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Abstract

OPH starts from a simple demand: finite observer patches must agree on the observations
they share. This paper follows one local screen-geometry cell through that demand. The screen
is a regulator and symmetry chart whose finite geometry follows the spherical symmetries of
observer-accessible cuts. The outside reading is geometry: a dimensionless pixel area P =
acell/ℓ2

P , measured relative to the golden-ratio balance point φ = (1 +
√

5)/2. The inside
reading is electromagnetism: the Thomson-limit observation width emitted by the world encoded
on the same chart. Boundary Gaussian normalization converts the outside displacement into
(P − φ)/

√
π. The inside readout is αin(P ) = 1/ATh(P ), where ATh(P ) = α−1

em(0; P ) is the
inverse electromagnetic coupling at zero momentum. The cell is consistent when

P = φ +
√

π

ATh(P )
.

The calculation before low-energy hadronic transport gives

α−1
cand = 136.994835164621649457949994585787193262029

Pcand = 1.63097209569432901817967892561191884270169

This number is expected to miss exactly the part left out of that source calculation: low-
energy hadronic vacuum polarization and the finite endpoint terms that belong to the same
electromagnetic-current scheme. These terms enter the inverse-alpha transport from the elec-
troweak anchor to the Thomson limit. Calibrating that missing hadronic correction against the
CODATA/NIST central value gives

∆fp
H,cal = 0.041164012378350542050005414212806737971

Adding it gives the CODATA/NIST central value

Afp
calc = 136.994835164621649457949994585787193262029

∆fp
H,cal = 0.041164012378350542050005414212806737971

Afp
calc + ∆fp

H,cal = 137.035999177

The displayed correction is calibration arithmetic. Its uncertainty is inherited from the measured
fine-structure constant. The reported endpoint is

α−1(0) = 137.035999177(21), PC = 1.630968209403959324879279847782648941 . . . .
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1 Introduction

The goal is to make every mathematical step visible and keep the physics status clear.

Pure source calculation. The executable source map solves the OPH fixed point without
importing the measured Thomson value. Its output is α−1

cand = 136.9948351646 . . ..
Hadron-completed endpoint target. The public endpoint value is α−1(0) =
137.035999177(21). The OPH source calculation reaches it only if the low-energy hadronic
spectral step is supplied in the same endpoint convention as the source map. The published
electroweak number ∆α

(5)
had(M2

Z) ' 0.0276 is the measured running-alpha input behind that
physics, but it is not itself the additive inverse-alpha correction used here.

Informally: the source calculation reaches the number it should reach when the hadronic part
is absent. The remaining difference has a precise physical address. It is the hadronic vacuum-
polarization and same-scheme endpoint contribution in the electromagnetic transport from the
Z-scale down to zero momentum. The standard measured 0.0276 hadronic-running number is
a denominator correction in the electroweak convention. Inserted directly into the OPH source
anchor, it gives 136.382895 . . ., not 137.035999177. The OPH endpoint needs the same spectral
physics rewritten in the inverse-alpha endpoint convention.

The OPH background used here is spread across three papers. The observer-overlap starting point is
the synthesis paper [1]. The source map and fixed-point branch are recorded in the compact overlap-
consistency paper [2]. The charged-spectrum and particle-structure continuation is recorded in the
particle paper [3]. The references give direct GitHub links to those source files.

Why this split matters: the fixed-point equation and the hadronic transport calculation answer
different questions. The fixed-point equation says how a local screen cell must close on itself. The
hadronic calculation says how the electromagnetic current is transported through low-energy QCD.
These are different layers of the calculation. A non-arbitrary endpoint calculation must either
evaluate the same-scheme hadronic spectral functional directly, or derive the scheme bridge from
OPH source data.

There is a long history of attempts to understand α from deeper structure. Jentschura and Nandori
give a useful survey of first-principles attempts, including beta-function, symmetry, cutoff, and
string-inspired ideas [6]. Golden-ratio constructions appear in historical geometric proposals [7]
and in recent semi-empirical work on electroweak and flavor mixing [9]. Octonionic and exceptional-
algebra approaches also produce values near 1/137 [8]. Recent arXiv papers use symbolic regression
and quantum-information criteria to look for structure in Standard Model constants and electroweak
parameters [10, 11]. The OPH calculation belongs to this broad search for structure, with one added
requirement: the number must arise from a fixed-point map whose input and output are the same
local screen cell.

The hadronic step uses the standard dispersion logic behind hadronic vacuum-polarization work.
The measured input is the electromagnetic spectral function measured through e+e− → hadrons, as
used in data-driven running-α and g − 2 analyses [12, 13, 15]. In this paper, the decimal correction
shown above is calibrated from the CODATA/NIST Thomson endpoint and the OPH pure source
calculation. A direct production calculation from OPH hadron dynamics is work in progress.
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2 Symbols

Symbol Definition Informal meaning

A(P ) Patch algebra assigned to a
screen patch P

The local observables available to
one finite observer patch.

ωP State on A(P ) The local physical description
carried by that patch.

A(P ∩ Q) Shared overlap algebra The observables two neighboring
patches can compare.

P acell/ℓ2
P The dimensionless area of one screen

cell in Planck-area units.
acell Physical screen-cell area The area of the local pixel on the

holographic screen.
ℓP Planck length The length unit used to make P

dimensionless.
φ (1 +

√
5)/2 The self-similar entropy-balance

point.√
π Boundary Gaussian

normalization width
The conversion factor from pixel
displacement to observation width.

αext(P ) (P − φ)/
√

π The outside, geometric reading of
the electromagnetic coupling.

ATh(P ) α−1
em(0; P ) The inverse electromagnetic coupling

at the Thomson limit emitted by the
trial pixel.

αin(P ) 1/ATh(P ) The inside, electromagnetic reading
of the same cell.

EP Planck energy The energy unit used by the source
map. The numerical equations use
Planck units unless GeV labels are
attached.

MU (P ) EP e−2πP 1/6 The OPH unification-scale readout
emitted by a trial pixel.

Ecell(P ) EP /
√

P The local cell energy readout.
αU (P ) Unified coupling solved from

the heat-kernel closure
equation

The coupling at MU (P ) that makes
the gauge representation entropy
match the pixel.

αi(µ; P ) Gauge coupling i = 1, 2, 3 at
scale µ

The hypercharge, weak, and color
couplings emitted by the same trial
P .

bi (33/5, 1, −3) The one-loop beta coefficients for the
high-scale running convention used
here.

mZ(P ) Self-consistent electroweak
anchor scale

The Z-scale generated by v(P ),
α1(P ), and α2(P ).
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Symbol Definition Informal meaning

v(P ) Ecell(P ) exp[−2π/(βEWαU (P ))] The electroweak transmutation scale.
βEW Nc + 1 = 4 for Nc = 3 The coefficient that controls the

exponential drop to the electroweak
scale.

AZ(P ) α−1
em(m2

Z ; P ) The electroweak-scale
electromagnetic anchor.

∆lep(P ) Lepton transport contribution
to inverse alpha

The exact one-loop e, µ, τ
contribution.

∆had(P ) Hadronic transport
contribution

The low-energy QCD spectral
contribution needed for the pure
source calculation.

∆EW(P ) Electroweak/scheme endpoint
remainder

Same-scheme finite remainder
needed to connect the source anchor
to the endpoint.

∆calc(P ) Calculated charged-fermion
transport contribution

The exact lepton term plus the
screened quark continuation used by
the source calculation.

∆fp
H,cal CODATA-calibrated hadronic

endpoint correction for the
fixed point

The inverse-alpha amount needed to
move the pure source fixed-point
value to the CODATA/NIST central
endpoint.

RQ(P ) ATh(P ) − [AZ(P ) + ∆calc(P )] The remaining same-scheme
hadronic endpoint contribution.

PC Public endpoint pixel The pixel obtained from the
CODATA/NIST Thomson endpoint
under the OPH outer equation.

3 Step 1: The OPH Starting Rule

OPH starts from a finite screen covered by observer patches. If P1 and P2 overlap, then their
induced states must agree on the shared algebra:

ωP1 |A(P1∩P2) = ωP2 |A(P1∩P2). (1)

Informally: no observer sees the whole world. Physics is what survives when neighboring local
descriptions can be checked against each other and made consistent on the parts they share.

The quantitative fine-structure branch applies this rule to a single local screen cell. The cell has
one outside description and one inside description. The outside description is geometric. The inside
description is electromagnetic. Closure means both descriptions identify the same cell.

Why this step is needed: OPH does not start by assigning constants to nature. It starts by asking
what finite observers can compare. A dimensionless constant can be derived only if it is the fixed
value of such a comparison.
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4 Step 2: The Pixel Variable

Define the local pixel ratio
P := acell

ℓ2
P

. (2)

Here acell is the screen-cell area and ℓ2
P is the Planck area.

Informally: P says how large the screen cell is when measured in Planck-area units. It is dimen-
sionless, so it can be compared directly with pure numbers such as φ and

√
π.

Why this step is needed: α has no units. A unitless electromagnetic number has to be matched to
a unitless geometric number. Dividing the cell area by the Planck area gives that number.

5 Step 3: The Golden-Ratio Balance

The self-similar balance point is

φ = 1 + 1
φ

, φ2 − φ − 1 = 0, φ = 1 +
√

5
2

. (3)

Informally: φ is the fixed point of the simplest self-similar split, where the whole-to-large ratio
equals the large-to-small ratio. OPH uses it as the zero-detuning balance point for the local pixel.

The pixel does not sit exactly at φ. It sits at

∆P := P − φ. (4)

Informally: ∆P is the small amount by which the realized cell is displaced from exact self-similar
equilibrium. That small displacement is what becomes the electromagnetic observation strength.

Why this step is needed: a fixed point needs a reference position. The golden ratio supplies the
self-similar reference, while P − φ measures how far the actual cell sits away from it.

6 Step 4: Boundary Gaussian Normalization

The boundary normalization converts ∆P into the outside coupling readout:

αext(P ) := P − φ√
π

. (5)

Informally: the screen displacement is not itself the electromagnetic coupling. The boundary
Gaussian width supplies the normalization. Dividing by

√
π turns the geometric displacement into

a dimensionless observation strength.

Why this step is needed: the outside screen variable is an area displacement. The inside electromag-
netic variable is a coupling. The boundary normalization is the conversion factor between those
two readings.
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7 Step 5: The Inside Electromagnetic Readout

Let
ATh(P ) := α−1

em(0; P ) (6)
be the inverse electromagnetic coupling at zero momentum, emitted from the same trial pixel P .
The inside coupling is

αin(P ) := 1
ATh(P )

. (7)

Informally: an observer inside the encoded world does not see P as a screen area. The observer
sees the strength of electromagnetism. Since particle physicists quote the low-energy coupling as
an inverse number near 137, the actual coupling is 1/ATh(P ).

Why this step is needed: the measured fine-structure constant is the Thomson-limit coupling.
The calculation must therefore end at zero momentum, after the electroweak anchor has been
transported through all charged degrees of freedom.

8 Step 6: The Fixed-Point Equation

Closure requires the outside and inside couplings to agree:

αext(P ) = αin(P ). (8)

Using Eqs. (5) and (7),
P − φ√

π
= 1

ATh(P )
. (9)

Equivalently,

H(P ) := P − φ −
√

π

ATh(P )
= 0 (10)

or

P = G(P ) := φ +
√

π

ATh(P )
. (11)

Informally: feed a trial pixel into the source chain. It emits a Thomson endpoint. That endpoint
tells the pixel what size it should have. The physical pixel is the value that comes back unchanged.

Why this step is needed: a trial value is not enough. The same cell must agree with itself when
read from the outside and from the inside. That is why the answer is a fixed point, not a one-way
evaluation.

9 Step 7: The Source Map

For a trial P , the source map first emits

MU (P ) = EP e−2π P 1/6, (12)

Ecell(P ) = EP√
P

. (13)
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Informally: MU (P ) is the high-scale source readout, and Ecell(P ) is the local cell energy. Both
come from the same screen cell. The unification scale is therefore read from the pixel.

Why this step is needed: the inside electromagnetic coupling has to be generated from the same P
used in the outside equation. These two formulas begin that inside calculation without adding a
separate high-scale fit parameter.

10 Step 8: Electroweak Transmutation

The source branch uses
βEW = Nc + 1 = 4 (14)

with Nc = 3, and defines
v(P, αU ) = Ecell(P ) exp

[
− 2π

βEWαU

]
. (15)

Informally: the weak scale is exponentially lower than the cell scale. The unified coupling controls
that descent, so changing αU changes the electroweak scale sharply.

Why this step is needed: the fine-structure constant is measured at low energy, but the source map
begins at the cell scale. The transmutation formula explains how the electroweak scale is produced
from the same source data.

11 Step 9: One-Loop Gauge Running

For i = 1, 2, 3, define
(b1, b2, b3) =

(33
5

, 1, −3
)

, (16)

and run the couplings by

α−1
i (µ; P, αU ) = α−1

U + bi

2π
log
(

MU (P )
µ

)
. (17)

Informally: once αU is guessed, all three gauge couplings at lower scales are fixed. The same
high-scale coupling determines α1, α2, and α3.

Why this step is needed: the electromagnetic coupling is a mixture of the weak and hypercharge
couplings. Running the gauge couplings supplies the ingredients needed to form that mixture at
the Z-scale.

12 Step 10: The Self-Consistent Z-Scale

The hypercharge coupling in Standard Model normalization is

αY (µ; P ) = 3
5

α1(µ; P ). (18)
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The tree-level Z-mass readout is

mZ(µ; P, αU ) = v(P, αU )
2

√
4πα2(µ; P, αU ) + 4παY (µ; P, αU ). (19)

The source point uses the self-consistency condition

µ = mZ(µ; P, αU ). (20)

Informally: the Z-scale is determined inside the calculation. It is the scale at which the running
couplings and the electroweak transmutation formula reproduce their own Z-mass readout.

Why this step is needed: using a measured mZ here would hide experimental input inside the source
map. The self-consistency condition keeps the source calculation closed.

13 Step 11: Heat-Kernel Gauge Closure

For SU(2), the irreducible representations are labeled by j = n/2, n = 0, 1, . . . , N2, with

dj = 2j + 1, C2(j) = j(j + 1). (21)

For SU(3), representations are labeled by highest weights (p, q), 0 ≤ p, q ≤ N3, with

dp,q = (p + 1)(q + 1)(p + q + 2)
2

, (22)

C2(p, q) = p2 + q2 + pq + 3p + 3q

3
. (23)

For a compact group G in this finite representation cutoff, define

ZG(t) =
∑
R

dR e−tC2(R), (24)

ℓ̄G(t) = 1
ZG(t)

∑
R

dR e−tC2(R) log dR. (25)

The heat-kernel source parameters are

t2 = 4π2α2(mZ ; P, αU ), t3 = 4π2α3(mZ ; P, αU ). (26)

The pixel-closure equation is

ℓ̄SU(2)(t2) + ℓ̄SU(3)(t3) = P

4
. (27)

For a trial P , Eq. (27) is solved for αU (P ).

Informally: the representation entropy carried by the weak and color sectors must match the pixel
capacity assigned to the cell. This step is what locks the unified coupling to the same P that
appears in the outer equation.

Why this step is needed: αU should not be chosen by hand. The heat-kernel closure turns the finite
representation content of the gauge sectors into an equation for αU (P ).
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14 Step 12: The Electroweak Anchor

Once αU (P ) and mZ(P ) are solved, define

αY (mZ ; P ) = 3
5

α1(mZ ; P ), (28)

αem(m2
Z ; P ) =

( 1
α2(mZ ; P )

+ 1
αY (mZ ; P )

)−1
. (29)

The source-locked electroweak anchor is

AZ(P ) := α−1
em(m2

Z ; P ). (30)

The weak mixing readout is

sin2 θW (mZ ; P ) = αem(m2
Z ; P )

α2(mZ ; P )
. (31)

Informally: the source map has reached the electromagnetic coupling at the electroweak anchor scale.
The low-energy 1/137 number appears only after this anchor is transported to zero momentum.

Why this step is needed: AZ(P ) is the clean place where the source map meets standard electroweak
physics. From here the problem becomes a transport problem for the electromagnetic current.

15 Step 13: Charged Spectrum Used by the Transport

The exact one-loop transport uses Nc = 3, Ng = 3, and

ϵ = 1
6

, δ = βEW
2NcNg

= 2
9

. (32)

Define three Koide roots

rk = 1 +
√

2 cos
(

δ + 2πk

3

)
, k = 0, 1, 2, (33)

then sort them in increasing order and write the sorted list as (r1, r2, r3).

The quark exponent vectors are

nu = (2Nc, Nc, 0) = (6, 3, 0), nd = (2Nc, Nc + 1, Nc − 1) = (6, 4, 2). (34)

With v = v(P ),

mu = v√
2

ϵ6, mc = v√
2

ϵ3, mt = v√
2

, (35)

md = v√
2

ϵ6, ms = v√
2

ϵ4, mb = v√
2

ϵ2. (36)

For charged leptons the exponent vector is

ne = (7, 4, 3). (37)
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Define

log gc = 1
3

3∑
a=1

log
(

r2
a

√
2 6ne,a

v

)
, s0 = e− log gc , se = s0 21/6. (38)

Then
me = ser2

1, mµ = ser2
2, mτ = ser2

3. (39)

Informally: this section specifies the charged masses used by the source transport. The lepton
part is a clean one-loop calculation. The quark part is a perturbative continuation. The confined
hadronic QCD spectral measure is a separate low-energy object.

Why this step is needed: vacuum polarization depends on charged particles. The transport step
cannot be evaluated until the charged spectrum and its charges are specified.

16 Step 14: Exact One-Loop Fermion Transport

For a fermion of mass mf , electric charge Qf , and multiplicity Nf , define

Kf (Q2; mf , Qf , Nf ) =
2Nf Q2

f

π

∫ 1

0
x(1 − x) log

(
1 + Q2x(1 − x)

m2
f

)
dx. (40)

The integral has the following closed form. Let

z = Q2

m2
f

, a = z

4
. (41)

Then ∫ 1

0
x(1 − x) log(1 + zx(1 − x)) dx = − 5

18
+ 1

6a
+ (2a − 1)

√
1 + a asinh(

√
a)

6a3/2 , (42)

with
asinh(

√
a) = log(

√
a +

√
1 + a). (43)

The lepton contribution is

∆lep(P ) = Ke(mZ(P )2; me, 1, 1) + Kµ(mZ(P )2; mµ, 1, 1) + Kτ (mZ(P )2; mτ , 1, 1). (44)

The naive five-quark contribution is

∆naive
q (P ) = Ku(mZ(P )2; mu, 2/3, 3) + Kd(mZ(P )2; md, −1/3, 3)

+ Ks(mZ(P )2; ms, −1/3, 3) + Kc(mZ(P )2; mc, 2/3, 3) + Kb(mZ(P )2; mb, −1/3, 3).
(45)

The perturbative screening factor is

Scalc(P ) = 1 − Ncα3(mZ ; P )
π

. (46)

Thus
∆calc(P ) = ∆lep(P ) + Scalc(P )∆naive

q (P ). (47)
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Informally: charged leptons are treated by an exact one-loop kernel. Quarks are treated by a pertur-
bative expression with a simple screening factor. The expected gap is the confined hadronic spectral
transport plus the matching terms needed to use the same electromagnetic-current convention all
the way to the endpoint.

Why this step is needed: the Thomson endpoint is not the same as the Z-scale anchor. Charged
particles screen the electromagnetic current between those scales, and the kernel is the mathematical
form of that screening.

17 Step 15: The Source Calculation Endpoint

The calculated endpoint is
Acalc(P ) = AZ(P ) + ∆calc(P ). (48)

Putting Acalc into Eq. (11) gives the source map

Gcalc(P ) = φ +
√

π

Acalc(P )
. (49)

The numerical solve uses
Gcalc(Pcand) = Pcand (50)

and emits

Pcand = 1.63097209569432901817967892561191884270169, (51)
α−1

cand = 136.994835164621649457949994585787193262029. (52)

The source anchor at that candidate point is

AZ(Pcand) = 128.308268045165213892552005990181778935450. (53)

The calculated transport contribution is

∆calc(Pcand) = 8.68656711945643556539798859560541432657857. (54)

Informally: the fixed-point algebra lands at a stable value near 137, with no measured alpha inserted
into the solve. The remaining gap has a precise address: low-energy hadronic transport in the same
endpoint convention.

Why this step is needed: this is the non-circular check. It shows what the OPH source chain
produces before the calibrated hadronic endpoint correction is added.

18 Step 16: The Public Endpoint Pixel

The CODATA/NIST 2022 inverse fine-structure constant is

AC = 137.035999177, σA = 0.000000021, (55)

with concise form 137.035999177(21). The corresponding OPH public pixel is

PC = φ +
√

π

AC
= 1.6309682094039593248792798477826489413359828516279250606661

507533907793398933432
(56)
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The public coupling is

α(0) = 1
AC

= 0.0072973525643314250302457952646916832280660213133653604957
798803819933561573639928

(57)

Informally: once the Thomson endpoint is known, the outer OPH equation fixes the pixel immedi-
ately. It is the direct readout of one equation.

Why this step is needed: the public endpoint and the public pixel are two forms of the same fixed-
point statement. Reporting both makes it clear how the measured inverse coupling maps back to
the screen cell.

19 Step 17: Endpoint Accounting at the Public Pixel

At P = PC, the source point gives

AZ(PC) = 128.30796547328624820996110874175671618724547618036535646005
342169635117784168285644078724728

(58)

∆calc(PC) = 8.6865678427085284009854425428859697682672217376487364233784
577389993784459106783080961179590

(59)

The transport required by the public endpoint is

∆req(PC) = AC − AZ(PC) = 8.7280337037137517900388912582432838127545238196346435399465
7830364882215831714355921275272

(60)
Therefore the source-side residual at the public pixel is

RQ(PC) = ∆req(PC) − ∆calc(PC)

= 0.0414658610052233890534487153573140444873020819859071165681
2056464944371240646525111663476

(61)

Informally: the public value differs from the pure source calculation by a small, precisely localized
inverse-alpha contribution. The golden-ratio equation, the heat-kernel closure, and the numerical
fixed-point solve all point to the same address for the difference: the same-scheme low-energy
hadronic transport.

Why this step is needed: this accounting prevents the hadronic contribution from being hidden
inside the final number. It shows the source anchor, the calculated transport, the required transport,
and the residual in the same units.

20 Step 18: The Calibrated Hadronic Correction

The fixed-point calculation uses

Acalc(Pcand) = α−1
cand = 136.994835164621649457949994585787193262029 (62)

The hadronic correction required on that calculation, when calibrated to the CODATA/NIST cen-
tral value, is

∆fp
H,cal = AC − Acalc(Pcand) = 0.041164012378350542050005414212806737971

(63)
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Therefore

Afp
closed = Acalc(Pcand) + ∆fp

H,cal

= 137.035999177 (64)

The two inputs in that addition are

Acalc(Pcand) = 136.994835164621649457949994585787193262029 (65)

∆fp
H,cal = 0.041164012378350542050005414212806737971 (66)

This number is not an independently measured hadronic constant with 39 significant decimal places.
It is the difference between the measured CODATA/NIST central value and the pure OPH source
calculation. Its uncertainty is therefore limited by the CODATA/NIST uncertainty, apart from the
much smaller numerical error in the source solve:

∆fp
H,cal = 0.041164012 ± 0.000000021. (67)

Equivalently, the central value and uncertainty of the final inverse coupling are

AC = 137.035999177, σA = 0.000000021. (68)

Here AC is the CODATA/NIST 2022 inverse fine-structure constant [18, 19]. The source value
Acalc(Pcand) is the reproducible OPH fixed-point solve [4]. Equation (63) is a calibrated hadronic
correction in inverse-alpha units.

Informally: the source calculation lands short by a small number with a known physical meaning.
Adding the hadronic correction calibrated from the measured value lands on the CODATA/NIST
central value. It does not predict extra digits, because the hadronic part has not been derived
mathematically inside OPH.

Why this step is needed: this is the public numerical result, and it marks the limit of the calculation.
More digits require a source-derived hadronic spectral calculation, not more decimal padding.

The endpoint decomposition is

ATh(P ) = AZ(P ) + ∆lep(P ) + ∆had(P ) + ∆EW(P ). (69)

The calculated transport contains the exact one-loop charged-lepton contribution and a structured
quark-screening continuation. The remaining pure source object can be written compactly as

RQ(P ) = ∆had(P ) + ∆EW(P ) −
[
∆calc(P ) − ∆lep(P )

]
, (70)

where the right side is understood in the same renormalization and endpoint scheme as AZ(P ).

In the screening notation used by the endpoint calculation, let

x(P ) = Ncα3(mZ ; P )
π

. (71)

At P = PC,

Srequired = 0.8954001326476587978058002831816706413077098648122916484483
0591011545242521273086888107864576

(72)

cQ = 0.6580257599271554356382301702323600504249200990705863960856
6007832470711257322011342309305088

(73)
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where
Srequired = 1 − x + cQx2. (74)

Informally: the needed hadronic and endpoint correction can be summarized as a small second-
order screening coefficient. A pure source proof has to emit this coefficient from a Ward-projected
hadronic spectral measure.

Why this step is needed: hadrons are not pointlike free quarks at low energy. The coefficient is a
compact way to record what the empirical hadronic spectral function contributes in this endpoint
convention.

21 Step 19: Why Raw PDG ∆α
(5)
had(MZ) Is a Different Quantity

The direct PDG/CERN diagnostic uses

AZ(PC) = 128.30796547328624820996110874175671618724547618036535646005
342169635117784168285644

(75)

∆lep(PC) = 4.3093978664522040271317438975344894018487156605576773194711
528089665680313257906466129

(76)

∆α
(5)
had(MZ) = 0.02761. (77)

It forms
AL = AZ + ∆lep, APDGdiag = AL

1 − ∆α
(5)
had(MZ)

. (78)

Numerically,

APDGdiag = 136.38289507269557712141512421897716511800223350808115445399
9500720202537945689123794581289

(79)

This differs from 137.035999177. Holding this raw hadronic denominator shift fixed, the target
would require

∆αhad,req = 0.0322443435578872888222684992369579474220073476122260815065
93089221871380926117950141438549

(80)

or a same-scheme source-anchor bridge of

0.6350718999845777629071473607087944109058081590769662204754
254946822541269913529133871

(81)

inverse-alpha units.

Informally: the raw electroweak-review hadronic running number is a useful diagnostic. The OPH
endpoint needs the same electromagnetic current and the same inverse-alpha endpoint convention
used by AZ(P ). Mixing the two conventions moves the answer by a visible amount.

Why this step is needed: a common mistake is to insert a published ∆α
(5)
had(MZ) number as though

it were the OPH endpoint contribution. This section shows the numerical consequence of that
convention mismatch.
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22 Step 20: The Measured Hadronic Spectral Input

The standard measured hadronic vacuum-polarization relation uses

∆αhad(q2) = −αq2

3π
P.V.

∫
R(s)

s(s − q2)
ds, (82)

where R(s) is the measured ratio of the bare e+e− → hadrons cross section to the pointlike e+e− →
µ+µ− cross section.

The independently documented measured quantity in the standard electroweak literature is usually
quoted as ∆α

(5)
had(M2

Z). It is a dimensionless change in the running electromagnetic coupling at
the Z-boson mass, not the inverse-alpha correction ∆fp

H,cal used in Eq. (63). For example, Davier,
Hoecker, Malaescu, and Zhang report

∆α
(5)
had(M2

Z) = (275.7 ± 1.0) × 10−4

from e+e−-based data [12]. A more recent perturbative update by Erler and Ferro-Hernandez gives

∆α
(5)
had(M2

Z) = (276.29 ± 0.38 ± 0.62) × 10−4

when low-energy cross-section data are used as input [14].

The OPH correction in Eq. (63) is different. It is expressed in inverse-alpha units and in the
endpoint convention used by AZ(P ). The standard published hadronic-running values document
the physics source of the correction. They do not by themselves give the OPH same-scheme inverse-
alpha correction to arbitrary precision. The community does publish the data machinery needed
for this kind of calculation. Jegerlehner’s alphaQED package provides hadronic running routines,
covariance data, and an integration routine for custom kernels [16]. That is the right empirical
route once the OPH endpoint kernel and finite same-scheme remainder are fixed.

In the OPH endpoint convention this is represented as a same-current spectral functional,

∆had(P ) = mZ(P )2

3π

∫
ρQ(s; P )

s[s + mZ(P )2]
ds, (83)

plus the same-scheme finite remainder needed by Eq. (69).

Informally: the measured hadronic input supplies the electromagnetic spectral information required
for the endpoint. The single published number 0.0276 is one weighted integral of that spectral
information. The OPH endpoint needs a different weighted integral plus the same-scheme finite
remainder. A pure source theorem requires the same spectral object from OPH source data.

Why this step is needed: the dispersion relation explains why measured e+e− → hadrons data are
the right empirical input. They measure the electromagnetic spectral function that the endpoint
transport requires.

23 Step 21: The Conditional Pure Source Theorem

Theorem 1 (OPH fine-structure endpoint, conditional pure source form). Assume:
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(i) the OPH overlap-consistency branch emits the source map P 7→ AZ(P ) by Eqs. (12)–(30);

(ii) the Ward-projected U(1)Q transport theorem emits a same-scheme endpoint map

ATh(P ) = AZ(P ) + ∆lep(P ) + ∆had(P ) + ∆EW(P );

(iii) G(P ) = φ +
√

π/ATh(P ) is a self-map and a contraction on the physical pixel interval I;

(iv) the interval image contains the root and the residual bound is certified.

Then there is a unique P⋆ ∈ I satisfying G(P⋆) = P⋆, and the fine-structure constant on that branch
is

α(0) = 1
ATh(P⋆)

= P⋆ − φ√
π

.

Proof. By assumption (iii), G : I → I is a contraction. Banach’s fixed-point theorem gives a unique
P⋆ ∈ I such that G(P⋆) = P⋆. Equation (11) gives

P⋆ − φ =
√

π

ATh(P⋆)
.

Dividing by
√

π gives
P⋆ − φ√

π
= 1

ATh(P⋆)
.

The left side is αext(P⋆), and the right side is αin(P⋆). Their common value is the Thomson-limit
electromagnetic coupling α(0).

Informally: a source-derived hadronic spectral endpoint map would close the last open transport
step. With the interval proof included, the fine-structure constant is the unique fixed point of the
full source map.

24 Step 22: The Public Endpoint Value

With the CODATA/NIST endpoint value

ATh(PC) = AC = 137.035999177(21), (84)

Eq. (11) gives the corresponding public endpoint pixel:

PC = 1.6309682094039593248792798477826489413359828516279250606661
507533907793398933432

(85)

α(0) = 0.0072973525643314250302457952646916832280660213133653604957
798803819933561573639928

(86)

α−1(0) = 137.035999177(21). (87)

Informally: the endpoint number is the same number NIST/CODATA reports. The derivation
exposes every OPH-side step and identifies where the low-energy hadronic calculation enters. It
does not replace the missing hadronic spectral calculation with an arbitrary fitted value.
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25 Reproducibility

The main human-facing CLI is

cd reverse-engineering-reality/code/P_derivation
python3 derive_p.py --color always

To print only the pure source value:

python3 derive_p.py --no-hadron-closure

To emit machine-readable output:

python3 derive_p.py --json --output runtime/report.json

To run the raw PDG/CERN diagnostic discussed in Section 19:

python3 fine_structure_fixed_point_demo.py --compare-alpha-inv 137.035999177

Informally: the command line separates the pure source value, the measured-hadron value, and the
diagnostic values. The mathematical paper uses the same separation.

26 Checklist of Non-Omitted Steps

Step Mathematical object Status

Overlap rule Eq. (1) OPH starting structure.
Pixel variable P = acell/ℓ2

P Defined.
Golden balance φ = (1 +

√
5)/2 Defined.

Boundary width αext = (P − φ)/
√

π Defined.
Inside readout αin = 1/ATh(P ) Defined.
Closure P = φ +

√
π/ATh(P ) Defined.

Source scale MU = EP e−2πP 1/6 Defined and calculated.
Cell scale Ecell = EP /

√
P Defined and calculated.

Transmutation v = Ecell exp[−2π/(βEWαU )] Defined and calculated.
Gauge running Eq. (17) Defined and calculated.
Z-scale
self-consistency

Eq. (20) Defined and calculated.

Heat-kernel
closure

Eq. (27) Defined and calculated.

Electroweak
anchor

AZ = α−1
em(m2

Z ; P ) Defined and calculated.
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Step Mathematical object Status

Charged
spectrum

Eqs. (36) and (39) Calculated continuation.

Fermion kernel Eqs. (40) and (42) Exact one-loop kernel.
Calculated
endpoint

Acalc = AZ + ∆calc Pure source value.

Calibrated
hadronic
correction

∆fp
H,cal, Eq. (63) Hadron-completed

endpoint value.

Hadronic/scheme
residual

RQ = ATh − Acalc Isolated endpoint
contribution.

Public endpoint ATh = 137.035999177(21) CODATA/NIST endpoint
comparison value.

Raw PDG
diagnostic

Eq. (78) Comparison diagnostic in a
different endpoint
convention.

Interval theorem Banach/contraction certificate for full G Required for pure source
theorem.

27 Conclusion

The fine-structure constant is the coupling that makes one OPH screen cell internally consistent.
The outside reading says that the cell is displaced from the golden-ratio balance by (P − φ)/

√
π.

The inside reading sends the same P through the source map, gauge closure, electroweak anchor,
and Ward-projected Thomson transport, producing 1/ATh(P ). The physical cell is the fixed point
where those two readings agree.

The pure source calculation computes the fixed-point witness

α−1
cand = 136.994835164621649457949994585787193262029.

The public endpoint value is
α−1(0) = 137.035999177(21),

with
P = 1.630968209403959324879279847782648941 . . . .

The gap is a named low-energy hadronic and same-scheme endpoint contribution. The public
exact-value row is a calibrated endpoint comparison, not a source-only prediction. The pure source
theorem is work in progress at the Ward-projected hadronic spectral measure, the same-scheme
endpoint bridge, and the interval-certificate step.
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