cf. [29]). The fized finite repair theorem gives termination after a sup-
plied descent law; it does not by itself fir a quantum communication complexity class for every
implementation.
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Theorem C.14 (QECC resilience under a supplied code certificate [Assumption-dependent]). As-
sume a genuine code subspace Heode & Hphys with projector 11, and let & be the declared set of
errors supported on fewer than t corrupted patches or physical carriers. If

NE B = apll  VE,, Ey € &,

then there exists a recovery channel correcting all errors in & [26]. If the supplied certificate also
gives distance d, then all errors of weight t < d/2 are correctable. No such resilience statement
follows from the bare overlap graph.

Corollary C.15 (QECC extension inventory). Under Definition C.11, Theorem C.12, and Theo-
rem C.14, the OPH BFT/QECC extension carries the following claim split:

(i) [Assumption-dependent] Code distance is the certified homological minimum; it equals
mincut(Gopu) only under the additional systole/min-cut identification.

(ii) [Established] The Knill-Laflamme QECC theorem supplies recovery once the projector and
error family satisfy the displayed condition.

(iii) [Conjecture] Per-round communication complezity is O(n - poly(d)).

B.4 Theorem 4: Asynchronous Convergence

Why fairness alone does not give a probability-1, spectral, or wall-clock statement.
Standard strong fairness guarantees that every enabled action fires infinitely often along any fair
schedule; it does not impose a probability space on schedules, a transfer-operator spectral gap,
or a message-delay bound. A convergence statement of the form “converges with probability 1”
requires a measure on schedules. Exponential convergence requires the spectral-gap certificate of
Theorem C.9. Bounded wall-clock liveness requires partial synchrony and quorum assumptions.
The FLP impossibility result [18] confirms that fairness is insufficient for bounded-time consensus
in a fully asynchronous system.

A commonly used shorthand is insufficient.

(B1) Finite known bound A on message delay after GST.
(B2) Finite bound ® on processing rates.

(B3) f <n/3.

These three facts alone do not define a protocol that proposes, votes, forms certificates, changes
views, or relays a decision. Consequently they do not imply a wall-clock consensus bound.

Theorem C.16 (Eventual finite repair termination [Finite-descent branch]). For a finite OPH patch
net with a strict Lyapunov-decreasing accepted repair relation, every maximal repair run terminates
after finitely many accepted repairs. The step count is bounded by the finite value-set bound of
Proposition 3.19. If the local-diamond and repair-completeness clauses also hold, Newman’s lemma
upgrades this termination statement to the unique schedule-independent quotient normal form of
Theorem 3.25.

This theorem is finite descent convergence in repair steps. It is not trace-norm convergence of a
Petz channel, not probability-one convergence over random schedules, not exponential convergence,
and not a wall-clock liveness theorem.
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Theorem C.17 (Quantitative BFT liveness [Restatement under the complete B.1 contract]). Under
(A1), (A2), (A4)-(A6), g <n— f, and protocol rules (P1)—(P5) of Definition C.1, every nonfaulty
observer finalises within O((f + 1)©) wall-clock time measured from the first post-GST view whose
pacemaker timeout bound is active. This is exactly the liveness clause proved in Theorem C.2; it
does not follow from (B1)-(B3).

B.5 Extension Boundaries

e A bare OPH overlap graph is a finite constraint-code presentation only. Its graph does not
determine code distance, correctable error weight, or min-cut resilience.

o Analytic spectral-gap and full-rank estimates for a chosen stochastic or channel-level
BFT/QECC realization are model-specific refinements. They are separate from the finite
OPH repair theorem, where the accepted repair law supplies Lyapunov descent directly.

e Long-run noisy approximate consensus is available only on the fair-block contraction branch
of Theorem 11.1: the chosen implementation must certify fair blocks, expected contraction
toward the exact quotient normal-form set, and controlled within-block excursions. Fairness
alone does not supply that certificate.

« Topological-code distance equals graph min-cut only after a concrete chain complex, bound-
ary condition, logical-operator dictionary, error family, and systole/min-cut identification are
supplied for the chosen code realization.

e Communication-complexity bounds require a concrete quantum communication encoding and
implementation cost model. They are not consequences of finite normal-form termination
alone.

e The core OPH consensus paper supplies observable-level confluence and refinement-limit
normal-form/holonomy classes under their declared premises; the BFT/QECC statements
above are separate protocol-style extensions.
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